
CONTENTS

A Note to the Reader ........................................................................ i

Prologue: Coming into a New World............................................. 1

Chapter 1. Zeno’s Paradox and Reasoning about Infinite Walks

§1.1.  Zeno’s Dichotomy Paradox ......................................................................10

§1.2. A Quantitative Look at Zeno’s Dichotomy Paradox ...........................12

§1.3. Bounded and Unbounded Walks; Convergence to 0 ..........................16

§1.4. A Counterexample:  The Harmonic Sequence ......................................24

§1.5. Further Examples of Walks .....................................................................19

§1.6. The Completeness Property: The Answer to a Question You Never
Asked ...........................................................................................................34

§1.7. The Limit of a Sequence ...........................................................................41

Chapter 2. Curvilinear Area as the Limit of Polygonal Areas

§2.1. Introduction................................................................................................45

§2.2.  The Ancient Greeks’ Concept of Area ...................................................46

§2.3. The Method of Exhaustion ......................................................................48

§2.4. The Method of Compression...................................................................59

§2.5. Some Properties of Limits ........................................................................66

§2.6. The Circumference of a Circle ................................................................76

§2.7. The Circle as Limiting Case.....................................................................82

§2.8. The Area Under a Curve ..........................................................................86

Chapter 3. Infinite Series and Sums

§3.1. Introduction................................................................................................97

§3.2.  Snapshots of the Concept of Infinite Series in History .....................98



§3.3. The Decimal System ................................................................................112

§3.4. A Dialogue on the Concept of Infinite Series and Sums.................122

§3.5. The Convergence Problem ....................................................................133

§3.6. In What Way is the Sum of an Infinite Series a “Sum?”...................149

§3.7. Continuously Compounded Interest ..................................................155

§3.8. Continuous Concepts as Limiting Cases of Discrete Concepts.......164

Appendix ...............................................................................................................165

Chapter 4. Continuous Functions and Limits

§4.1.  Introduction................................................................................................167

§4.2.  A Dialogue on the Meaning of “Smooth” ............................................173

§4.3.  Jumps, Gaps, and Continuous Functions...............................................194

§4.4.  Extending the Concept of a Continuous Function ..............................204

§4.5.  Limits and Continuity of Functions in the General Case ..................215

§4.6.  The Properties of Continuous Functions ..............................................225

§4.7. Appendix ......................................................................................................232

Chapter 5. The Derivative, the Integral, and the Fundamental
Theorem of Calculus

§5.1.  Introduction................................................................................................237

§5.2.  The Solution to the Tangent Problem:  The Derivative ....................238

§5.3.  The Solution to the Area Problem:  The Riemann Integral ..............245

§5.4.  Two Reciprocal Operations:

The Fundamental Theorem of Calculus ...............................................257


