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Review

> Marginal associations v.s. conditional associations.

» Reasons for using penalized regressions on high-dimensional
data.

» Current attempts to make statistical inference on
high-dimensional regressions.
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Y =XB" +e=BiXa)+ X nBite e~ Na(0,021,). (1)

We want to find:
» The p-value for Hy : 5 =0 v.s. Hy: 7 # 0.

» A (1 — «) confidence interval for 5.
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The method in van de Geer et al. (2013)

A

B = argmin(||Y — XBl3/(2n) + Al 8]11)- ()
BERP

The Karush-Kuhn-Tucker conditions are

—XT(Y = XB)+ At =0, (3)

1£]loo < 1, and 7; = sgn (5;) if §; # 0. (4)
Note: The sub-gradient for f(x) = |x| is

1 x>0
g— 0,1 =0
EV T, T€[0,1] x=

-1 x < 0.
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Using the KKT condition, we have

nIXTX(B = )+ At = XT¢/n. (5)

Now assume we have a © that is a “relaxed form” of an inverse of
3 £ p~IXTX. Multiplying © on both sides of (5) gives:

B~ +0xrt =0xTe/n— A, (6)
where A = (C:)f )(B B).
Recall that:
A= XT(Y - Xp), (7)
then let
b=4+6X7(Y - X3)/n ®)

Under certain conditions, v/nA is asymptotically negligible, then:

Vn(b—p*) = ©XTe+0p(1), OXT¢[X ~ N,y(0,020X07). (9)
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Finding 6

Let ;= argmin(||X; — X_j7113/(2n) + Ajll7]l1).

Then define

(@)
I

and also

T2 = diag(72, - -

Finally,

1 %2 —H1,p
A1 1 e A

. o P (10)
—Ap1 —Ap2 1

(12)
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A short summary

» We defined a new estimator for 5*:

~ A

b=p+6xT (Y —Xp)/n.

» And we claimed that the asymptotic distribution of E is

A A A

Vn(b—8") = ©X c+op(1), OXT¢X ~ Np(0,070X07).
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One theoretical justification

Y =8 X0+ X Blite e~ Na(Q1n). (13)

It can be seen as a special case of

Y =31 X1+ K(Z) + €, € ~ N(0,02). (14)

Theorem (Theorem 2.3 in van de Geer et al. (2013))

Under certain conditions, the limiting variance of \/n(by — %)
reaches the information bound. Furthermore, IA)l is regular at the
one-dimensional parametric sub-model with component 31 and
hence, by is asymptotically efficient for estimating 6?.
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The asymptotic distribution

Theorem (Theorem 2.2 in van de Geer et al. (2013))

For the linear model in (1) with Gaussian error € ~ N,(0, o?1,).
Assume (A2) and the sparsity assumption hold, when using the
Lasso for nodewise regression in (8) with \j = Amax =< +/log(p)/n,
Vj and the Lasso in (2) with A < \/log(p)/n. Then:

\/E(éLasso - 60) — Wn + énv

WX ~ N,(0,02Q), Q,=0%26T, (15)
[Anlee = 0p(1).

Furthermore, ||, — XYoo = 0p(1) as n — oc.

Chen Shizhe Assessing Uncertainty in H-D Regression models 9/18



Assumptions

Assumption (Sparsity)
so = o(n'/?/log(p)) and s; < smax = o(n/ log(p)).
Assumption (A2)

The rows of X are i.i.d. realization from a Gaussian distribution Px
whose p-dimensional covariance matrix ¥ has smallest eigenvalue
N2, > 1L >0, and ||Z|/e £ max; |Zi| = O(1).

min
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Simulation study (Biihmann, 2012)

We let the first sy elements of 5* to be by, and draw each column
of X from N,(Q,1,). Each model were replicated 500 times. For
each replicate, we draw a vector Y from N,(X3*,1,). The
parameters in this study are:

» p = 500.
n € {100, 499}.
so € {3,15}.
bo € {0.25,0.5,1}.
A€ {0.1,0.5,1,2,4}.

v

v

v

v

The considered type | erroris (p —sp)™t > L{p<0.05], and the
{j:B; =0}

power 50_1 Z ]l[pj§0.05]'
{j:57 0}
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Simulation results

Power

001 002 005

Type | error

Figure: Power v.s. Type | error, A = 1. Colours: n =100, n = 499.
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Figure: PvT: A =10.1,0.5,1,2,4. Colours: n =100, n = 499.
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Figure: PvT: A =0.1,0.5,1,2,4. Colours: by = 0.25, by = 0.5, bg = 1.
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Figure: PvT: A =0.1,0.5,1,2,4. Colours: sp = 3, sp = 15.
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Summary |l

» The estimation procedure
> A theoretical justification and the asymptotic distribution.

» Some simulation results.
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What's left?

» Using scaled lasso to estimate &, (Sun and Zhang, 2011).

> Regression models with non-Gaussian design, and generalized
linear models.

» More simulations.

» ...and all those proofs.
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