21. TWO-WAY ANALYSIS OF VARIANCE

21.1. Two-Way Classification
Yiie = pij +eije, t=1,...,5=1,..., Jiyk=1,..., Kj
giit ~ N(0,0%), independent.
The least-squares estimates are fi;; = Yw = Kgl Zfﬁl Yijk.
Reparametrization in the balanced case:
balance: J; = J, K;; = K

pij = fo+ (i — f) + (g — o) + (i — i — g + i)
= ot + 5+ 7,

= fi.. = overall mean,
a; = H;. — ji.. = effect of the ¢th level of factor A,
B; = [.j — fi.. = effect of the jth level of factor B,
Vij = Wij — i — [ + . = effect of interaction between
1th level of factor A and jth level of factor B.

Convenient and natural identifiability constraints are

I J I J
Z%’ =0, Zﬁj =0, Z%’j = Z%’j = 0.
i=1 j=1 i=1 j=1

The least-squares estimates are
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Fij =Yy = Yi. =Y+ Y.
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21.2. Hypotheses of Interest
Hypothesis of no Interaction:

Hap:7ij=0, Vi,j.

No interaction means the difference between two groups 4,4’
defined by factor A is independent of the level (j) of factor B.
No interaction also means the difference between two groups
7, j' defined by factor B is independent of the level () of factor
A,

Hypotheses on Main Effects:
Hy:a;=0, Vi (Main effect of A).
Hp:(3;,=0,Vj (Main effect of B).
Note: H 4 is equivalent to
i — fy. =0, Vi,

i.e., averaged across levels of factor B, the average mean is
constant across levels of factor A.

It Hap : vij = 0 1is true, this is equivalent to

:qu - ,uzlj - 07 \V/ Z'72'/7].7

i.e., the mean is constant across levels of factor A within each
level of factor B. Thus, hypotheses on main effects make most
sense if there is no interaction.
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Test Statistics
ANOVA decomposition:
SStor =554+ 5SS+ SSap + SSE,

where

SSror = Y Y Y (i — Yo%,
SSu = S‘ S‘ S‘ Y. —Y.)
S‘ S‘ S‘ &} = RSSy, — RSS,
SSp = S‘ S‘ S‘ Y —Y.)
S‘ S‘ S‘ 3? = RSSy, — RSS.
SSap = YS‘TYU—Y; V) +Y..)?
S‘ S‘ S‘ 4% = RSSy,, — RSS,
SSp = Y Y Y (Yijr — Yi;.)? = RSS.
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Proof:

Cross-product terms are again 0,

Z 822jl<: = Z g2+ Z(fz — é...)2 + Z(g] _
+ (. — G — By T E Y (Eign — )

where > denotes » ;> . > ;. Now substitute ;5 = Y —
a; — B — vij, ete:

Z(Y;jk — U — G — ﬂj — 7@)2 = Z(Y — /1)2 + Z(Y; - Y — CKZ')Q

+ (Y =Y. - <)2

+Z ij- +Y _%J)

+ Z ik — Yi).
This justifies the least-squares estimates given above and RS'S =

> (Y — Yig)%
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If we consider minimizing RSS with, for example, v;; = 0, we

get RSSH,, =
Z(Y;jk — U — G — ﬁj)2 = Z(Y - ,u)2 + Z(Y; - Y — CEZ')2

We see that the other parameter estimates are the same. In
fact, we can see that

This shows that
RSSy,, — RSS =)

- - -




21. TWO-WAY ANALYSIS OF VARIANCE 6

21.4. Distribution Theory

Hy, Hp, and Hyp are all of the form Cu = 0, where p =
(p11, - - -, prg), so the general theory of the F test applies.

What are the df?
For error: df =n—p=I1JK —1J=1J(K —1).

For a hypothesis H : Cu = 0, df =number of linearly indepen-
dent restrictions on the means.

Degrees of freedom:

forr | fa2 | v | g || M
Hy: df =1-1 por | poo | e | pag | fo.
Hp: df =J -1 : : : :
Hup: df =T —1)(J—=1) |prn | per2 |-+ | prg | Br.
O | flo |-+ | fig
SSa/(I —1)
Fy = ~ Fr _ der H
A SSp/IJ(K —1)] I-1,1J(K~—1), Ulder fi4
SSp/(J—1
Fp = 5/ ) ~ Fj_115(k-1), under Hp

SSp/lIJ(K —1)

_ SSap/l— (I — 1)
SSe/[TI(K — 1)

~ F1)-1).15(5-1), under Hyp
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ANOVA Table:

Source df SS MS F
A 11 5 (Vi = V)2 MSa=9% i
B J-1 3, k(Y — ¥ MSp =58 g
AB (I=1)(J =) X5 SV~ Ve = ¥y 4 V) MSan = S5y 45
Error IJ(K —1) > 2 2k (Yije — Yij.)? MSg = %

Total IJK —1 >oi 2o 2 (Yijk — Y.)?

Unbalanced Two-Way ANOVA:

In the unbalanced case the orthogonal decomposition leading to
the ANOVA decomposition does not hold. Parameter estimates
of main effects now depend on whether interaction terms are in
the model. Common prsctice is to first test the interaction
and then test the main effects only if there is no significant
interaction.



