Biost/Stat 533
Spring 2008

Homework Assignment #2

Problem 1

Prove if a is a vector of constants with the same dimension of the random vector X, then

E[(X —a)(X —a)']=Var[X] + (E[X] - a)(B[X] —a).

If Var[X] = (0;), show

E[|X — alf’] Z%H\E —al*.

Solution: Let E[X] = u. We have

E(X—-a)(X—-a)"] = E[(X—p+p—a)X —p+p—a)]
= E(X-p)X-p'"+X-—pp—a)+E-—a)(X —p"+p—a)(p—a)]
= E[(X-wX-p'+EX—-plp—a)+p—-—a)E(X —p)'+p—a)(p—a)
= Var[X]+0+0+ (u—a)(p—a)’
= Var[X]+ (B[X] - a)(E[X]—a)T-

Note that the trace of a scalar is a scalar itself. Using this and applying the previous result, we have

E[|X —a|* = Eltrace(|X — al*)]
= Eftrace((X —a)T(X — a))]
= E[trace((X —a)(X —a)T)]
= trace(E[(X —a)(X — a)T])

= trace(Var|X] + (E[X] — a)(E[X] — a)7)
= trace(Var[X]) + trace((E[X] — a)(E[X] — a)T))
= Z 0ij + trace((E[X] — a)' E[X] — a))

- Z o4 + trace(| E[X] — a]|?)
= Doy +BX] - a]|.



Problem 2

Let X = (X1, Xa,..., X,,)T be a vector of random variables and let Y; = X1, Y; = X; —X; 1(i = 2,3,...,n).
If Y; are mutually independent random variables each with unit variance, find Var(X).

Solution: We have that X; = 22:1 Y,,, or in matrix notation, X = AY ', where

100 --- 0
110 --- 0
g— |1 11 0
1 1 1 1
and
Var[X] = Var[AY] = AVar[Y]AT = ATAT = AAT
Therefore
1 1 1 1
1 2 2 2
Var[X] = 123 3
1 2 3 n



Problem 3

If Xy, Xo,..., X, are random variables satisfying X;; = pX; where p is a constant, and Var(X;) = o2,
find Var(X).

Solution: Let

1
g
a = p
pn'fl
Then X = aX; and we have
Var(X) = Var(aXy)
= aVar(X;)a”
= o%aa’
1 p p2 pnfl
p PP p"
_ p2 p3 p3 .. anrl
pn; 1 pn pn'Jr 1 p2n —2



Problem 4

If X, X, ..., X, are independent random variables with common mean y and variances o7, 03, . .., 07, find
Var[X].
Solution:
VarlX] = Varl2 Y x)
ar = Var[- i
et
= EVCLT[Z Xi]
i=1
Z’?:l O”L2

Let X = (X1,X5,...,X,)" and 1,, € R™ be the vector whose elements are all 1. Define .J,, = 1,1 /n.
Recall from the lecture note that

Y (X -X)P=Xx"AX
1=1
where

and that

Therefore

E (Xi—X)*] = E[XTAX]

trace(ACov
= trace(Adiag
1

X)) + (p1n)" A(uln)

02,03,...,02))+0

n —

Il
3
2,

and




Problem 5

Let X1, Xs,..., X, be independently and identically distributed as N (6, 02)

and

(a)

Prove that var[S?] =204 /(n — 1).

(b)

Show that @ is an unbiased estimator of o2.

(c)

. Define

Find the variance of (Q and show that as n — oo the efficiency of Q relative to S? is %

Solution:

1. Let X = (X1, Xo,...,X,)T and 1,, € R™ be the vector whose elements are all 1. Define J,, = 1,,1% /n

and 0 = 01,,.
Y (X - X)P=XTAX
i=1
where
A=1,-J,
Because A is a symmetric matrix and Xy, X, ..., X, is an IID sample, we can apply Theorem 1.6 that

var[ XTAX] = (s — 3u3)a™ a + 2u3trace(A?) + 41207 A%0 + 430" Aa

where p; represents the ith central moment of the X;’s and a is a vector of the diagonal elements of

A. For the normal distribution

p3 =0



and

Therefore

var[Z(Xi — X)) = (s —3ud)aTa+ 2udtrace(A?) + 420" A%0 + 430" Aa

= (3ul —3u2)aTa + 2uitrace((I, — Jn)?) + 41207 (I, — J,)*0 + 4 x 0 x 87 Aa
= 2uitrace(l, — J,)
20%(n — 1)

Note that 67 (I,, — J,)?0 = 67 (1,, — J,,)0 = 0. Therefore

vaT[ni 1 Z(Xl -X)? = G _1 1)2””"[2()(1 —X)?]
= ! ot(n —
(n— 1)22 ( 1)
20*
=
2.
B ﬁﬂg()@ﬂ —2X; 1 X; + X))
- ﬁ;(”2+02—2#2+u2+02)
1 n—1 )
- o &)

3. Let Y =(Y1,Y —2,....YV,) where Y; = X; 1, — X; fori=1,--- ,n—1and Y, =0. Then Y = AX

where



-1 1 0 0 0]
0o -1 1 0 O
0 0 -1 0 O
A= .
0 0 0 -1 1
| O 0 0 0 0 |
Therefore
n—1
Y (X - Xi)?=X'A"X
i=1
where
1 -1 0 0 0 ]
-1 2 -1 0 0
0o -1 2 0 0
A=A A= .
0 0 0 2 -1
| O 0 0 -1 1 |
and
2 -3 1 0 0 0 ]
-3 6 -4 1 0 0
1 -4 6 -4 0 0
A*2: )
0 0 0 0 6 -3
| O 0 0 0 -3 2 |

Since A* is a symmetric matrix, we can use the same variance formula as in part (a)

n—1
var[Z(XHl —X)? = (ua—3ud)aTa* + 2ustrace(A*?) + 41207 A*20 + 411307 A*a
i=1

where a* is a vector of the diagonal elements of A*,

’

(11— 313)a” a* = 0

and

4[&30TA* a*



Also
67 A* =01 A* =0

because the columns of A* sum to 0. Therefore

n—1
UW[Z(XiH - X;)?] = 2pitrace(A*?)
i=1
= 20%(6(n—2)+4)
204 (6n — 8)
and
o*(6n — 8)
varlQl = S =1y
We see that
var[S?) B 3341
- o4 (6n—8
var[Q] 2((7171)2)
B 4dn — 4
T 6n—8
2
-, =
3
asymptotically, Q is % as efficient as S2.
Problem 6
Let X = (Xl,XQ,Xg)T with
5 2 3
Var[X]=12 3 0
3 0 3

(a)

Find the variance of X7 — 2X5 + X3.



(b)

Find the variance matrix of Y = (Y71, Y2)7 where Y; = X; + X5 and Yo = X1 + X5 + X3.
Solution:
1. Let a = (1,-2,1)7. Then X; — 2X3 + X3 = a” X and
Var[X; — 2Xs + X3] = Varla” X] = o’ Var[X]a = 18.

2. Let

— O
—_

Then Y = BX and

Var[Y] = Var[BX] = BVar|X|BT = [ ﬁ ;? ] .



