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Summary. The analysis of infectious disease data presents challenges arising from the
dependence in the data and the fact that only part of the transmission process is observable.
These difficulties are usually overcome by making simplifying assumptions. The paper explores the
use of Markov chain Monte Carlo (MCMC) methods for the analysis of infectious disease data, with
the hope that they will permit analyses to be made under more realistic assumptions. Two impor-
tant kinds of data sets are considered, containing temporal and non-temporal information, from
outbreaks of measles and influenza. Stochastic epidemic models are used to describe the pro-
cesses that generate the data. MCMC methods are then employed to perform inference in a
Bayesian context for the model parameters. The MCMC methods used include standard algorithms,
such as the Metropolis—Hastings algorithm and the Gibbs sampler, as well as a new method that
involves likelihood approximation. It is found that standard algorithms perform well in some
situations but can exhibit serious convergence difficulties in others. The inferences that we obtain
are in broad agreement with estimates obtained by other methods where they are available.
However, we can also provide inferences for parameters which have not been reported in previous
analyses.

Keywords: Bayesian statistics; Epidemic data; Gibbs sampler; Likelihood approximation; Markov
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1. Introduction

When analysing infectious disease data it is usually desirable to use models which attempt to
describe the way in which the data were generated. Such models help the analyses to be
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focused on the epidemiological quantities of major interest and thereby promote a deeper
understanding of the infection process. However, the task of fitting such models to data is
hampered by the fact that parts of the infection process are not observed, which has the
consequence that the likelihood function involves multiple integrals and is usually in-
tractable. Sometimes only the eventual number of cases is observed, in which case only
certain parameters of the transmission model are estimable, and maximum likelihood (ML)
estimation is difficult because the probability distribution of the eventual size of the outbreak
can be tedious to compute even for small groups of individuals. At best we observe the times
at which each of the infected individuals are detected. However, the likelihood function is
typically very complicated for such data since neither the times of infection nor the times
when the infectious periods start are observed, and each unobserved time gives rise to an
additional integration in the expression for the likelihood.

There have been substantial advances recently in the development of methods for the
analysis of data from studies with latent variables or missing observations. It is therefore
timely to explore the potential that these methods have for the analysis of infectious disease
data. Typically, the methods rely on some form of data augmentation; see for example
Tanner (1996). An example is ML estimation via the expectation—-maximization (EM)
algorithm, which uses data augmentation within a likelihood-based analysis of infectious
disease data. However, the conditional expectation that is required for the E-step is usually
difficult to compute in these applications. An attractive alternative is to use Markov chain
Monte Carlo (MCMC) methods, which are typically straightforward to implement, often
even for very complex models, and which have the additional potential of being suitable for
models that incorporate heterogeneities.

Our main purpose in this paper is to explore the potential that MCMC methods have for
contributing to the analysis of infectious disease data. Specifically, we shall consider two
types of data set for outbreaks of a disease in households. The first set consists only of the
eventual sizes of outbreaks, but the analysis allows household members to acquire disease
from an external source. This is an important type of data set because the diagnoses of
disease are laboratory based and therefore problems with unobserved subclinical infections
are avoided. The second data set consists of the times between the detection of measles cases
in household outbreaks. These data have previously been analysed using the unrealistic
assumption that the infectious period is of constant duration. This assumption is made
because it greatly simplifies ML estimation of the parameters. This data set is of interest
because it contains the most detail that we can typically hope to observe during an infectious
disease outbreak and contains some information about the duration of the latent and
infectious periods.

The first of our two data sets can be analysed by using a relatively straightforward MCMC
algorithm, thanks largely to various closed form formulae for the final size distribution in
question. In particular, no data augmentation is necessary. Our purpose here is to provide a
simple example of the use of MCMC sampling and to illustrate how various realistic
modelling assumptions can readily be incorporated. Our second data set is analysed in two
ways, the first using data augmentation to simplify the form of the likelihood and the second
replacing the exact likelihood with a simulation-based approximation. This example
illustrates both the powerful nature of the methods in being able to cope with a large
increase in the number of model parameters and the high level of modelling flexibility that
can be achieved. It also serves to indicate some of the difficulties, both those associated with
MCMC methods applied to large scale problems and those inherent in attempting to draw
inferences from infectious disease data, such as confounding of parameters.
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Some preliminary work on the application of MCMC methods for simple epidemic models
can be found in O’Neill and Roberts (1999) and Gibson and Renshaw (1998). These papers
are both mainly concerned with the situation in which data arise from a single large outbreak
of a disease. In contrast, we shall consider data on many small outbreaks across a large
number of households.

2. Sizes of household influenza outbreaks

There is a long history of studying outbreaks in households affected by a disease. It is diffi-
cult to assess the extent to which the transmission of disease from outside affects the size of
an outbreak when data are collected only on affected households. It is often true that a
susceptible person is far more likely to be infected by a given infective household member
than by a given infective individual who is not a household member. However, during an
epidemic there are many infective people outside the household and the probability of being
infected by at least one of them might not be negligible compared with the probability of
being infected by a household member. It is therefore important to consider types of data and
analyses that do not ignore the transmission of disease between households. Our aim is to
demonstrate that a Bayesian analysis, based on an existing transmission model for homo-
geneous individuals, is straightforward by MCMC methods and can easily be extended to
estimate the extent of heterogeneity among individuals.

2.1. The data
Suppose that a random sample of households is selected at a time before the epidemic season
and every member of these households is tested to see whether they are still susceptible to a
certain disease. After the epidemic season all those individuals who were susceptible are
tested again, to see whether they were infected during the season. This is an important type of
data set because the diagnoses are verified by laboratory tests, so that subclinical cases are
included and case verification is more objective. It is also an important type of study because
it can be designed: the number of households and their sizes can be chosen in advance.
Data of this kind were collected on influenza A(H3N2) infections in households as part of
the Tecumseh study of respiratory illness (see Monto et al. (1985)). The data in Table 1, taken
from Addy et al. (1991), are a summary in a form that is suitable for our analysis. Note that
there are some households with no infections; this information is the key for an analysis that
allows for the transmission of disease from outside the household.

Table 1. Frequencies of outbreak sizes of influenza in households of
various sizes

Number infected ~ Numbers of households with the following numbers
of susceptible individuals in the household:

1 2 3 4 5
0 110 149 72 60 13
1 23 27 23 20 9
2 13 6 16 5
3 7 8 2
4 2 1
5 1
Total 133 189 108 106 31
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2.2. Modelling assumptions

Longini and Koopman (1982) proposed a model to describe such data, in which the trans-
mission of disease from outside the household is allowed for by assuming that there is a global
force of infection acting equally on all the susceptible individuals. To remain susceptible an
individual must escape infection by this global force of infection and must escape infection from
any household member infected during the epidemic season. Let ¢, denote the probability thata
susceptible individual escapes community-acquired infection during the epidemic season and let
¢, denote the probability that a susceptible individual escapes infection when exposed to one
infected household member. Then wj,, the probability that exactly j of the s initial susceptible
people of a given household are infected during the epidemic season, is given as

K s
Wis = <j>wj:f(ch{l) ! (2.1
by Longini and Koopman (1982). Beginning with wy, = ¢;, s =0, 1, 2, . .., and using the
fact that
-1
w;=1- ;)w,:/, (2.2)

equation (2.1) enables us to compute the w;,, then the w,,, and so on. It is also possible,
however, to obtain a closed form for w; in terms of a non-standard family of polynomials
called Gontcharoff polynomials, whose definition we now recall (see, for example, Lefévre

and Picard (1990)). Let U be a sequence of real numbers u, u;,. . .. Then the Gontcharoff
polynomials associated with U are defined recursively by
Go(x|U) =1,
@3
V=N VAR)]

Following the arguments in Section 5 of Ball and O’Neill (1999), define H; = w;;/j!, so that by
equations (2.1) and (2.2) we obtain

" 1 -l
TR = N

By comparison with equations (2.3) it follows that H; = G;(1|U), where U is the sequence
with ith term u; = g.q;,. Further,

(qeq) ~'H,.

wjs = (j) (¢eq) 7j! G(110). (2.4)
Note that equation (2.4) is a simplification of the expression for w;, given by Ball et al. (1997),
equation (3.11), in the case where the within-group epidemic is of Reed—Frost type (see Bailey
(1975), chapter 14).

So far, we have assumed that the population is homogeneous. One way of checking the
validity of this assumption is to fit a more general model that collapses to the homogeneous
case when certain parameter values are specified. We now consider such a model, which
incorporates two different kinds of heterogeneity, as follows.

Suppose first that infective individuals differ in their potential to infect others. In equation
(2.1) this means that ¢, depends on the infective person. We might model this by letting ¢, be
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a realization of the random variable Q, selected independently for each infective individual.
More specifically, we shall take Q = exp(—Y), where Y is the duration of the infectious
period when each infective person has infectious contacts with a given susceptible individual
at times given by the points of a Poisson process of rate 1. Thus, ¢, = E[exp(—Y)] = ¢(1),
say, where ¢y(6) = E[exp(—0Y)] is the moment-generating function of Y. In this case, owing
to the extra dependences involved we can no longer argue as before to find w;,. However, a
closed form is still available, from equation (3.11) of Ball et al. (1997), and we find that

1 ol s! . R
o= ' "'q. Gy (01 E*U), 2.5
“i = G5 Z G OO G (OIET) 25)
where now U is the sequence with ith term u; = ¢(i), and where E'U denotes the sequence
U, Uy, . . .. If Yis a constant then equation (2.5) defines the outbreak size distribution for a

Reed-Frost-type model, whereas if Y is negative exponential then equation (2.5) defines the
outbreak size distribution for a general stochastic epidemic model (see Bailey (1975), page
88). Also, since the data do not include temporal information, the temporal scaling of Y can
be defined arbitrarily. In particular if we set Y to have mean length 1 time unit, then
éy(i) = exp(—i) if Y is constant, and ¢y(i) = (1 + i)' if ¥ is negative exponential.

Additionally, suppose that there is some heterogeneity between susceptible individuals. A
simple way to model this, which ought to enable us to detect any substantial heterogeneity, is
to assume that each susceptible individual has some probability v of being immune to the
disease, perhaps as a result of their cautious behaviour. In the present case we refer to v as the
probability of being protected from infection. Thus the number of unprotected susceptible
people available at the start of the epidemic has a binomial distribution. So, using w;(v) to
denote the probability of j infections among s initial susceptibles we have

sy s—i
%@ngﬁa—wpr (2.6)
If v = 0, the model reverts to the homogeneous susceptible population case.

Finally, of the households that had s a priori susceptible members before the epidemic
season, let there be n;, households with j cases at the end of the epidemic season. It follows
that the likelihood function is given by

5 s
L=][[]wu@)™, (2.7)
s=1j=0
so L can be calculated by using equation (2.4) for the completely homogeneous case, and
equations (2.5) and (2.6) for the two kinds of heterogeneity.

2.3. Metropolis—Hastings algorithm for Bayesian inference

In the general model described in the previous section there are three parameters of interest,
namely ¢y, ¢. and v. Our objective is to make valid and useful inferences about these parameters
on the basis of the data and the modelling assumptions. For this, we compute 7(gy, ., v|{n;}),
the joint posterior of ¢, ¢. and v. From Bayes’s theorem we have, assuming initial independence
between ¢, g. and v,

ﬂ—(qh’ qec» U|{n/a}) X L(qha qes U) 7r(qh) 71—(qc) ﬂ-(U)a (28)

where 7(qy,), 7(q.) and 7(v) are respectively the prior distributions of ¢y, ¢. and v, and L is the
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likelihood function given by equation (2.7). We shall use MCMC methods, as described
below, to sample from 7(gy, g, v|{n;}). Any desired property of m(gy, g., v|{n;}), such as the
posterior mean or standard deviation of an individual parameter, is readily approximated by
the corresponding property of the sample.

We use a particular type of MCMC method known as a Metropolis—Hastings algorithm
(see, for example, Gilks et al. (1996)). Suppose that we have a likelihood L and a prior density
7. By Bayes’s theorem, the posterior density is cLw, where ¢ is the normalizing constant.
Construct a Markov chain {Z,,} in the following manner. Given the current state of the
chain, Z, = x say, draw a possible new point (known as a candidate) y from a proposal
density g(y|x). Accept the candidate with probability

. L(y) m(y) q(x]y)
m‘“{ L T w0 400 }

in which case Z,,; = y. If, however, the candidate is rejected, then set Z,,; = x. It can be
shown under mild conditions (see Gilks et al. (1996)) that the stationary distribution of this
Markov chain is indeed the (correctly normalized) posterior density. Thus to sample from 7
we simply run the Markov chain until it is deemed to have converged, and then draw samples
from the chain’s output.

Although the proposal density is in principle arbitrary, in practice a careful choice can
facilitate computation and speed up convergence of the algorithm. If the parameter space is
all of R?, for some d, it is often convenient to set ¢(-|y) to be a normal density with mean y.
One benefit is that g(x|y) = ¢(y|x), so the acceptance probability (2.9) reduces to

. L(y) m(y)
m‘“{l’ W}

(2.9)

In the present example, and those in later sections, informal methods of convergence
assessment were adopted, such as visual inspection of the sample chain output, and tracking
the estimates of the quantities of interest. This seemed to work well in practice in so far as it
generally seemed clear whether or not convergence had occurred.

Returning to the present case, the above algorithm is implemented as follows. The target
distribution is (gy, g., vl{n;}). Since each of the three parameters has range (0, 1) we transform
each one by using the logistic transformation

t — T=log{t/(1 — 1)},

so that the transformed parameters all have range R, and we can use a normal proposal density.
Note that 1 = exp(7)/{1 + exp(7)} = g(7), say, and that the Jacobian of this transformation is
given by

- 7
J(P) = %-
{1 + exp(7)}
The corresponding transformed version of the right-hand side of expression (2.8) is now

obtained by replacing ¢, ¢. and v by g(qy), g(¢.) and g(d) respectively, and multiplying by
J(Gn) J(q.) J(D).

2.4. Results and discussion
We found that convergence to the stationary distribution was easily achieved. As a typical
example, using a Gaussian proposal density with standard deviation 0.1 for each of the



Analyses of Infectious Disease Data 523

parameters, a ‘burn-in’ period of 200 steps was ample. Samples were then drawn from the
output of the Markov chain at every 10th step.

It is relatively straightforward to find ML estimates of parameters. By using uniform prior
distributions the posterior density is equivalent to the likelihood, and a simple numerical
maximization technique applied to the MCMC output yields the required estimates. The
estimates were found to be virtually identical with the values given in Addy et al. (1991) for
the case without protection (i.e. v = 0) considered there. For example, in the Reed—Frost case
we obtained ¢, = 0.8677 and ¢;, = 0.8408 whereas Addy et al. (1991) gave an identical ¢,, and
a g,-value of 0.8406.

By way of example, the posterior densities for the Reed—Frost case without protection are
shown in Fig. 1. For the model without protection, we find a simple well-peaked distribution
with mode close to the ML estimates of ¢, and ¢.; estimates of ¢, (= 0.84) and ¢, (= 0.87)
agree to two significant figures for both Reed—Frost and ‘general epidemic’ models. As can be
seen from Fig. 1, ¢. < 1 with probability close to 1 and thus there is strong evidence to
support the existence of community-acquired infection under the assumptions of the model.
Any estimate of g, made under the assumption that the between-household transmission rate
is negligible is vulnerable to the possibility of severe bias.

For the model with protection, however, we find that the extra parameter v cannot be well
estimated: the joint posterior density of ¢, ¢. and v is banana shaped (Fig. 2), with high
positive correlation between ¢, and ¢, (0.87), and high negative correlation of v with both ¢,
(0.85) and ¢, (0.91). The mode is at (g, ¢., v) = (0.60, 0.75, 0.47) for the general epidemic,
and at (0.64, 0.76, 0.45) for the Reed—Frost case. However, the fit of these models, assessed by
using a y’-statistic, is not appreciably better than that of the models without protection, i.e.
with v = 0.

0.90
1

qc
0.88
1

0.86
1

0.84
1

0.75 0.80 0.85 0.90
On
Fig. 1. Influenza data— Reed—Frost model without protection: MCMC sample values (1000 values, at sampling

interval 10): , contour lines surrounding highest posterior density credible intervals at 50%, 90%, 99% and
99.9% levels; - - - - - , posterior probability density function values of 10%, 1% and 0.1% of its maximum
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Fig. 2. Influenza data— Reed-Frost models (a) without protection (same as in Fig. 1) and (b)—(d) with protection
(again 1000 MCMC sample values at sampling interval 10), showing the wide range of credible values for the
protection parameter v (roughly 0-0.7, with higher values of v corresponding to lower values of both g, and q.)

It may seem remarkable that a data set covering 567 households is insufficient to discrim-
inate between a model in which the modal value of the proportion vaccinated is 47% and a
model in which it is 0, but a closer consideration provides some explanation. This can be
given most succinctly in the Reed—Frost case, for which the probabilities of outbreaks of size
0 and 1 with parameters (g, ¢., v) are the same as those for (gqj,, ¢., 0) where

ge=1—(1—-0)(1—-¢q)=v+ (1 —v)g,

and

qn = {v+ (1 — 0)qeqn}/qe-

It follows that information classifying outbreaks into sizes 0, 1 and at least 2 is of no use at all
for inference on v (in the absence of other information on the values of ¢, and ¢.). This goes
far towards explaining our difficulties in estimating v, since there are only 21 households in
our data set with outbreaks of size greater than 2. Consequently, it is plausible that if the data
included a greater number of large outbreaks it would be possible to estimate v with greater
precision. Another potential way of improving the joint estimation of ¢, ¢. and v is to
consider more detailed incidence data such as those described in Halloran et al. (1996).
However, we shall not pursue these considerations here since our focus is not primarily on
such issues.
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It is also relevant to note that the y* goodness-of-fit statistic already shows an acceptable
fit for the model without protection (e.g. 14.4 on 13 degrees of freedom for the general
epidemic), suggesting that adding any further parameters may be overfitting the data.

By including the parameter v we allowed for two levels of susceptibility, namely complete
or none. The improvement to the fit is not significant. With additional data, such as a
measure of preseason antibody titre for each individual, we can allow for heterogeneity in
susceptibility with a single parameter in a more specific way. The results of Longini et al.
(1988) suggest that this approach, with the additional data, might provide significant evid-
ence of heterogeneity.

This example has illustrated the use of MCMC sampling to analyse non-temporal final
outcome data. Our next example considers a situation where temporal data are available. As
we shall see, this necessitates both a more detailed model and a more sophisticated MCMC
implementation.

3. Measles cases in household outbreaks

3.1. The data
We consider Hope Simpson’s data on measles in households of size 2 around Cirencester
(UK), given by Bailey (1975), chapter 15. There were 264 households with two susceptible
children under 15 years of age which had at least one case of measles. 45 households had a
single primary case with no further transmission within the household. The durations between
cases in the 219 households with two cases are given in Table 2. Within these households, we
do not know the number of primary infective individuals, which could be 1 or 2. For
simplicity we shall initially assume that, in the 32 households where the cases occurred within
6 days of each other, both cases are primary infectives. Thus, in the remaining 187 house-
holds, one of the two infectives is regarded as primary and the cause of the secondary case.
However, in Section 3.4 we relax this assumption and treat the proportion of households
with two primary infectives as a model parameter.

The analyses of Bailey (1975), chapter 5, and Becker (1989), chapter 4, are based on ML
estimation of disease parameters, such as the mean infectious period, the mean latent period
and the transmission rate within households. We apply a Bayesian analysis using a modelling

Table 2. Times between measles cases in 219
two-child households¥

Time Frequency Times Frequency

(days) (days)
0 S 11 38
1 13 12 26
2 5 13 12
3 4 14 15
4 3 15 6
5 2 16 3
6 4 17 1
7 11 18 3
8 5 19 0
9 25 20 0

10 37 21 1

TThere were an additional 45 two-child households
in which only one child was infected by measles.
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framework that is similar, but with more realistic assumptions. Following Bailey and Becker
we assume that the detection of a case marks the end of the infectious period. This enables a
comparison of our results with theirs.

3.2. Modelling assumptions

For a given household, let X; and Y; denote the durations of the latent and infectious periods
respectively for individual i, i = 1, 2. Capital letters are used for random variables and lower
case letters for actual observations on these variables.

When one primary case exerts a force of infection 3 on a susceptible individual for the
entire duration y of the infectious period, the probability of escaping infection is exp(—03y).
This is a conditional probability, given the duration Y =y, and is the contribution to the
likelihood for a household with a single case when the infected individual had an infectious
period of duration y. When the infectious periods are not observed, each of the 45 households
with a single case makes a contribution

Elexp(—8Y)] = L exp(— ) fy(») dy

to the likelihood function, where f, denotes the probability density function (PDF) of the
infectious period.

For each of the 32 households with two primary infective people, it is assumed that they
were infected simultaneously and so the time between their detection is the difference between
two independent realizations of X' + Y. An observed difference w for one of these households
therefore makes a contribution

> J Fror(W) fr v+ w) du 3.1)

0

to the likelihood. However, if we had observed both latent periods and both infectious
periods the contribution to the likelihood would be

S(x) fx () fy(31) fr (1) (3.2)

Similarly, for a household with one primary case and one secondary case, if we knew the
lengths of the latent and infectious periods, and the time ¢ from the start of the infectious
period of the primary infective to the infection of the secondary case, then the likelihood
could be written

SxGe) fx(62) fy(y) fy(32) B exp(=51). (3.3)

The likelihood contribution based only on the time w between the detection of cases is
obtained by integrating expression (3.3) over all variables subject to ¢ + x, + y, — y; = w.
Equations (3.1)—(3.3) illustrate that failing to observe key times can introduce integrations
into the likelihood formula, the integrals being over all possible values for the unobserved
times. When multiple integrals arise in this way, the likelihood formula often becomes
intractable. We describe below two approaches to avoiding the explicit evaluation of these
integrals. Firstly, in Section 3.3 we develop a Gibbs sampler algorithm based on a data
augmentation approach in which unobserved values are introduced as additional parameters,
often called latent variables. Secondly, in Section 3.4, we construct a Metropolis algorithm
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which employs simulation to approximate the likelihood ratio at each iteration of the
algorithm, avoiding both explicit integration and the introduction of latent variables.

Bailey (1975), chapter 15, and Becker (1989), chapter 4, simplified the integrations such as
expression (3.1) by assuming a constant infectious period and restricting fy to a form that
enables direct integration. The approaches introduced here permit more flexible modelling
assumptions. We shall assume that the latent and infectious periods are drawn from gamma
distributions with parameters (6, 6;,) and (0y;, 0;,) respectively, so that

F) = O exp(— )t (3.4)
(Or1)
and fy is defined similarly. The parameter 6;, in equation (3.4) can be interpreted as a scale
parameter, whereas 6 ; controls the shape of the distribution: 6;; = 1 gives the exponential
distribution, whereas larger values give distributions which are more symmetric than the
exponential.
Our choice of gamma distributions is by no means necessary; other distributions can
readily be employed. However, the gamma distribution is smooth and unimodal, which seems
appropriate for this application, while the two parameters allow plenty of flexibility.

3.3. Gibbs sampler algorithm with data augmentation

3.3.1. The augmented data likelihood

The parameters of interest are 3, the force of infection, and 8 = (0, 0\,, 0y, 01»), the vector

of scale and shape parameters for the latent and infectious time distributions. To make

inferences about 5 and 8, we compute 7(3, 8|data), the joint posterior PDF of 3 and 6.
As discussed above, the likelihood involves many integrals, but we shall eliminate explicit

integrations by introducing latent variables, such as the lengths of latent and infectious

periods, and the infection times. We model the observed times w as if they were continuously

distributed, although they are recorded only to the nearest day. This discretization of the

observations is expected to have very little effect on the inferences drawn.

3.3.1.1. Within-household infections. First, consider the 187 households within which an
infection is deemed to have occurred. We set a time origin in each household by assuming that
the cases are detected at times 0 and w > 6, so that w is taken directly from Table 2. The latent
period is sufficiently long that it is reasonable to assume that the first observed case corresponds
to the initially infected individual. We introduce latent variables u,, s and u, (Fig. 3) where
u, < 01is the start time for the first infectious period, s € (u,, 0) is the time of within-household
infection and u, € (s, w) is the end time for the secondary infective person’s latent period.

The augmented likelihood for each household is given by

Sy(—u)B exp{=05(s — u)} f(uz — ) fy(w — ), (3.5

where fy and f} are the gamma PDFs given at equation (3.4). Since each housechold has its
own set of latent variables, we have introduced 3 x 187 extra parameters into the model.
This enormous increase in the dimensionality of the parameter space causes no obstacle in
principle for the Gibbs sampler algorithm, although convergence can be slower and more
difficult to assess in such large spaces.

3.3.1.2. Two-primary households. Next, consider the 32 households in which there are
deemed to be two primary cases, infected at time 7 < 0 and detected at times 0 and w, with



528 P. D. O'Neill, D. J. Balding, N. G. Becker, M. Eerola and D. Mollison

Data

Y

Xy Y,
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Fig. 3. Measles data—latent and infective periods for two individuals; u; and u, denote the start of the
infectious period of the primary and secondary infective respectively, s denotes the time of infection of the
secondary infective and the detection times of the primary and secondary infective occur at times 0 and w
respectively; thus Y; and Y, denote respectively the infectious periods of the primary and secondary infectives
and X, denotes the latent period of the secondary infective

0 < w < 5. Since no within-household infection could have been observed, we cannot infer
anything about ( from these observations. If v; € (7, 0) and v, € (7, w) denote the ends of the
two latent periods, the augmented likelihood for each household can be written

Sy = 7) f(vy — 7) fy(=0v) fy(w — 0y). (3.6)

This introduces 3 x 32 extra parameters.

3.3.1.3. No-infection households. Finally, the contribution to the likelihood from a house-
hold in which no secondary infection occurs can be evaluated exactly, without the need for
latent variables. It is equal to the probability that a single infectious individual fails to infect a
single susceptible individual:

0 Or1
E[eXp(—ﬂY)]=< 9121 5) =q, say. (3.7)

3.3.2. The Gibbs sampler

Before describing the Gibbs sampler algorithm, we note that a Metropolis—Hastings algorithm
following the general procedure described in Section 2.4 can be implemented relatively easily.
We did this as follows: all parameters were transformed onto R, the likelihoods multiplied by
appropriate Jacobians and a Metropolis—Hastings algorithm with Gaussian proposal density
employed. In practice we found that this approach suffered from severe convergence problems.
Certain blocking strategies were implemented to improve matters but these were largely
ineffective.

We then turned to the Gibbs sampler, a special case of the Metropolis—Hastings algorithm
in which each parameter is updated in turn according to its conditional distribution given the
current values of all the other parameters (see Smith and Roberts (1993)). In practice the
conditional distributions may be non-standard, but since they are univariate it is often
possible to design efficient sampling methods. The attractiveness of the Gibbs sampler for the
measles data set is that it enables us to exploit the independence structure that is inherent in
the data. For example, the conditional distributions of each latent variable, given all other
parameters, depend only on the ‘global’ parameters 6 and 5 and the latent parameters for the
same household: the parameters associated with other households are irrelevant.

To describe the implementation of the Gibbs sampler fully it is necessary to consider each
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of the conditional distributions involved. However, for ease of exposition we focus now on
the five global parameters, since they are of most interest, and their conditional distributions
help to provide insight into the interdependence of the various model parameters. The
sampling methods described below are also illustrative of the methods used for the other
variables, details of which are given in Appendix A.3.

In describing the sampling schemes we shall often use the techniques of rejection sampling,
accounts of which can be found in Morgan (1984), section 5.3. For a parameter x we adopt
the notation w(x|...) to denote the density of x conditional on all other parameters.
Parameters for different households are labelled by superscripts in an obvious manner, and
we use w, and w, to denote the data w from households with one and two primary infective
individuals respectively. Gamma priors are employed; these are all denoted Gam(m, A),
although in practice the parameters may vary.

3.3.2.1. Sampling . From expressions (3.5) and (3.7) we find that

1864-m 187 ) ()
B exp| —ByA+ 2 (s —u
J=1
(61, + B '

We thus need to sample from a density of the form

7B. . )

x* exp(—bx)

Sx) = ot o

where a, b, ¢, d > 0. To do so, we construct a bounding gamma density via the following
lemma, the proof of which is given in Appendix A.1.

Lemma 1.
a—by

where v = (2b)'[a — bc — d + /{(a — bc — d)* + 4acd)].

f(x) < g(x) =

So, to sample from f(x), we can use rejection sampling; first draw a sample, Z say, from a
Gam(by + 1, b) distribution, and then accept this with probability f(Z)/g(Z), repeating this
process until an acceptance occurs.

3.3.2.2. Sampling 6;,. We find that

o7 exp(By,)

0r4]. . .
(0Ll ) X 1"(9]_1)251

b
where

187 i 32 . i
B=Y" log(uy — s7) + 3 log{(vi” — 7")y” — 7)) + 251 log(0,) — A.

J=1 J=1

We thus wish to sample from a density of the form
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() =%§)(”x)

where a, ¢ > 0 and b € R. Our approach to this is similar to that adopted for the 3 sampling
case above; as before we require a bounding density, and this is provided by the following
lemma, the proof of which is in Appendix A.2.

Lemma 2. For x > 0 and p > 0,
h(x) < I(x) = 6x™" exp(—pux),

in which 6 = v exp{(b + p)y} T'(7)"¢ and ~ is the unique positive root of the equation
a
b= () =0,

where ¢ denotes the digamma function.

We may thus use rejection sampling to obtain a sample for §;, in a manner identical with
that described for the S-case above. Lemma 2 allows us to choose p arbitrarily; we set u =~
which seemed to work fairly well in practice.

3.3.2.3. Sampling 6;,. From expressions (3.5) and (3.6) we have

187 . 32 ) . .
0L . ) o 015 1 exp { — {A +3 @ =N+ W + 0 — 2T<f>)}9u] i
Jj=1

J=1

yielding that
187 o . 32 0 ) .
(Ol )~ Gam{m +25100, A+ 20" = sV + @ + 0 - 27@)}.

J=1 J=1

3.3.2.4. Sampling 0y,. The structure of the conditional distribution of 6y, is identical with that
of 6, ,, so once again we can use our existing method to perform the sampling. Specifically,

9’14;_1 exp(Bby;)

Onl. ..
ﬂ—( ll| )O( 1_,(011)438

b}

where

A DDy, U 01
B =438 log(6p,) + > log{—ui"(w{” — us" )} + > log{—v{"(w5" — v;")} + 45 log 51 0 -\
i=1 j=1 2

3.3.2.5. Sampling 0y,. It turns out that the conditional distribution of 6y, is identical in form
with the conditional distribution of 3, and thus we can sample 6, by using the same method.
Specifically, from expressions (3.5)—(3.7) we obtain that

01, exp(—bb,)

(0. . ) ooy

where a = m — 1 + 4836y,
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187 . _ . 32 . . .
b= Z (W(lj) B u(lj) N u(zj)) + Z (w(zj) B U(lj) B 0(21)) T
j=1 j=1

Cc = ﬁ and d:45911

3.3.3.  Results
In this and subsequent sections y; and oy denote respectively the mean and standard deviation
of the latent period, and y; and o; are defined similarly for the infection period.

The Gibbs sampler algorithm was implemented using Fortran 90 running under UNIX on
a mainframe computer. The actual run time was about 50000 sweeps per hour (a sweep refers
to a single update of the entire parameter set). Prior distributions, where needed, were set as
negative exponential with mean 1000 (i.e. gamma with parameters A = 0.001 and m = 1) to
be relatively uninformative. Sample chains of the global parameters moved very slowly
around their parameter space. One reason for this is that the conditional densities of the
global parameters all involve summations of independent and similarly distributed latent
variables. Thus, a law of large numbers effect ensures that the distribution of each global
parameter will not change greatly unless there are substantial changes across the latent
variables.

The sample chains also exhibited clear correlations, which is expected because of the
correlations of the global parameters, and the lack of detail in the data set. It is well known
that such correlations are a cause of slow convergence in the Gibbs sampler (see for example
Hills and Smith (1992)); however, in the present case any sensible reparameterization of the
global parameters seems likely to increase the complexity of the conditional distributions
drastically, with a resulting increase in the computation time.

As a specific example, the sample chains for 8 and E[Y] = 6,,/6,, were correlated: as 3
increased, so E[Y] tended to decrease. Intuitively, this can be explained because the data
provide little information to distinguish between short infectious periods with high infectivity
and long infectious periods with low infectivity. Furthermore, these sample chains did not
appear to converge but instead displayed rather erratic movement around the sample space.
Consequently, no reliable estimates of posterior distributions were obtained for 3 or for the
Y-parameters (6, 6;,). However, the avoidance probability ¢, which is derived from g and Y
by equation (3.7), did exhibit convergence. The estimates of the posterior mean and standard
deviation of ¢ were given by 0.194 and 0.026 respectively, and a 95% equal-tail credibility
interval by (0.15, 0.24). In fact, it is straightforward to calculate the posterior distribution of ¢
exactly, and we find that

(gldata) < ¢*(1 — ¢)"*" 7(g).

so, if ¢ has a beta prior distribution, it also has a beta posterior distribution. With a uniform
prior (which is essentially comparable with the priors used in our MCMC simulations in
the region of interest) we thus find the posterior mean and standard deviation to be 0.197
and 0.026 respectively, and an equal-tail 95% credibility interval (0.15, 0.24), all of which
compare favourably with our MCMC estimates, providing some reassurance that the algo-
rithm is functioning correctly.

The sample chains associated with the latent period parameters appeared to exhibit con-
vergence, and we could thus obtain posterior estimates. Both y; and o; had approximately
symmetric unimodal posterior densities. The posterior mean and median of u; were 10.86
and 10.89 days respectively, and the 95% equal-tail credibility interval for u; was (10.43,
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11.22). Similarly o, had posterior mean and median 2.31 days and 95% equal-tail credibility
interval (2.13, 2.51).

In view of the convergence problems that were encountered, we also considered the use of
much stronger prior assumptions. This was found to improve the convergence properties
of the algorithm and thus posterior density estimates for all parameters of interest were
obtained.

The results for both the weak and the strong priors are summarized in Table 3. For the
latent period parameters, the data are sufficiently informative to reduce the effect of the
priors, and we find that the posterior estimates are roughly comparable with those obtained
in the weak prior case. The prior on 3 is quite restrictive; for example, values greater than 1 are
more than 3 standard deviations from the mean. As a consequence, the posterior credibility
interval for (8 is quite narrow. Restricting ( effectively forces the MCMC algorithm to
distinguish separately between ( and the Y-parameter values, in contrast with the weak prior
case. Consequently, it is inappropriate to compare results under strong and weak prior
assumptions for these parameters. For example, the strong prior results are appreciably
different from those obtained by using the Monte Carlo within Metropolis (MCWM) algo-
rithm described in the next section under weaker priors (see Table 6, model (b), in Section
3.4.3).

It seems likely that the convergence problems in the weak prior case were caused by the
large number of latent variables and the high correlation of model parameters. As an attempt
to overcome these difficulties a new algorithm was developed, which we now describe.

3.4. Monte Carlo within Metropolis algorithm

3.4.1. Monte Carlo estimation of the likelihood ratio

The convergence difficulties encountered with the Gibbs sampler algorithm described above
suggest the need to explore alternative approaches. We now consider an approach which
dispenses with the need to include latent variables, essentially by replacing the likelihood
ratio R in a standard Metropolis algorithm with a simulation-based approximation R¥*,
defined later at expressions (3.8) and (3.11). This new algorithm will be referred to as an
‘MCWM’ algorithm. Although this terminology suggests a connection with the Monte Carlo
EM algorithm (Wei and Tanner, 1990), the latter algorithm uses simulation to approximate
an expectation, rather than a likelihood ratio.

Before describing the algorithm, we introduce two desirable modifications to the modelling
assumptions outlined in Section 3.2, which are readily incorporated here. First, the pro-
portion of ‘two-primary’ households will be regarded as an additional parameter A, which
is estimated from the data. (Previously the two-primary households were assumed to be
exactly the 32 households in which cases arose within 6 days of each other.) Secondly, the

Table 3. Posterior means and equal-tail 90% intervals assuming weak priors (i.e.
all parameters have prior density Expon(0.001)) and strong priors (3 is Gam(2, 8);
Ou1, 011 are Gam(20, 1); Oz, 62 are Gam(2, 1))f

Priors B 7%y oy o o}
Weak — 10.86 2.31 — —
— (10.51, 11.15)  (2.17, 2.46) — —
Strong 0.39 9.41 1.59 4.53 1.03
(0.29, 0.51) (8.91, 9.90) (1.38, 1.83) (3.44, 5.63) (0.81, 1.24)

FThe marginal posterior densities were all roughly symmetric.
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data show local maxima at 7, 14 and 21 days, suggesting an effect of rounding to the nearest
week. It seems difficult to model any such rounding process adequately, and instead we
weaken its effect on inference by coarsening the data as shown in the first row of Table 4. So,
for example, the original data for days 6, 7 and 8 are summed and placed in one class, ‘days
6-8’. To coarsen the data in this way in our Gibbs sampler algorithm would create extra
complications, since now some of the removal times would be unknown and must be imputed
as part of the MCMUC sweep.

Given our parameter set (A, G, ), we now wish to construct a Metropolis algorithm.
As described in Section 2.3, this involves both specifying proposal distributions for the
parameters and computing the associated acceptance probabilities given by expression (2.9).
However, a computation of the likelihoods, and hence of the ratio L(y)/L(x) in expression
(2.9), involves multiple integrations and is generally infeasible. Our approach here is instead
to use a Monte Carlo simulation approximation to the ratio, as follows.

Write C = (¢y, . . ., ¢;) for the observed frequencies in each time period; for the data of
Table 4, we have k = 13 and =, ¢, = 219. Let p(A, 3, 0) denote the expected proportions

given parameter vector (A, (3, 6), i.e.
p(A, B, 6) =E[C|A, 5, 6]/219.

Now p(A, 5, 0) is readily approximated by the sample proportion p(A, 3, 8) obtained by
simulating a large number 7 of households under the model with parameter vector (A, 3, 6).
Similarly, the likelihood ratio

R= L(A’ ﬁa 0) ‘ { pi(A: ﬁv 0) }C'

L(A/a ﬂ,a 0,) B tl;ll pi(A/a ﬂ/a 9/)
is naturally estimated by

o) — k ﬁi(A’ ﬂ? 0) “
k=11 {ﬁi(A/, 7.0) } 68

(see Diggle and Gratton (1984)).

The bias of R can be approximated by exploiting the Dirichlet approximation to the multi-
nomial distribution as follows. For notational convenience, we shall sometimes write p and q
for p(A, 3, 8) and p(A/, 3, @), with p and § defined similarly. To avoid problems with
division by 0, we require that ¢; > 0, for all i, but we are interested in values of n sufficiently
large that this requirement has negligible practical effect. If » is also sufficiently large that
(n — 1)g; > ¢,, for all 7, then the Dirichlet approximation gives E[R] ~ p,(p, q), where

Table 4. Data for the examplet

Number infected Results for the following times (days):
o 1 2 3 4 5 68 9 10 11 12 1315 =16

45 Observed 5 13 5 4 3 2 20 25 37 38 26 33 8
44 Fitted (a) 5 9 7 5 32 23 25 32 33 28 39 5
45 Fitted () 5 10 7 5 3 323 23 33 35 29 37 5

1The first row shows the data from Table 2 coarsened to weaken the effect of possible week rounding and
possible inaccurate outliers. The second and third rows show the mean fitted values (estimated from the
same MCWM runs as for Table 6) under model (a) (fixed length infectious period) and model (b) (gamma-
distributed infectious period).
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[k (n—l)pi+j—1}219”l_i_1
/’Ln(p, q)_{ll—[l/l—ll (l’l_l)ql_] i:1n+i—2-

(3.9)

This approximation is usually very accurate for the values of n discussed below, so u, — R
approximates the bias of R.

The fact that we have replaced the likelihood ratio R with an approximation R will in
turn affect the properties of the Markov chain constructed by the Metropolis algorithm. In
particular, for the chain to have the correct stationary distribution, it is necessary that a
detailed balance condition is satisfied, namely

(A, B, 6)
(A, 3, 6)

1 (A", 3, 8)

ind 1. R _ma,p.Y)
m%’ " R (A, 3, 0)

}ﬂ&#ﬂ@):mm{l }RﬂAJi@,

where 7 denotes the prior PDF. In the application discussed below, uniform priors are
employed, and in this case the detailed balance condition becomes

min(1, R) = min(1, 1/R)R.
It follows that the MCWM algorithm will be exactly valid whenever g(R) = R, where

E[min(1, R)]
E[min(1, 1/R)]’

If (A, 8, 0) = (A, 3, 6), then R =1 and R has the same distribution as 1/R, so expression
(3.10) is trivially satisfied. The first entry in each cell of Table 5 shows a simulation-based
approximation to g(R), for p equal to the vector of sample proportions, and various choices
of n and q. The bias in R tends to have a ‘levelling’ effect: g(R) lies between 1 and R.

Equation (3.9) suggests a bias correction for R, using an idea similar to one exploited by
bootstrap bias corrections. The bias correction factor that we would like to use is R/p,, but
its value is of course unknown. However, since R is a smooth function of (A, 3, 8) and
(A, 3, 6), it follows that R/, is well approximated by R/f,, where fi, = p,(p, §). Hence,
R* should be approximately unbiased for R, where

¢(R) = (3.10)

R* = R*/ [, (3.11)

Table 5 indicates that g(R*) is closer to R than is g(R), although there is some tendency to
overcorrection. In the implementation discussed below, we use R* to approximate R.

3.4.2. Monte Carlo within Metropolis algorithm for the measles data

An MCWM algorithm with simulation size » = 8000 was implemented for the data of Table
4 and the model outlined in Section 3.2. To improve convergence a reparameterization was
adopted. For the gamma distribution modelling the length of the latent period, we worked
with 1/6;, and expectation u; = 6;,/60,,, instead of 6;, and 6,,, and similarly for the infec-
tious period parameters. Further, we rotated the plane spanned by p; and p; to reduce their
correlation. Specifically, we worked with

= (L —2p1)/5,
tr = Qpuy + pr)/10.

Such a reparameterization would not be suitable for the Gibbs sampler algorithm, because
then the full conditional distributions would become highly non-standard. Improper, uni-
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Table 5. Approximate expectations of g(R) and g(R*) for various values of the number of
households simulated, nf

R Results for the following values of n:
n = 4000 n = 8000 n = 16000
g(R) g(R*) g(R) §(R*) g(R) g(R*)
1 1.00 1.00 1.00 1.00 1.00 1.00
1.33 1.30 1.37 1.32 1.35 1.33 1.34
2.00 1.90 2.07 1.96 2.02 1.98 2.00
4.00 3.66 4.12 3.85 4.03 3.92 4.00

FIn the first row, p = q, with the common value being the observed relative frequencies for
measles data: the 13 counts from Table 4, each divided by 219. The remaining rows correspond
to the same p and different choices of q obtained by perturbing p; the corresponding value of R
is shown in the first column. Each entry in the table is calculated from a sample of 28000
simulated values.

form prior distributions were assigned to p) and w5, whereas 1/6;, and 1/6;, were each
assigned uniform(0, 1) priors, so that only gamma distributions with modes away from 0 had
a priori support. The force of infection parameter [ was replaced as a basic parameter by the
‘escape’ probability ¢, given at equation (3.7). Both ¢ and A, the proportion of two-primary
households, were assigned independent uniform(0, 1) priors.

The proposal distributions for all six working parameters were (independent) uniform(0,
1), each centred at the current value but with differing interval lengths, and with reflection at
boundaries (0 is a lower boundary for all variables; 1 an upper boundary for all except i} and
15, which must satisfy u, > ).

3.4.3. Results

Before reporting results for the principal model, we discuss a simpler model similar to that
employed in previous studies, in which the infectious period was of constant length. (This
corresponds to #;, = oo in our model.) The expected frequencies under the model, shown in
the second row of Table 4, correspond well to the observations: the Pearson x> goodness-of-
fit statistic is about 6.8 on 8 degrees of freedom. However, the parameter estimates (Table 6)
are imprecise, particularly the length of the infectious period p;, whose equal-tailed 90%
interval is from 0.5 days to 6 days. Further, the posterior distribution for the force of
infection, 3, obtained by inverting equation (3.7), is highly skew. The reason is clear from
Figs 4(a) and 4(b). Fig. 4(a) shows that y; and p; are highly correlated (p = —0.96), whereas
Fig. 4(c) shows that log(y;) and log(8) are almost perfectly correlated (p = —1.00). Further,

Table 6. Posterior medians and equal-tail 90% intervals under model (a) (fixed
length infectious period) and model (b) (gamma-distributed infectious period)

Model B e e 01, o Ax264

(a) 0.51 9.9 32 26 — 34
0.3,3.1) (838,109 (0.5 6.0) (21,35 — (26, 43)

(b) 2.0 10.7 1.6 54 1.7 32
0.6, 17) (10.0, 11.1) (0.2, 3.0) (24, 810) (1.0, 30) (24, 42)

TEstimates are based on 4000 outputs from the MCWM algorithm (equivalent to
1.6 x 10° accept or reject decisions), with simulation size n = 8000.
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Fig. 4. Measles data— scatterplot of 1000 points drawn from the output of the MCWM algorithms: (a) model (a),
fixed length infectious period, . versus y,; (b) model (b), gamma-distributed infectious period, p, versus ; (c)
model (a), fixed length infectious period, log(y,) versus log(3); (d) model (b), gamma-distributed infectious period,
log(s) versus log(3)

they lie on a line of slope —1, indicating that Bu; is almost constant. Roughly speaking, under
this model the data cannot ‘choose’ between the following two scenarios (and intermediate
cases):

(a)/’LL%1170</’LI<136>39
(b)uL%9,5<MI<6,ﬂ%%

Under all scenarios 6;; & 25, indicating a distribution for the latent period which is close to
normal, with standard deviation about 2 days (90% interval (1.5, 2.2)).

We turn now to our principal model, in which the infectious period varies from case to case
according to a gamma distribution. The expected frequencies (Table 4, third row) again
correspond well to observations: the y*-statistic is 5.6, a gain of just over 1 from the simpler
model, at the cost of one extra degree of freedom. However, the posterior distributions of the
parameters are substantially altered, as is shown in Figs 4(b) and 4(d). Essentially, the greater
flexibility of the principal model allows the data to have a greater effect on the posterior
distributions, and here this leads to a clearer distinction between scenarios (a) and (b) above.
In particular, the support for scenario (b) has almost vanished, whereas that for scenario (a)
has increased. The standard deviation of the latent period is reduced to 1.4 (90% interval
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Table 7. Posterior median values and ML estimates for the infection
rate, and means and standard deviations of the latent and infectious

periods
Method B wr oL I oy
Gibbs sampler — 10.9 2.3 — —
MCWM, model (a) 0.51 9.9 2.0 3.2 —
MCWM, model (b) 2.0 10.7 1.4 1.6 1.2
ML (Bailey, 1975) 0.26 8.6 1.8 6.7 —
ML (Becker, 1989) 0.24 8.3 2.4 6.2 —

(0.4, 2.2)), whereas that for the infectious period is about 1.2 (90% interval (0.1, 1.8)), which
is high compared with its median of 1.6, making the assumption of a fixed length infectious
period appear untenable. The posterior distribution for 3 supports larger values than under
the simpler model, but it remains highly skew.

3.5. Comparisons with previous analyses

We now briefly compare the results obtained by the Gibbs sampler (weak priors) and
MCWM methods with those obtained in the analyses of Bailey (1975), chapter 15, and
Becker (1989), chapter 4. Table 7 summarizes the findings. The MCMC estimates for y; are
appreciably higher than the ML estimates; specifically, the ML estimates do not lie within the
credibility intervals given in Table 6. However, it is reassuring that the MCMC values are in
harmony with current epidemiological views that the latent period of measles is about 10
days; see for example Benenson (1990). The ML estimates for y; also differ appreciably from
the corresponding MCMC values, the former being considerably larger. It is plausible that
the restrictive assumption of an infectious period of constant length, as employed by both
Bailey and Becker, has a bearing on the ML estimates for u; and u;. However, the difference
in the p;-values is not of great consequence since u; can only be estimated with fairly poor
precision from the data. Our analyses also indicate significant variation in the infectious
period, so the assumption of a fixed infectious period appears inappropriate.

Finally, it is important to note that our analyses lead to credibility intervals for the
parameters of interest. These intervals provide information which is considerably more
reliable than that obtained via standard errors as presented in previous analyses (e.g. Bailey
(1975), page 280). There are two reasons for this. First, such standard errors should be
treated with caution since the usual regularity conditions for asymptotic results are violated.
Second, the assumptions of a constant infectious period and that the two-primary house-
holds were exactly those in which the cases occurred less than 6 days apart lead to an
underestimation of standard errors. For example, Table 6 gives very wide credibility intervals
for 3. In contrast, the ML approach gives an estimate of 3 = 0.256 with standard error 0.032
(Bailey (1975), page 280), suggesting a spurious degree of precision.

4. Conclusions

We have considered the application of MCMC methods to the analysis of infectious disease
data by using stochastic epidemic models. In principle, the use of MCMC sampling has some
important advantages over existing methods. In particular, MCMC methods can deal with
complex models, thus permitting realistic modelling assumptions to be made; they are well
suited to missing data problems, can often be implemented relatively easily and naturally
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cater for a Bayesian inference framework. Conversely, there are some a priori obstacles to the
use of MCMC methods for the analysis of epidemic data. These include the considerable
correlation structure that is inherent in epidemic models, potentially very large numbers of
unknown variables and mathematical difficulties that arise from the models themselves (e.g.
having to calculate distributions arising from conditioned Markov processes).

4.1. Final size data

For the influenza data considered in Section 2, a simple Metropolis—Hastings algorithm was
found to be effective. Moreover our approach enabled a reasonable degree of modelling
detail. In this case, there was no need to incorporate latent variables, and the analysis was
aided considerably by the fact that the likelihood was straightforward to calculate via certain
closed form expressions.

4.2. Temporal data

The measles data set considered in Section 3 proved considerably more challenging. The data
were temporal, and the modelling approach involved the inclusion of a large number of latent
variables. The Metropolis—Hastings and Gibbs sampler algorithms both encountered some
convergence problems, which appeared to be particularly due to the high correlations
between the parameters of interest. These correlations arise from a lack of detail in the data.
Although it may have been possible to produce results simply by running the simulations
for far longer periods of time, this approach was rejected as being undesirable in practice.
However, even if individual parameters do not display convergence, we have seen that an
appropriate function of parameters may converge if the function represents a quantity about
which the data are relatively informative. Our MCWM approach seemed to work well in
practice and gave the most complete results for the measles data set. This approach does not
appear to have been considered before in the MCMC literature and is clearly worthy of
further investigation and development.

Despite the difficulties that were encountered with the data set, we nevertheless found that
the MCMC methods could produce inferences that are in broad agreement with parameter
values accepted in the epidemiological literature, and these were obtained under assumptions
that are more realistic than those used in previous ML analyses. The MCMC methods readily
provide credibility intervals for the parameters of interest. In contrast, parameter confidence
intervals obtained in previous analyses should be treated with caution, since the assumption
of a constant length infectious period invalidates the requisite regularity conditions for
standard asymptotic results of ML estimation.

Furthermore we observed appreciable differences between the MCMC parameter inferences
and the ML parameter estimates for the measles data. It thus appears that MCMC methods
have a real contribution to make towards the analysis of infectious disease data.

4.3. Future work

In summary, standard MCMC methods can be used to provide useful inferences from
infectious disease data but are not guaranteed to be successful for all problems. There is
clearly much scope for further work, firstly in terms of specific applications and secondly in
terms of improved methodology. Regarding the latter, since we have in this paper
deliberately utilized the most common MCMC algorithms, an obvious avenue for further
exploration is to consider more elaborate algorithms. In particular it may be fruitful to
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consider algorithms which take account of the structure of the target density, such as
algorithms based on discrete approximations to Langevin diffusions (Roberts and Tweedie,
1996), or hybrid Monte Carlo methods (Duane et al., 1987). In addition to the algorithms
themselves, our experiences suggest the need to construct, where possible, model param-
eterizations that reduce posterior correlations. This strategy, which is generally regarded
as desirable in the MCMC literature, is of particular importance in our context because of
the correlation structures that are commonly found in stochastic epidemic models.
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Appendix A

A.1.  Proof of lemma 1
We first find v > 0 such that f'is maximized at . Differentiating f yields that ~y is the positive root of the
quadratic equation

a(x+c¢) —bx(x+c¢)—dx =0, (A.1)
and it follows that ~ is as defined in the statement of lemma 1. Next, f(x) < g(x) if and only if
a—by a—by
T <7 (A2)

(x+ o) = v+

It is thus sufficient to show that the left-hand side of inequality (A.2) is maximized over (0, co) when
x = ~. By differentiation, the maximum is attained when (a — by)(x + ¢) — dx = 0. However, this last
equation has a unique positive root given by x = -, since in this case the equation reduces to equation
(A.1).

A.2. Proof of lemma 2
First define v as the point at which % is maximized over (0, oo); differentiating log{/(x)} yields the
definition of v given in the statement of lemma 2. Next, note that lemma 2 follows if and only if

X exp{(b + p)x}

5> O

(A.3)

However, the right-hand side of inequality (A.3) is maximized over (0, oo) when (a — yu)x~' + b+
1 — ¢ (x) = 0, which by the definition of « implies that x = -, and the result follows.

A.8. Sampling methods for the non-global parameters

A.3.1. Sampling u,
Since u; < 0, we focus attention on the quantity —u,. From expression (3.5) we obtain that, for u; < s,

(=) o (=) exp{—(—u)A + B+ Op))-

Thus —u, has a Gam(m + 6y, — 1, A + 3 + 0y,) distribution, subject to the constraint u; < s. To obtain a
sample from this conditional distribution we could repeatedly sample from the gamma distribution until
a sample satisfied the constraint. However, this approach will be highly time consuming if the event
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u; < s has low probability according to the gamma distribution, and so in practice a more efficient
method is preferable. An example of such a method is described below in Appendix A.4.

A.3.2. Sampling s
From expression (3.5) we obtain that, for u; < s <0,
7(s]....) o exp{—P(s — u)}ur — )™ " exp{—Op(u; — 5)}.

There are now two possibilities. If 5 < 6;, then we find that

(sl .. ) o (uy = )™ exp{—(fr — Bz — 9)),

sothatu, — shasa Gam(fy,, 6;, — ) distribution subject to the constraint max(0, u,) < u, — s < ty — u;.
Sampling from a gamma distribution over a finite interval 7 is straightforward; for example, if the
density (f, say) has maximum value M over I then we can simply sample Z uniformly over I and accept
with probability f(Z)/ M.

Alternatively, if 5 > 6;, then we have

7(s]...) o (uy — )™ exp{(B — O12)(uy — 5)).

again subject to the constraint max(0, u,) < u, —s < u, — u;. The situation is similar to the previous
case, except that now we are sampling from the density proportional to

S() = ¥ exp{(B — 010)x)
over a finite interval. Such sampling can be carried out fairly efficiently by noting that

J(x) < Mexp{(B — 012)x},

with M a suitable positive constant, and that this bounding density can be simulated directly by using
the inversion method (see for example Morgan (1984), section 5.2).

A.3.3. Sampling T

Since 7 < 0 we consider —7, and note that —7 must satisfy —7 > | min(v,, v,)| > 0. Define M = M(m,, ;)
as the maximum value of the gamma density w(—7) over the interval (| min(v;, v,)|, 0©). From expres-
sion (3.6) we find that, for 7 < min(v,, v,),

(7. . .) o (—Ul 42—02 - T>2(0Lll) exp { — 26, (Ul to_ 7) } (0 = 7)o =)

2 {0y +0y)/2 = 707D
« (="' exp{(=N)(=7)}
M

201 —1)
= (252-r) e (232 -0) L Ao

say. By the arithmetic mean—geometric mean inequality it can easily be shown that F;(7) < 1, whereas
F,(7) < 1 from the definition of M.

We can thus sample 7 as follows. First sample (v, + v,)/2 — 7 from a Gam(26,, — 1, 26;,) distribution,
which in turn gives us a sample for 7. This sampling is repeated until 7 < min(v;, v,). Finally, accept the
resulting 7-value with probability F;(7) F,(7), repeating the whole process until an acceptance occurs.

A.3.4. Sampling u,, v, and v,

It is straightforward to see from expressions (3.5) and (3.6) that the conditional densities for the
remaining parameters u,, v; and v, are identical in structure; essentially each involves a product of two
gamma densities. We shall therefore only describe the method for the first of these parameters, u,. Now
from expression (3.5) we obtain that, for s < u, < w,
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O —1

(). . ) o< (up — S)Huil exp{—0L,(u, — )}(W — u,) exp{—0p(w — u)}.

We therefore wish to generate samples from densities of the form

S0 = (x = 5)" (w = x)"" exp{=A(x — )} exp{—u(w —x)},

where s < x < w and n, m > 0.
If A = p the situation is straightforward, since then f'is simply the density of a beta distribution with
parameters (m, n) over the interval (s, w). Now, for p > 0,

(x— )" 77w — 2" (x — 5 exp{—(\ — p)(x —5)} if A > p,
Jx) o { (x — )" (W = )" (w = X expl—(u — N(w — )} i A< g (Ad

It follows at once from expression (A.4) that if A > p we can simply sample x — s (which immediately
specifies x) from a beta(m — p, n) distribution over the interval (s, w) and accept this sample with
probability proportional to the gamma density (x —s)’ exp{—(\ — u)(x — s)}. This acceptance prob-
ability is easy to obtain since we are only considering values of x — s in the range 0 < x —s < w — 5.

Although this sampling scheme works for any p > 0, in practice we wish to pick p so that the
acceptance probability is likely to be high. This amounts to ensuring that the beta distribution is likely
to generate samples in the region where the gamma density is highest. One way to do this is to make the
mean of the beta distribution, namely (w — s)(m — p)/(m — p + n), equal to the mode of the gamma
density, which is p/(A — ). With the additional constraint that 0 < p < m we thus find that

p:%[m—}—n—}—A—\/{(n1+n+A)2—4mA}],

where 4 = (w — s)(A — ). Finally, the case A < p is treated similarly.

A.4. Sampling from a conditional gamma density
Our objective here is to sample efficiently from the gamma density proportional to

f(x) = X" exp(—=Ax),

where m, A > 0, conditionally on x > y, where y > 0. Note that the gamma distribution has mean n/
and standard deviation /m/\. We shall use the notation Exp()\) to denote an exponential distribution
with mean A\~'. We consider various cases, as follows.

(a) In the case m = 1 we are simply sampling from the exponential density exp(—Ax), conditionally
on x > y. But since this density is proportional to exp{—A(x + y)} it follows that, if Z is drawn
from the Exp(\) distribution, Z + y will be a sample from the required conditional distribution.

(b) For m < 1 there are two methods, as follows. First, if y < m/A then it will be reasonably efficient
simply to sample repeatedly from Gam(m, ) until a sample Z satisfies Z > y. Second, if y > m/\
we use rejection sampling with an exponential bounding density: specifically, if x > y,

m—1 m—1

y exp(—Ax) = X" exp(—Ax).

Thus we simply sample Z from Exp()), set X = Z + y and accept with probability (X/y)"~". (The
choice of m/\ as the boundary between the two sampling methods here is essentially arbitrary;
however, it is clear that, as the boundary increases, so the first method becomes increasingly
inefficient.)

(c) Inthecasem > 1, fisunimodal on (0, co). Asin (b) there are two methods. If y < ((/m +m — 1)/,
i.e. y is less than the mode of f'plus 1 standard deviation, then use simple rejection sampling as in
case (b). Otherwise, set u = Ay/m/(/m + m — 1) and note that

[ exp{—(A — wy}exp (— px) = X" exp(—Ax).

Then, sample Z from Exp(u), set X = Z + y and accept with probability

(X/9)" " expl=(\ = w)(x = »)}.
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