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Review

e Rare variants: "rare” defined by MAF
e Association between a group of rare variants and disease

Burden and nonburden test
Sequence Kernel Association Test (SKAT)

e g(E(Y))=1f(G)+ X
E(Y) =37 Gb + Xp
e Test for Hy: f(G) =0
Q=(y— %) GWGT(y — o), K= GWG"

Vo: fitted value under Hy

~ mixture of x?



Kernel K vs Model f(G)

e Linear Mixed Model (Liu 2005, 2008):
Y =f(G)+XB+e€

Unknown f(G) ~ N(0, \"102K)
e~ N(0,R =d?l)

° Y:ZleGjbj—i-Xﬂ—i-e

bj ~ N(0,\"to2w;)
= f(G) ~ N(0,\"16c>GWGT) where W = diag(w;)



Kernel K vs Model f(G)

e BLUP Estimator f(G) (from E[f(G)|y] )

f(G) = "16%°K~
= linear combination of Var(f(G)) = A\"162K
= A"18%2K (621+A718%2K) T (v — XB)
=2k (14 27TK)7E (v — XB)
Notes from Biost 571:

Thus, the conditional mean (BLUP /empirical Bayes) values of ~; are
¥ = E(vilYiB,a)
GZ () (i~ X;B)
where we plug in é and &, generally from ML or REML

Chapter 3.69; Last updated February 21, 2014



Score Test

e f(G) ~ N(0,\"102K)
e Score Test (Lin 1997): Hp: f(G) =0& 0 =A"162=0

Y =f(G)+ XB+e

L(3,0) = expl 3 1(5.0)
-/ exp{zl 5,£(G)} dF(F(G)I9)

exp{z li(B8,f(G))} = Taylor expansion at 0, 1st and 2nd order

= L(E(f(G)), Var(f(G)), B) = L(6K, B)



Score Test

Under the null

o1(,6 1 . A 1
((.fe ) 5a(y = XB)TK(y = XB) — tr{—PoK}

where Py = [ — X(XTX)™1Xx

The score statistic Q@ = (y — XB)TK(y — Xﬁ) ~ mixture of x?

Asymptotic distribution approximated by the Satterthwaite method
(Satterthwaite 1946)



Simulation and Application

e Simulation for type | error

1. Generate genotype data using COSI, p = 10,000

N

Generate phenotype data using model
y = 0.5N(0,1) 4+ 0.5Bernoulli(0.5) + N(0, 1)

Fit null model to get score statistic
Get asymptotic distribution: need to compute eigen value!

Get p-value

S A

Empirical type | error estimated as proportion of p-values less than
a=10"% 107° 107°



Simulation and Application

e Simulation for power

1. Generate genotype data using COSI, p = 10,000

N o ok~ w

Generate phenotype data using model

y = 0.5N(0,1) + 0.5Bernoulli(0.5) + N(0,1) + >-7_; G;by,

G; are 5% of rare variantes randomly selected with MAF < %3
|bj| = c|logio MAF;|, percentage of negative values varies to reflect
different directions of effects

Fit null model to get score statistic

Get asymptotic distribution: need to compute eigen value!
Get p-value

Estimate empirical power

Compare to (1) counting-based burden test (2) CAST (3)
Weighted-sum burden test



Simulation and Application

e Application to Dallas Heart Study Data

1. 3476 individuals, 93 variants, covariates: sex and ethnicity

2. Get p-values from (0) SKAT (1) counting-based burden test (2) CAST
(3) Weighted-sum burden test
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Kernel K vs Model f(G)

e Least Square Kernel Machine Estimator (Liu 2005, 2008; Cristianini
2000)

* g(E(Y)) = f(6) + Xp

Unknown f(G) € function space H
H= Span{¢1(G)7 ) ¢J(G)}

f(6) = Xty w4(6) = w7 ¢(G)
9i(G): orthogonal basis functions
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Kernel K vs Model f(G)
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Kernel K vs Model f(G)

Reproducing Kernel Hilbert Space H g

Primal representation: f = w’{¢(G1), ..., p(Gp)}

113, =w'w

Dual representation: f = A\"1K~y = X", A~ 1v,K(G, G))

Instead of ¢;(G) representation, can use K(-,-) representation
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Thank you!
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