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Motivation
Gram-Schmidt Orthogonalization Procedure G-S Procedure
An Example

Orthonormal Basis Functions

> Recall from Lecture 10 that {¢;(t)} is an orthonormal set of
functions on the time interval [0, T] such that:

‘
v [ 1 i=]
O/ s0)os(e)ae = {

0 otherwise

» Furthermore, it is possible to represent a signal waveform s;(t)
as the weighted sum of these orthonormal basis functions, i.e.:

N
si(t) = swow(t) (1)
k=1

» How do we determine the set of orthonormal basis functions

{8i(t)}7

» Use Gram-Schmidt Orthogonalization Procedure
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Orthonormal Basis Functions

» A complete orthonormal set of basis functions is needed for a
set of M energy signals denoted by s;(t),. .., su(t)

» Choose s1(t) and normalize it:

Sl(t)

v/ Es,

where Eg, is the energy of the signal s;(t)
» We can express s;(t) as:

s1(t) = VEq ¢1(t) = suoa(t)

where the coefficient s;1 = y/Es, and ¢1(t) has unit energy as
required

$1(t) =
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Setting Up ¢»(t)

» Now using the signal sy(t), let us define the sp; coefficient as:

)
521 = / 52(t)n(t)dt
0

» To help in getting the basis function ¢5(t), we define the
intermediate function:

82(t) = so(t) — s211(t)

which is orthogonal to ¢1(t) over the interval 0 <t < T
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Creating the Second Basis Function

» The second basis function can be defined as:

¢2(t) — L(t) (2)

which can be expanded to:

bolt) = s2(t) — s2161(t)

2
ES - 521

where E, is the energy of the signal sy(t).
» It is clear that the basis function ¢»(t) satisfies:

T T
/¢%(t)dt =1 and /¢1(t)¢2(t)dt =0
0 0
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General Expressions

> In general, we can define the following functions that can be
employed in an iterative procedure for generating a set of
orthonormal basis functions:

gi(t) = Zsu¢1

.
s,-j:/s,t)qﬁj t)dt, j=1,2,...,i—1
0
oty = —E0 12N
T
[ &?(t)dt
0
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Problem Statement

» Carry out the Gram-Schmidt Orthogonalization procedure of
the signals shown in the next figure in the order s3(t), si(t),
sa(t), s2(t) and thus obtain a set of orthonormal functions
{om(t)}

» Then, determine the vector representation of the signals
{sn(t)} by using the orthonormal functions {¢m(t)}
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Signal Waveforms

s,(t) s (1)
A A
1 1
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-1
s, (1) s, (t)
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1
o 1 2 3 0o 1 2 @ T
-1 -1

Figure : Example Signal Waveforms.
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Determining Orthonormal Basis Functions — Part |

» For s3(t):
_os3(t) _ oss(t)
“=E =
» For si(t):
1/3, 0<t<?2
ga(t) = s1(t) — s1201(£) = 1(¢) — §53(t) ~l 23 2<t<3
0, t>3
1/v6, 0<t<?2
:¢2(t)—f2(t)— 2/V6, 2<t<3
[ g3(t)dt o=l
0
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Determining Orthonormal Basis Functions — Part |l

> For s4(t):

» For s4(t):

Copyright © 2013, Di Pu and Alexander M. Wyglinski Digital Communication Systems Engineering with SDR



Motivation
Gram-Schmidt Orthogonalization Procedure G-S Procedure
An Example

Vector Representations

» Using the orthonormal basis functions {¢1(t), ¢2(t), da(t)},
we can express the four waveforms as:

S1 = (2/\/§7 \/6/37 0)

s2 = (0,0,2)

s3 = (1/3,0,0)

S4 = (_1/\/§7 _4/\/67 O)

vV vy vVvYyYy
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