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Setup

v

N patients, K diagnostic tests with scale from 1 to J (ordinal)

v

Disease status is unknown for all N patients

» T1,...,Tk: responses from K tests for a particular patient

v

1 if x = response of kth test is j for the ith patient
Yikj = . .
0 if otherwise

v

yi:(y,']_]_, cy Yilds - ViK1, ..,y,'KJ) . K x J test score vector for
ith patient
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Setup

Assume D~Bernoulli(py), ps=P(D=d)

> Likelihood contributed by the ith patient
> P(y;) = p1&1(y;) + pogo(yi)
» Joint log likelihood
> 1(p1, do. d1) = S logpogo(ys) + preu(ys)]
where pg =1 — p1 and ¢g = (Pg11; s Pd1s; -or PdK1s s PdKJ)

=EM algorithm: MLE for p1, ¢g, and o1



EM Algorithm-Background

v

Expectation Maximization Algorithm

v

Iterative method for finding maximum likelihood estimates or
maximum posteriori estimates of parameters

» "Broadly applicable algorithm for computing maximum
likelihood estimates from incomplete data” Dempster et
al.(1977)

» Useful for estimation of mixing proportions in finite mixture
densities



EM Algorithm-Background

» X: Observed, Z:Unobserved
» 0(): (Current) parameter
> q(z|x,0): Some distribution over the Z's

Z logp(x|6) = Z /ng p(x, 2|6)
= Z/o Z p(x ZW) %.0)
p(x z|9
= Z/ 9)]
p(x, z|0)
> Z’: ZZ: q(z|x, 0)log )
- Z Z[q(zbﬂ 0)logp(x, z|0) —

q(z|x, 0)loga(z|x, 0)]



EM Algorithm-Background

>, q(z|x,9)log’;g’z<|’i|gg: Lower-bound on the log likelihood

» E step: Calculate £, ¢ [log p(x, z|0)]

» M step: Find 8(tt1) = argmax E,|x0 [log p(x,z|0)]



EM Algorithm-Setup

v

Observed data: (y)
Unobserved data: (D)
Complete data: (y, D)

Parameter: 0=(p1, ¢o, $1)
Estimate of § after the tt" iteration: §(t)

v

v

v

v



EM algorithm-E step

The E step computes the conditional expectation of /.(6) given the
observed data y and current parameter estimates =6(t)

> log likelihood

> Observed data: /(6) = 21, log[pogo(y;) + pr&1(y;)]
» Complete data:

1) = SN 1[(1 — D;)logpogo(y;) + Dilogpigi(y:)]
> E(l(0)ly, 0 = 69))

=E [NZ,I'V:1 12(11:0 Dilogpqga(y;)]
= Z;\Izl > d—o E[Dillogpagal(y;)
= 2;21 Zb:o P(Di = d|yi7 H(t))/ogpdgd(yi)
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EM algorithm-E step

Let qf;) =P(D; = d!y.,p ¢ )

B p{P g (y:)

pe80 () + P g ;)

( i) = Hk 1HJ 1[¢C/kj]y”k

Then E(/.(0 )|y,9 = 0(f>)
= E,:l Zd:o 'D(Di = d|¥i> Q(t))/OgPdgd(Yi)
=N szo qu) logpaga(y;)
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EM algorithm-M step

The M step finds the updated estimate #(tt1) for 6 by maximizing
E(/.(0)ly, 8 = 6)) from E step with respect to 6

9E(Ic(9))

_ 1 N (1) _
ap(® *@Zi 191 —N=0
= ](.t+l - N ZI 1 q

OE(I(9)) _ qud Yikj Z
q pr—
065 5 o

— ¢ (t+1) _ N, qfd)yr'kj

dkj ZINZI Q,(-j)
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EM algorithm-M step

With these updated parameters, we can get gc(,tﬂ)and qgﬂ)

—> How should we choose the initial parameter estimates?
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EM algorithm-Initial Values

Recommendations from this paper

1) Avoid equal ¢oi; = ¢14j for all k and j

» We obtain gét:o)(yi) = gl(tzo)(Yi)

> qflt) does not depend on data y

. p§t+1) _ pgr) _ p§0)

> lterative procedure will stop after just one iteration

14



EM algorithm-Initial Values

Recommendations from this paper
» 2) Try a set of reasonable initial parameter estimaes, and
compare the local log-likelihood maxima obtained
» 3) Obtain reasonable initial values from similar studies with
known disease status

» 4) Study the likelihood surface using exploratory and
simulation techniques, such as the stochastic EM
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AUC

With these updated parameters, we can get the Area Under the
Curve (AUQ)

> Positive test: Ty >

> FPRi(j) = S°71; P(Ti = jID = 0) = S°1_; dow
> TPR(j) = Y1 P(Tk =jID =1) = 31, b1
> A= ijz_ll [0 Z/J:Hl b1l + 5 Zle Pokj D1kj
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Simulation

N=118

K=7

True prevalence p1=0.5, 0.7, and 0.9

Calculate Bias and MSE of estimators (p; and AUC)

v

v

v

v
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Simulation-Fisher's Information Matrix

» Calculate MSE

> E[— 32/(P17¢2>07¢>1)] [ 02 é(Pla,ﬁoydn)] [ 02 épléfﬁo,m)
P19%ok P10¢14j

> E[ 92 /(P1,¢0,¢>1)] [ 02 /(P1,¢>0,¢>1)] [ 821(p1,¢0,¢1)
8¢0kja¢0kj 8%/93(1)1@ a¢1lga¢1kj

]
]
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Next time

» Fisher’s information matrix

» Simulation Study!
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