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Types of Models:
Single Population and Epidemic

� State Space
� Discrete
� Continuous

� Index Set (time)
� Discrete
� Continuous

� Structure
� Deterministic
� Stochastic
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Types of Models: continued

� Triplet (State, Index, Structure)

� Many other important parameters and functions of
parameters.
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Deterministic transmission models

� often based on differential equations (ordinary or partial)

� get the same answer every time

� force of infection and rates act on groups in compartments

� mass action models
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Deterministic models

� Advantages:
� computationally fairly efficient
� amenable to analytic solutions and insight

� Disadvantages:
� do not follow individuals
� always take off if R > 1
� limited exploration of variability
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Simple S-I-R model

change in susceptibles :
dS(t)

dt
= −βS(t)I (t)

N

change in infectives :
dI (t)

dt
= β

S(t)I (t)

N
− νI (t)

change in immunes :
dR(t)

dt
= νI (t)

N = S(t) + I (t) + R(t)

� β =transmission coefficient

� ν = recovery rate
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Simple S-I-R model

dX (t)

dt
= −βX (t)Y (t)

N
dY (t)

dt
= β

X (t)Y (t)

N
− νY (t)

dZ (t)

dt
= νY (t)

N = X (t) + Y (t) + Z (t)

� β =transmission coefficient

� ν = recovery rate
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Model Parameters

� β =transmission coefficient
� approximately cp = contact rate x transmission probability

� ν = recovery rate
� exponential assumption
� d = duration of infection period
� ν = 1/d
� If d = 4days, ν = 1/4per day = 0.25day−1
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Basic Reproductive Number, R0

� the average number of new infectious hosts that a typical
infectious host will produce during his or her infectious period

� in a large population (absence of density-dependent effects)

� if the population were completely susceptible
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Basic Reproductive Number, R0

� heuristically, thought of as product of
� contact rate, c
� transmission probability, p
� duration of infectious period, d

� R0 = cpd

� R0 = β/ν
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(Net or effective) Reproductive Number, R

� if not all susceptible, or after intervention

� need R > 1 for an epidemic to take off or sustained
transmission

� at equilibrium, R = 1

� goal is to reduce R, and if possible < 1

� monitoring R in real-time can aid in evaluating success of
intervention
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Simple S-I-R model, open population

dS(t)

dt
= bN − βSI

N
− µS

dI (t)

dt
= β

SI

N
− νI − µI

dR(t)

dt
= νI − µR

N(t) = S(t) + I (t) + R(t)

� µ = death rate, b = birth rate

� no disease-dependent death

� constant population
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S-I-R model, open population

dS(t)

dt
= bN − βSI

N
− µS

dI (t)

dt
= β

SI

N
− (ν + µ+ α)I

dR(t)

dt
= νI − µR

N(t) = S(t) + I (t) + R(t)

� µ =death rate, b = birth rate

� α = disease-dependent death rate

� bN(t) = number of births
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Basic Reproductive Number, R0

R0 =
β

ν + µ+ α

� As α ↑, R0 ↓
� Evolutionary consequences
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Simple S-I-R: (C,C,D)
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Simple S-I-S model

dS(t)

dt
= −βSI

N
+ νI

dI (t)

dt
= β

SI

N
− νI

N(t) = S(t) + I (t)

� ν = recovery rate, no immunity

� no disease-dependent death

� constant population

� R0 = β/ν
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S-E-I-R model, open population, loss of immunity

change in susceptibles :
dS(t)

dt
= bN − βSI

N
− µS + γR

change in latents :
dE (t)

dt
= β

SI

N
− (σ + µ)E

change in infectives :
dI (t)

dt
= σE − (ν + µ+ α)I

change in immunes :
dR(t)

dt
= νI − (µ+ γ)R

N(t) = S(t) + E (t) + I (t) + R(t)

� σ = rate of latent compartment becoming infective

� γ = rate of loss of immunity
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Basic Reproductive Number, R0

R0 =
σ

σ + µ
× β

ν + µ+ α

� What is σ
σ+µ ?

� What is α
α+ν or α

α+ν+µ ?

� Relation to the case-fatality rate
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Berkeley Madonna

� Introduction

� Simple models
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Attack rate and R0

change in susceptibles :
dS(t)

dt
= −βS(t)I (t)

N
(1)

change in immunes :
dR(t)

dt
= νI (t)

S(0) ≈ N, R(0) = 0.

Substitute for I (t) in equation 1

dS(t)

dt
= −β

ν

S(t)R(t)dt

N
dS(t)

S(t)
dt = −R0

R(t)dt

N
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Attack rate and R0

∫ T

0

dS(t)

S(t)
= −

∫ T

0
R0

R(t)dt

N

log
S(T )

S(0)
= −R0

(R(T )− R(0))

N

1− AR(T ) = exp{−R0AR(T )}

AR(T ) = 1− exp{−R0AR(T )}
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Vaccination

� x = proportion susceptible

� 1− x = proportion immune

� f = proportion vaccinated with completely protective vaccine

� simple random mixing, homogeneous population

R = R0x

R = R0(1− f ) < 1

f > 1− 1

R0
for R < 1.
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Example: Threshold Vaccination

� R0 = 3

� f = proportion vaccinated with completely protective vaccine

� simple random mixing, homogeneous population

f > 1− 1

3
= 0.67 for R < 1.

� Caveats....
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Threshold vaccination: all-or-none

� f = proportion vaccinated

� h = proportion vaccinated who are completely protected

� 1− h = proportion of complete failures in vaccinated

� simple random mixing, homogeneous population

R = R0(1− hf )

f >
1− 1/R0

h
for R < 1.
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Example: Threshold Vaccination: all-or-none

� R0 = 3

� f = proportion vaccinated

� h = 0.85 proportion of vaccinated completely protected
(VE=0.85)

� 1− h = 0.15 proportion of failures in vaccinated

� simple random mixing, homogeneous population

f >
1− 1/3

0.85
=

0.67

0.85
= 0.79 for R < 1.

� If h < 0.60, then f > 1.0
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Threshold vaccination: leaky

� θ = proportion residual infection probability (VES = 1− θ)

� φ = proportion residual transmission from infective
(VEI = 1− φ)

� Assume everyone vaccinated

� simple random mixing, homogeneous population

R = θφR0 < 1

θφ <
1

R0
for R < 1.

(1− VES)(1− VEI ) <
1

R0
for R < 1.

� symmetry of VES and VEI

� heterogeneous and more complex expressions possible
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Simple S-I-R model: all-or-none vaccination

dS(t)

dt
= −βS(t)I (t)

N
dI (t)

dt
= β

S(t)I (t)

N
− νI (t)

dR(t)

dt
= νI (t)

S(0) = (1− f )N(0)

R(0) = fN(0)

N = S(t) + I (t) + R(t)

� f = fraction vaccinated with a completely protective vaccine
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S-I-R model, open, all-or-none

dS(t)

dt
= (1− f )bN − βSI

N
− µS

dI (t)

dt
= β

SI

N
− (ν + µ+ α)I

dR(t)

dt
= fbN + νI − µR

S(0) = (1− f )N(0)

R(0) = fN(0)

N(t) = S(t) + I (t) + R(t)

� µ =death rate, α = disease-dependent death rate

� bN(t) = births



Outline Framework Deterministic models Vaccination Two-host models

S-I-R model, open, leaky

dS0(t)

dt
= (1− f )bN − βS0[I0 + φI1]

N
− µS0

dS1(t)

dt
= fbN − β θS1[I0 + φI1]

N
− µS1

dI0(t)

dt
= β

S0[I0 + φI1]

N
− (ν + µ+ α)I0

dI1(t)

dt
= β

θS1[I0 + φI1]

N
− (ν + µ+ α)I1

dR(t)

dt
= ν[I0 + I1]− µR

S0(0) = (1− f )N(0)

S1(0) = fN(0)

N(t) = S0(t) + S1(t) + I0(t) + I1(t) + R(t)

� µ =death rate, b = birth rate
� α = disease-dependent death rate, vac and unvac
� bN(t) = births
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Anderson and May (1991)
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Malaria cycle

� Human malaria: Plasmodium falciparum, P. vivax, P.
malariae, P. ovale.

� Transmitted by female anopheline mosquitoes

� Mosquitos inject sporozoites into humans

� Sporozoites migrate to the liver, develop via asexual
reproduction

� Merozoites invade blood cells and burst cells

� Sometimes develop into gametocytes, ingested by mosquitoes

� Micro- and macrogametes (male and female) in mosquitoes
for sexual cycle

� Sporozoites in salivary glands ......
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Ross and Macdonald

� Sir Ronald Ross 1916

� 2nd Nobel Prize in Medicine : elucidation of mosquitos as
malaria transmitters

� George Macdonald (1903–1967)

� Transmission models of malaria
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Simple Malaria Model

� Simple model without incubation period in the mosquito, no
immunity

Infected humans
dx

dt
= (abM/N)y(1− x)− rx

=

Infected mosquitoes
dy

dt
= acx(1− y)− µy

R0 =
ma2bc

rµ
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Malaria R0 with extrinsic incubation period

� With extrinsic incubation period τ :

R0 =
ma2bce−µτ

rµ
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Modeling Chickenpox Vaccination in U.S.

� early 1990’s, pre-licensure

� Problem: What would the effect of childhood vaccination
against chickenpox be at the population level?

� Worries: partially protective vaccine, waning immunity, low
coverage

� Serious sequelae more common in older age groups and infants

� Halloran, Cochi, Lieu, Wharton, Fehrs, AJE 140:81-104 (1994)
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