
Introduction to Differential Forms in R3 
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where CBA ii and,,  are functions of 321 and, xxx . 
The wedge product is antisymmetric: 0=∧⇒∧−=∧ iiijji dxdxdxdxdxdx . 
Example: Let α and β be 1-forms in R2; i.e. 2
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If α is a p-form and β is a q-form then βα ∧ is a (p+q)-form. 
 
Let ω  be a p-form with typical term piii dxdxdxA ∧∧∧ K21 .  
The exterior derivative ωd  is the (p+1)-form with typical term piii dxdxdxdA ∧∧∧∧ K21 , 
where 3
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i xAA ∂∂=∂ / . For example: 
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Generalized Integral Theorem 
Let ω  be a p-form with ωd as its (p+1)-form exterior derivative. Let S be a p+1 
dimensional region (with S∂  as its p-dimensional boundary) on which the components of 
ω  have continuous derivatives. Then: 

∫∫ =
∂ SS

dωω  

e.g. with ω a 1-form and S a 2-dimensional region (a surface), then S∂  is a curve and 
ωd is given by (*) above. The resulting integral theorem can be written in vector notation 

as 

∫ ∫∂
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S S
dAnBldB ˆ

rrr
  (Stokes’ Theorem). 

 
Exercises: Let 21
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1 , dxdxBdxdxBdxdxBdxAdxAdxA ∧+∧+∧=++= βα . 
1) Compute βα ∧ . 
2) Compute βd . 
3) Show ( ) 0=αdd  and ( ) 0=βdd . 
4) Show ∫∫ =

∂ SS
dββ gives the divergence theorem. 

5) Restrict the discussion to R2 (no 3x  terms) and show that ∫∫ =
∂ SS

dαα  gives 

Green’s theorem of the plane. 


