CEES518:
Functions of Random Variables

Y'=g(X)
F0)=PY<y)=PEX)$9)= |f(9d
fey)= @,?w[ )]

If g(X) is a monotonically increasing or decreasing function,

where X can be seen to be a single-valued function of y.

dxm;jﬁﬁdy =lh(vlay

These equations lead to

E )= 1 [hA v)ay
10)= £ RO 0)
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Example. Assumethat Y =a+bX, fora>0and b > 0. Derive the probability density of Y
in terms of X

1= Lo O)

_Lefy=ale oo sineln )=~ 22
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Consider a function of two random variables X1 and Xz as
Y= g(Xl’XZ)

FY(y)x .”- fk’l}(z (x15x2)dxidx2
x=g"¥.x,)

_ 1 Lo og
F.(y)= X, dvdx,
y(y) rzlyiﬂfx‘x"*(? X )“55/" ! VX
f}’(y) :if!(;}(z(g_lsxg)gawgq dxl

if Xy and X7 are independent,
fxxdxxa) = fx(x) %) and

£

fyly) = f iy - %) fied x2)dx
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If

Y=X1 -i—Xg

Fyly) = fx, x X1, X2)dx; dxg

Xi+Xxa32y Xp+Xz% ¥

S
Fyly) = f / fX,,Xz(XisXZ)dxldxz

Differentiation yields

fy) = 5%% = fx, x [y - x2.x2)dxz

s
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Example. Find the probability density of the sum of two independent
normally distributed random varizbles.

Let Xiand Xz be normal variates with

_Nlm xlmlt'lxg
fi) =k e 2L O
x K ) = e 2
A «/2756}(1
and
I
1 2l o,

fx2 (x,)= ﬁje - ;
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The substitution of these two into the equation for fly) yields

il

fY(}') Cgi}/ = j‘fxixz(y“ xz’xz)dxz

ey

5“ 1
[ y—x. - _
= TSX 1 y 2 JLLX] + luxz ;dXz
)sz o, 2 o, o, }
é_ 2
r |
f)m e exg L) 2T ) |
\/Zyr(oj] +0} ) 2 o, t0,, J
1, =y + iy,
o, =0; +0;,
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This result shows that Y is also a normal variate with

Wy = Ly, + Hx,
o% = 0%, + 0%,

For the case of a linear sum of n random variables: If

Y= Za,X

i=1

where 3 are constants and Xi are mdependent normal variates N (1% 0x)
then Y is also a normal variate N {1y O¥) with

GHK

2ok

Ly =

2
il
1t MBE.MB

i
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Mean and variance of a linear function
i

Y=3.1X1 +32X2+ @aﬁxn

where the & are constants and the Xi are random variables with means Hi and standard

deviations Oi. The mean value of Y is by definition
Uy =EY =J yiybdy =ajpy + +agu,

and the variance of Y is given by

N I3 ) . 1 n
ar Y=oy =K(Y-uyP|= 3 abvaiXil+ 5 2 apioi;
i=1 i=1j=1
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Mean and sum of iwo random variables
1t Y= X1 £ X2 then
Ry = Hx, & M,
and
v ok + 0% if X; and X are uncorrelated
Oy = ) X X2
\ ¥ oy, + 0% £2p0x0x,  if X, and X are correlated f
where P is the correlation coefficient between X; and X5,
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If
Y =X Xs

then
iy = EXX;] =f [ Xy Xafx, x{X1.x2) dxydxz

and if X1 and Xy are independent,
fx, x, = P X x{x2 )X, x, = fxdxi )fxdx2)
and

Wy = U
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Gt =B(Y -yl = EX§X§] + %%, - 20 F X X

If X1 and X» are independent, then
EX3x3 =k,

For normally distributed variables,
EXZ =1} + 0%

and

)
oy =V 1k 0%, +ukok, + %%

It Xy and X1 are correlated with a correlation coefficient of P, the standard deviation of
Yis

I

{oh o% o% ok
Gy = Ux Ux, ”\/ “”%(“” "“‘3& +““§"§““;_("2“ (1+p?
Ly, By, B Mk
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the mean and variance can be obtained for normal variates X; and X,

Bxy

fy =
“‘Xﬂ :

1. [ MOk, +u50x
i
uxz /\/ .Ll%(z +G§(’z
B:}#(L /QMZXL gf’fl 7 Ox,0x,
2 A TR pp Ly,
i !‘LYE} “’X; Ky, Kbt X

if X| and X, are uncorrelated

Oy =

if X and X3 are correlated
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For a nonlinear function of several random variables
Y=g(X, X9, Xy

the mean and variance are

wy=EHY = X1, %20, X)X X XAX 1 K20y Xpldxpdxy  dxy

Xy = Xg T 00

o} = B(Y- wyfl = [oX1, X200 Xn) - BN X XX X2 Xp)dxpdxy  dX,

X} = o Xy = s
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Taylor Series Approximation

n
0
Y= g (“Vl Mgy Hn) + Z a)f I ,ﬁz,ggup(xx‘“l)
i=1 !

S

n oo azg

where the partial derivatives are evaluated at the mean values of Xi as

0g _ 98y -
GXg !-lh,ilzuu-}in“axi(xi“ f“{l?'"! Xﬂ" Nn)
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By neglecting higher order derivatives

2} o
Y = g{t Mo W *Z d}%l ieftae il KiH)

t= 1

The mean value of Y becomes

py =EHY. = gl i, Ha)

The variance of Y becomes

n i3 i1
of = z af var X! + Z > amcov X X
i=1 i=1ji=1 0w

where

dg
E] EBXTI IRt

and

da

Sl NI
1 dxj Bl i
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If the variables Xi are statistically independent, then

&= Y

HES

This procedure is known as the partial derivative rule.

Example problem: (Kapur & Lamberson, '77)

To compute the tensile stresses induced in a circular
bar of diameter D, we need to know the cross-section
a=%p'. Suppose the diameter has a normal

distribution with a mean . and standard deviation o.
We wish to find the density function for the random
variable A.
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RS v s DR A SRR

A=fD)=FD%  D=yl(a)=1,4

L A

Taking the derivative yields

aw_ [T
dA| VAx

The inverse function is double-valued so

_A:'z: s\/HJ \/—

If g is given to be a normal density function with mean p and
standard deviation ¢, then

262

2]
pw/@*; #72 BKJ[ %ng_%;
| |

L

i

it

I I I, .3, e
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Example Problem
*The foad P acting on a bar in tension has a mean vaiue 1, =10,000 ¥ and a

standard deviation o, =1,000 N. The mean value of the cross-sectional area
Ais g, =50 on’ and the standard deviation of A is ¢, = 04em. Find the
mean and standard deviation of the tensile stress s on the bar. Use the
Taylor Series Approximation.

*The moment equation for a fixed-fixed beam with a concentrated load P
and uniformly loaded w is

If the means and standard deviations are P,W, 0, and &, and Cov(P,w) =0, then
find Mand o,

P #
Let A = = = wh

Find A, e, and Cov{A. M.
T92F1  384EI » and Cov(A M)
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*A connecting rod of length L and diameter d is subjected to an axial
compressive load, P. The Euler buckling load is

The parameters are given as

L = N(20,0.5)inches

d = N(d ,0.1d)

P = N(2000,200)ibs
E= N(30x10°3x10")psi

Design the rod to achieve a reliability of 0.99 against buckling. Hint: Use
mdr
T
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Let Strength R -Stress Q=g(R,Q) =Y
If both strength and stress are Normally distributed,
the reliability R, can be written as

1 = -
R = ——$1d
o n iexp[ > ] 8

where

__(l"k "JUQ ]
Sl R
G;%—Gé

This aliows us to use the standard Normal tables.
£
Pc—P |

ﬂ/d;( +0}

R, =0.99 corresponds to s, =-2.32635=-
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*Given
cm/ | = 19300 -2
a( %} 1230e" (R +2.5)

where @ = maximum ground acceleration at a distance R kilometers from an
earthquake of Richter magnitude M.

Assume M = 6 and consider it deterministic.
Consider R =r.v. with mean 25 km and COV of 10%.

Use a linear statistical analysis to find a,6, and COV.

2
v
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