Introduction to Differential Forms in R®

1-form: A dx' + A, dx* + A, dx’
2-form: B, dx* Adx’ + B, dx’ Adx' +B, dx' Adx®
3-form: Cdx' Adx* Adx’

where A, B;, and C are functions of x', x* and x°.
The wedge product is antisymmetric: dx' A dx! =—dx! Adx' = dx' Adx' =0.
Example: Let a and B be 1-forms in R% i.e. o= A dx' + A, dx?, f=B, dx' +B, dx’.
anf=AB dx' adx' +AB,dx' Adx® +A,B, dx* Adx' +A,B, dx* A dx’

=(AB, - A,B,)dx" A dx?

If o is a p-form and B is a g-form then a A Bis a (p+q)-form.

Let w be a p-form with typical term Adx" A dx" ... A dx".
The exterior derivative dw is the (p+1)-form with typical term dA Adx" A dx" A...A dx',
where dA=0,Adx' +9,Adx> +9,Adx’, (8iA:6A/6xi). For example:
o=B,dx' + B, dx* + B, dx*
do=dB, Adx' +dB, Adx* +dB, Adx’
=(0,B, —0,B,)dx" Adx* +(8,B, —0,B, )dx* Adx’® +(0,B, —2,B;)dx* Adx" (¥)

Generalized Integral Theorem

Let w be a p-form with dw as its (p+1)-form exterior derivative. Let S be a p+1
dimensional region (with 0S as its p-dimensional boundary) on which the components of
® have continuous derivatives. Then:

J.GS a):J.S do

e.g. with wa 1-form and S a 2-dimensional region (a surface), then 6S is a curve and
dw is given by (*) above. The resulting integral theorem can be written in vector notation
as

N B-dl =L VxB-AdA (Stokes’ Theorem).
Exercises: Let = A dx' + A, dx* + A, dx®, f=B,dx” Adx’ + B, dx’ A dx' + B, dx' A dx>.
1) Compute a A f.
2) Compute dj.
3) Show d(der)=0 and d(dg)=0.
4) Show LS B = L dg gives the divergence theorem.

5) Restrict the discussion to R? (no x* terms) and show that LS a= J.S da gives

Green’s theorem of the plane.



