ESS 411/511 Geophysical Continuum Mechanics Class #23

Highlights from Class #22 — McKenzie Carlson
Today’s highlights on next Monday — Peter Lindquist

Problem Set #6

* s posted.

* Since Thursday is a holiday, we will use the class period on Wednesday as a
group collaborative session to work on HW #6.

Midterm
* Has been (mostly) marked, and | expect to return annotated versions to you

later today or tomorrow.



ESS 411/511 Geophysical Continuum Mechanics Class #23

For Problems Lab on Wednesday
* Be sure to be familiar with MSM Chapter 4

* For classes next week

 Read (https://courses.washington.edu/ess511/NOTES/)
o Ed’s note on volume elements
o Ed’s note on conservation laws
o Ed’s note on constitutive relations



ESS 411/511 Geophysical Continuum Mechanics

Broad Qutline for the Quarter

Continuum mechanics in 1-D

1-D models with springs, dashpots, sliding blocks
Attenuation

Mathematical tools — vectors, tensors, coordinate changes
Stress — principal values, Mohr’s circles for 3-D stress
Coulomb failure, pore pressure, crustal strength
Measuring stress in the Earth

Strain — Finite strain; infinitesimal strains

Moments — lithosphere bending; Earthquake moment magnitude
Conservation laws

Constitutive relations for elastic and viscous materials
Elastic waves; kinematic waves



Class-prep: Please give me a moment ...

Please Read Raymond notes on Stress and Moments on class web site
https://courses.washington.edu/ess511/NOTES/CFR _CHAPTERS/CFR stress notes.pdf

“Moment” and torque” are often used interchangeably, although technically a moment is a static concept,
and torque applies to a rotation motion. Both involve a vector cross product between a force and a lever
arm (or moment arm), so the units are Newton meters (N m). The first figure illustrates the moment exerted
around the point P by a point mass m on the end of a stiff low-weight wire and subjected to gravity.

e, PiVOt Lever arm
p Mass m
Force
F=mg Torque
Low-mass r<F
wire =m (rxg)

Now let’s put a second mass on the wire,

and see how the moments work.

A55|gnment

What is the moment exerted by mass m; at point x;=07?
What is the moment exerted by mass m, at point x;=07?
What is the total moment exerted by both masses m;
and m, at point x;=07?

What is the moment exerted by mass m, at point x;=
ry?

Suppose that we keep adding more discrete masses on
the wire until we effectively have a solid steel bar. Ina
couple of sentences, explain how you could still find the
net moment exerted at any particular point, such as
x;=0. (Consider that integral calculus could help.)


https://courses.washington.edu/ess511/NOTES/CFR_CHAPTERS/CFR_stress_notes.pdf
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Where is bending the greatest?

You can try this at home with a sheet
A— of paper hangi the ed f
- paper hanging over the edge of a
table ...

(it isn’t dangerous ©).

Where do you think bending moment is the greatest?

But first, to simplify the math, we will assume for now that
the deflections are very small.



Average stress across the | ds!
beam (per unit width in x;) : T
& i
Vertical plane at x; must support 7'f”””/7/‘(g3/%_x‘_,: |
the weight of all material to the ———— X! =) |
. / 1 |
right. 4 '
e.g. <o1p>t is vertically directed /4 L (
force per unit width in x3
<Oyt =pgy (L=x;) 1= 0 Although <c11>=0, there must be

e tension (01:>0) in the upper part and

e compression (61;<0) in the lower
part, in order to prevent the material
to the right from falling down.

<O>t = pPgfL-x))t

<Oyt =pg3(L-x)t=0
O11

-
tension
compression
=

X1




Incremental moment g,

at x; due to outboard
weight
8 I -J L-dx: ‘
|
|
v 1
w2 i
/7 '
4 Xyl
Incremental moment at x| exerted i- X’
1

by thin slice dx;” of slab at x;’
e.g. <o1y>t is vertically directed

force per unit width in x3

»

dM, = - pgt dx)(x; - x1)

Now add up the incremental moments at x; due to all thin slices dx;” to the right of x;
L
p ’ 1 L 2
M, = [ pgitx, - x)dx = — =gl ~ x))
x

The force per unit width: pgtdx;’

The lever arm: (x; - x’)



Incremental moment

. L P
at x; due to stress in
the beam
| j*l.- d::
|
o ya I
iy = n
/7
a, l‘_’l
Mg must be balanced by an equal and X’
1

opposite moment M; at x| exerted by the
stress state there.

|
|
!
w2 | ——

' » A
M=+ | onxmnany
-2 O11
2 b
The force per unit width: c4; (x1, x77) dx» tension
The lever arm: x,’ compression
Pi—
X1

Shear stresses 61, and 643 at x| don’t

contribute because they have no moment Gy is assumed to be linear, but

it is a very good assumption.
arm around x;  (x7-x7) =0 ;



Incremental moment
at x; due to stress in
the beam

q;

rlrI//I///7

xz_,l
Mg must be balanced by an equal and
- 3 X -
/o

opposite moment M; at x| exerted by the
stress state there.

2

M=+ [ 61100
-2 O11
h
The force per unit width: &5 (x1, x5’) dx,’ % tension
. , — —. — . - —-— e -
V4 h
Shear stresses 61, and 63 at x| don’t Z
contribute because they have no moment X1
armaround xj  (x - xl) =0 G471 IS assumed to be linear, but
Or don’t change sign across the neutral it is a very good assumption.

plane at x, =0 10



L P
Putting it together -

o

| 4 L-dx:
|
I
4
TTT7T77777 f
?937%- Xyl :
X > ,
3 |
|
To avoid angular accelerations A L —>
M;+M,=0
12

[ outadixn, = pgt L - x)

-2



Now include tractions on the top and bottom

AQI N

e

12



Now include tractions on the top and bottom

;Ql N
! I—t?.’..s" ?L
I X, o - T
t y L, Pl
- X,
va Soenem TITT
Nuettom
Fz(i'l) =-pgr+ N“’P = Nootom SOt + IFI(X;)dX'l +P = 0
x)
Fy(x1) = Si0p = Shottom 1 L
<01i> = _'{Pl + I Fl(Xl)dX]}
Putting it L
together

<G>t + j Fa(xy)dxy + Py =0
) '

L
<0> = %{Pz + I Fa(xy)dx, )
x
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Let’s find the shape u,(x,) of the beam

Outboard

L
moment M= !‘ Fo(xy XXy = xp)dxy + Po(L = xy) = Py(up(L) = uy(xy))

Internal-stress
moment

2
M= + I 01 (X1 )%
“n

Their sum M,+ M, =0

L
gives M/(x,) = -'I Fz(x'l)(x'l - xl)dx" = Po(L = xy) + Py(up(L) — uy(xy))

14



Let’s find the shape u,(x,) of the beam

L
M(x)) = = Falx))(x; — xp)dx; = Pa(L = xy) + Py(up(L) — up(xy)

But this is an integral equation for u,(x;), and integral equations are hard
* Let’s try to differentiate a couple of times.

Once -

L d
dM p ’ uz -
:(xl) = +I Fz(xl)dxl + Fz(xl)(xl . Xl) + Pz— Pl"aTl -~ f<012>
1 X, .
Twice -

d*M(x)) o%u,
= ~F - Py—
dx% 2(11) 1 ax%

o Elastic beam equation
Introduce flexural rigidity -

M:=-D—a;21- — 3 D[z(xn + lax%

15



Moments of interest in the Earth

Rock overhangs

Snow cornices

Tidal flexure of ice shelves floating in the ocean
Length scale of support by bending lithosphere
Earthquake moment magnitude

16



O, Warped elastic lithosphere

Suppose lithosphere is flat in relaxed state

Now lithosphere is warped into a sinusoid
* e.g. by loading with a big ice sheet u(x)) = a sinkx; A =2wk

* Farfromanyedge, P,=P,=0

_ d*u 1
Niop = 0 —2 = k*a sinkx; = —F(x)
Nyot = O ax? : D 2

G, results from 2 effects
* weight of the overlying lithosphere
* bending stresses in the elastic lithosphere, which tries to relax
o pull the lithosphere up and away from the mantle in the hollows,

o push down on the mantle under the crests.
17



O, Suppose lithosphere is flat in relaxed state

Now lithosphere is warped into a sinusoid
* e.g. byloading with a big ice sheet

? X,
uz(xl) =a Sinlctl A =2k
(1)

Npettom * = O

* Farfromanyedge, P;=P,=0  Assume Sy, =Sp,; =0 so Fi(x;) =0 (3)

* Ngp=0
Moot =7 so % 1
== Fy=0,-pgt  (2) ~3 = Kasinkq = SR (4
Xy

oy, varies with x; and results from 2 effects

* weight of the overlying lithosphere

* bending stresses in the lithosphere, which tries to relax and flatten
o pull the lithosphere up from the mantle in the hollows,
o push down on the mantle under the crests.

From (2), (3),and (4) Op = P8¢ + Dk'a sin kx;  (5)

18



Wavelength A

a = Amplitude of <€ >
lithosphere “wave” a<< =2k
a p—~
Top of 1
asthenosphere
Reference level = = = « = =« - chalel caaaea | d

in asthenosphere P, Mantle density

At the reference level, first account for
* weight of the mantle “bumps”: g a sin(kx;)
* weight of the lithosphere with thickness t: p.g1t

O = +P 84 Sin kx; + p gt + const

Now account for the bending moments trying to flatten the lithosphere
At the reference level, there are no horizontal stress gradients (why?)

G = +pga sin kx; + p gt + Dk*a sin kx; + const

= (p,.8 + Dk%a sin kx; + pgt + const

19



Wavelength A

<€ >

a<< A=2n,

The flexural rigidity of the lithosphere Zth(e);osphere\_}/ia\\W
adds a I‘eStOI‘ing force additional to the Reference level =~—------ S SR N G [ 1

[ ., mantl

force coming from the topography genr:ii; e

G = +p,.ga sin kx; + p gt + Dk'a sin kx; + const
=P8+ Dk%a sin kx; + pgt + const

L

4
Bending stresses in the lithosphere become dominant 44p > Pmg OF k> [__pgg]

1
P

In terms of the wavelength A, A = 2z <2n L
k Pm8

Short wavelengths can be supported elastically, but long wavelength
waves just sag into the mantle based on their weight.

At the reference level in the asthenosphere, there are no horizontal stress gradients (why?)



Wavelength A

Supportable < >

a<< A=2n,
Wave | engths Z(s)tph(e);osphere\_}/’{\\w

Referencelevel —-—=------ -

Pm Mantle
density

Bending stresses in the lithosphere %
become dominant %D > p.g OF k> [__]

Flexural rigidity D = MP/12
Elastic modulus M = E/(1 — v?) = 10 Pa

Pm & ~0.3x 10° Pa m, and with t = 100 km, D = 10?4 Pa m3

So bending stresses become important for A<500 km

At the reference level in the asthenosphere, there are no horizontal stress gradients (why?)
21



How to
measure
earthquake
size?
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Estimate strain energy released?
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Estimate strain energy in a spring?

Hows do we . e N 5

F g 7)‘*’("‘“‘% il agpw«j/@.j. Mw@u,
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24



Energy released by a spring

@aw%@w«

dqenm AX A2

E-F dA

T ﬁvw 'S /F= A2 f ﬁmM
Tho orpacgy 5 E = Fd ( M(A%)d

Te glsor stin i s éXa”d/ sde T bhlock,
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Energy per unit volume
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Simple, but not maybe simple enough ...

Bt de»g L 5 7‘*1‘*-“5/ |

Se Lets ot oo & batte &?A‘d/‘;"‘h

@H’We Sz ¢,
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(B) Moment Magnitude
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Both sides of the fault release moment

deﬂ-»(' N-&«u. /'S
H < ZMlzz(/';ﬁ_“‘) = i

M= [ashe
MM@ W(’/ L\[
Al ere W;] egtFramated ,

JA= phd ]

We don't= maed b bnas whn— Pz laeochoyl

29



