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Index Notation Problems: Use index notation to verify the pairs of equations labeled as (14) and (16)
in the Summary of Ch. 9 on p. 419.
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Reduce 4o first order and solve (Show each step in detail).

2,122 (1- Xz)g"-—2%3’+23= O 5, Yp=x
Sel let y = um: ux is the soluhon to the Sivem Problem
yle wWx s uo, y" = u'x +au
Ct=-x*y(u'x +au') —2% (W'x+u)+2ux = O
Co-nyCu'x + 2u) —gx?u’ - 2ux + 21K 0
Cr-%)u'x + (2-4x5u = 0O
(X-%)u" + (2-4%DU" = 0O (1)

led v=u, E%,m become 1! order 10V

(X -xD v’ + (2-4%)V = 0 ¥ %
V' = - (-ax)v
(%X-%%)
dv - Q__Ax)dx
v (% - %)

- <1+_1_-« )dx
% 1 - % 1%

lniv) = —Q\fnl'xl—iﬂll ~-X| - |nl1+'x\
s =[xt a-x ]t X ]
= = oAt -%2)
voo- (x(e)]
u = vdx = f dx
J Jx‘m—xz)

K,u YVa o+ Va2 \dx
X - 1+x
- ~1H1|1'7<}+1|‘hh+’x\

1
X
__1_+ }“ll'f'x
X

The second solution is y = ux - -1+')(hn'1+7 . fns




',?O(J" +43'+5 =0 , SCO)z 3.2 75’(0) = 0

Sol® Characterishe eq- 5 200 +42t1 =0
A = -4t 16-4020)1) = -4 {64
2(20) 40 40
- -01% 8L - -0.11 021 ; 1=
-0.4% 40
\ o h = € ( Acos(0.2%) + Bsin (0.27()) * :
~0.1 (0) 0 (Sino-0) |
H(o)=3.1 = € ( Aos (0.2x0) + Bs! (0.270))
A = 3,2 ¥
' —O1’X .
y' = e (-o.a»3.25in (0.2%) t 0.2BCOS(0.2%))

. -0
+ (3.2¢05 (0.2%) + BSIn (0.2%)) (-0.1) €

-0.1(0) . 20
'to) = O = € (—O.GA Sl}/’(o.zxo) + 0.2 BCOS (0.2 x0)

-0.1 (o) A
-0.1€ (3.1005(0,2xo) + BS#Q/(O,zm)}
[«

~—

Q = 0.2B -~ 0.32
= 1. *

5(9() = g o1 [3.1 cos (0.2%) + 1.6 gin (o.,m)} Er_g_g

3’(%) - e " [-0.648IN (0.2%) + 0.32C0S (0.2%) ]

—01% . .

-01e  [3 2c0s ©.2%) +1.63in (0.27) |

Ckcck{_«:q ,
N U(O) = e[ 0649401—01‘(10\ ]

-cme fsa(oz:o -1 S,ntﬂ

4
B 0.32 - ®1:3.2 = 0O vV ck1.c. fns

|

f
w;e” [20 @;”o +1.¢ g{/r;r’"bc]

ft

B(O)

R
- 2.2 v o cki1ce Onc
' ~0.1% ) - ~0.1
l*rmmnczg)- qCx) = e [~o.25’lh (0'27()J = -038¢€ S‘m fo.2x)
~ " -0, -0axX
H‘(x) = -0.1¢ € cos (0,2%) + 0.08Q Sin(0.2X)
Plua o 4 e d u o - Hke 0viq vl OBE
20 [ 0. C;V Xcos (o. zx)+00297' Sin(e2x)] +4 T-og/e/f' $in (0,277
+ *’”(3 2005 (02%) + 1.65In(027) ) = O

~3,Q/90/8(o 2%) + 1-6 3\\‘}(0.27) - B.Q“S\i\n (0.2%) + 3)/60?(0.27()

+ 1.(2\8\(0 (0.2%) = 0 v Ck +he answer  fins



2.2 .30 5" + 2\(5’ + (k2+w1)5 =0, ywo =1, y'coy =k

Sol? Let k and w are constant
Characterishc eqn : At 2kat kP rw®) < 0
A= -2kt J4k2—4<1)(k2+w‘)‘ - -kt J?E?
21
= -k el

ggnem\ Sol® ; }J('X) e‘er [ACOS(ICJIK) + Bsin (lwl')()] QT‘;E

it

8’(%) = e-ky[-ml/\sm(nwvx) + lwchos(lcow)]
~[<.€—k7[ACOC(lcQI'x) + B2in (oot 20 ]
TC. 3’(o>=»k = eo[ﬂm\Ag)/ooJr |&;|BCOS 0]
—keo[ACoso + Bs}«(o]
-k = [w|® - kA — (1)
Ic Y@ = = e°[ACogo+BS/ilaGo]
1 = A x — P‘US in (1)
k= fe|e-k —> B =0 x
Por'hcuior sol® Yy = e_kw Cos (1w %) is

,k , -k
-lwle 9(Slﬂcmmo -ke 9(cOs Clw 1 %)

o —kx -kx .
~wre TCos (lwl) tlwlk e Sin (1wixd

5’( %)

Ul

Y
+ || ke—ky&' N (IwIx) + k"’c'k'XCOS (tootx)
Plug u', ‘jl) Y inte dhc niven OLE
(k2- cu‘)ﬁ%’(@s(ml'x} + Qm\kf‘xsm (wix) -2kl \;Z)‘&S\'n(iww)
~2k2/ef7k/xCos( et XY 4 (k2 co’)/é)mcos (lwt”x) =0
[k* —w? —2k* ol weos (101 %) + [ 2 \L ~2kfG | sin Glw1x) =0
o) = 0 /' Ck Sor +he answer Ans

(-]
e Coso = 1
' ck TC. ‘
-lewle’Sino -kecoso = -k } St

IC. 3(0)

yeo
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2.2,33 "5"'5 =0 , Ici: Yo =1 ,y'e)= "t

Ic2: y() =1.001 , y'co) = -0.949

- explain th Small chan%e of 0.001 at x-0 causes a logg

change later
2
Sol” Characterictic ec()n: AT=1 = 0 = (2-1)(a+1)
No= -,
-X x
generq\ sol™; yoxy = Ae + Be
3'(7() . _Ae T+ Be”
JC 1 S(O)=1 = A+ B ]}A=1
H’CO)=’" = -A+B B=0
Y
generq\ sol? for 1C1 - 3'(90 = € Ans
IC2 3(0) = 1001 = A+ B % A=
B((C)) = -0.999 = -A+ B J B = O .001
- x
general sol® for 1C2 ; yem = € + 0.001¢€ Arns
2 e
-10
At % = 10 ; Yy, ¢to) = €
-10 10
82(10) = €  +0001¢€
(o]
qz_(“)) "51(10) = 000181 ~ 272 *

A small Chqnaq of the inital condifion causes o \ur%z
Chcmge later since  in this examp\e , When 3(0): 100l and 5'(0)
--09aq , the soluton include e’ indo the total solution. g* can
couse an ¢xponential C‘hon?(e which makes |or8e, differerce

between the dwo solutions subd‘ec’red o o small Chang( ot 1C.




90.4.3 ~ Find 1he ﬁec%uenc\{ of oscillaton of a Pendu!um of \eng%

L, hegiecﬁng o resistance, weiam of the rod, assume

Sing ~0
ol ‘ = {ension forax
:e L M = maoss of a Pcndumm
! l ball
9 g = Sravda‘riona\ con s
' a, = ’mngen‘n'cz\ acceleration
ZFJL = ma, —)(\Ssme
SinNe ~ 0o ;o —ge - = L« = Le"
Note that « = ahgu\or acceleration = g"
Le" + 9@ = O
tensh LAt + - 0 o A=ti9
Charactenstic egn 9 3
acty = Acos(w,bt) + BSin(wt)
Where / 9 m is the Pre%uenc«é of oscillation

Let TC Ador Perndu\um be B8(o) - 9, , e'(o) =0 (Ve|oci¥5 -0 o t=o)

0'cty = -w, ASin (w.b) + 0o BCOS (Wob)
8'te) = o = W,B = B:O
9 = O, = AC(}S%l 2 A=9,
ouy = Q,cos Cw,t )

If double the nihial displacement, ce. 6

o,new 290 ) then

O e (VD = 20,C08 (w,t)

Ener Nos the some penod, T= 2T
<

, S @ since w, remains unchanqrﬁ
4

when the initial d"&‘PbOBME’n* iz double. On‘ﬁ the qmp\ﬁude cha nges. This i

not the case when solvmg wonlinear red eq. Tn that case both 1he ampMu de
and 4he penod c*hange (increase ) as the initig) dis p\qcemen+ is double. (g

Pe grarh)



0, degree

6, degree
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Prob.2.4.3 Linearized equation
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- Solve and qmph the soluhon, show details of your work

D.5. 1 72‘;5" —-47<q'+GL{ =0 , 3(1)=1)v3’(1) =0

Sol|® ﬂuxlll'arg eqn ;

m>_-s5m+6

(m-2)(M-3)

general sol* | Y
y '
Ic yad 1
y'm = o
parficular sol” ; Yx)

2.5,12 ')(25"+3?(&4’+u =

Sol ? Huwillarg eqn ;

Cm+t) (M+1)

genemi Sol” -

1C 5(”

The graph is on the

m*+2m +1

P

g'(\) -

Purh’ Culor so

The

e .
)

Bra{)h is on the altached shee{

5(')()

5’(9()

pal
-2

3(70

m?+ (F4-1)m+6 = 0

1}

0

0 2 m= 2,3

¢ X +Cyn’ fn

[&}

Pl
2C, X +3C, %X

= C1 + CQ } C1 = 3
= 2C, +3C, Cy= -2
- 3xi-ax’ Ans

attached sheet

o,y -4, yme= -2
m?+ (3-1ym +1 = O

= o

= 0O = m=-1,-1

-1
(C,+C,mx) « Ans

(e may e A g,
X

= C, + C,e0) D Cy=4 *

1

= -—<4 +C2(0\)r|+ 1"% =y C2=21

= (4 +2max) fns
x
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- Find a (rea) %enem\ solution.
- Which rule are you using ¢
G

- Show each defp of the caley lation

22.5 4" +y'-ey - 6x -ax’+ nax e (1)
Sol® 1 Find homogenews solt for dhe ODE , Yy
y"+y' -6y - o ——(2)
Characterishic egn of (23 ; A+t A-6 = O
(A+2)(nr-2) = 0 = A= -3,
Homogeneous sol? - - ce’t 2% *
08 n ) BLL = € + C,€

2) Find solubon Ye of the nonhomogeneous ODE

Try gy x KX KKK K K, Using Basic Rule fin

i

3Ky X+ 2K, K + K,

i
e
U = 6Ksx + 2K,

Subshtute Ys Y, and Yp in (5

a
Gy % + 2K, + 3KgX '+ 2K, % + K1 =GR, X = G ~GK % - G Ky
= ex3-a3x”+ 12

Equmh‘ng the coeflficients,

_FK?) = G = K3 = '-‘
JKy -GK, = -3 = K, = ZKzat3 = 3(-1)+3 =0
o ) G
CKq +2){1 - 6K, = 12 = K o= 6Ka-12 = 6C¢-1a = -3
n® & G
28, + Ky = G K = 0 > Kg = K = =3 = -1
2t ° < G 2
; y 3 3
- = TN ~3x -1
¢ 2

) <Al = = -3% 2% 3 '
The 8ene(o\ col Y = Uty = c,e +c,e -7(-'3")(~%_i; C,S‘cjooom’r.ﬂ

ey

E




~2%
2%.6 ' +ay'+ay =€ Sin 2K —

€

) General soluhon of the homogcneous ODE , Y,

!l

9"+45’+43 = 0 — (2)

2
Characteristic e%n; AT+ 4N+ 4

it

0

(A+2)(x +2) o ¥ A=-2,-2

~2X

]

gener(}\ solr Y = (C,+C,x)E *
2) Solution Yp of the nonhomogx nLous ODE
Trﬂ ye = e~2* ( Kcos 2% + M Sin ax) - Using Basic Rule  fn|
3,', = e'”(-gksin ax + 2MCOS 2X) -:,2€~2,(<KCOS ax + MSin

- ¢ %" [(K-M)Cos 2% 4+ (K+M)Sin 2x |
g - e [_2( K-M)Sin ax + :)(K+H)C(7827(]
+A€’“[(K-M)Coszx + (K+M)SIh 2% ]
Subshtute \Af") SP L Yy into (1)
46” [CK— M)Sin 2X — (K +M)COS ”‘l + Ae'”B K~M)cos % + (KtM )8 2%
~8€-2%[CK"N)COS 2x + (K4n)sin 2x] + 4e " [ KCos 2% +Msin2x]
- < i o
EqUQ’ﬂ'hS he coefficients,

SACRAM) + 4 (R-M) - (K-M) +4K > -4(K+M+K-M-K)=0

K= 0 %

L}
@]

4CK-M) +A(K+MT) - (K4M) +4M

t
-—
Y
E-
~
RaN
=X
1
N
4
+
X
N
"

-2%
ldf = -__8__ Stn 2%
4

The genem\ soluhon of the f‘OnhOmO%anb\S ODE IS
~-2% Lax
4= Yt Y (C1 +C,%x)¢€ -‘71‘_8 Stn2ax - C1é;CJ=COnSJ; H:n§

2

my

:m)

1




~ Solve +he inhal value pfob\em
- Stale which rules “You are us‘mg

- Show each Skf., of +he caloulation n detail

2X -2y
9.7.1% g"-zgl = 12e -%e -1 , 3(o)=—2,g’(o) =12

Sol? 1) General sol? of the homogerwous oDE, 4,

i ! -
y" -2y = O
Characteristic eqn 5 A =21 = O % A(A-2) - 0O
A= 0,2
. . X
genercz\ Sol® Y = G rGe

2) Solubon Ye of the nonhomogm\wws ODE

. 2 -
Tl'g Yp = Axe « Berz9< -> Us{nS Modifcation Rule and
Sutn RU‘Q @_E
yh o = gAxe? + Ac " - 2B X

v K -2X
e = 4Axe 4™ 4 2Ae" +ane

2K '3 ~2%
- 4Axe’ . ane  t4BE’

Substitute 51'”> Bfl 'Y ihto D

AAx " + 4R 448~ 4axe’ - gne? 1 aBE T - 12e —ge ¥
E%uoh"ng +he coefficients
4%'5(‘+4A~4A/9f<"-2/\ = 12 = PA =12 > A =6¢
AB + Ag = - > 8B = -% > B =
S Yp - e e
The genecal solt of Hhe nonhomogenwus ODE IS
- Uy, o GrgeT e e . (¢, +ex) e’ e e,

3) Solubion of the indial value problem

~2(0)
2 +

2(0)
1€ Yy = "2 = (C2+G(O))€ —e e > C,+C = -1 —(2)




ax _=2X
(c, +6me’ ~e +c,

9(7() =
! L 2% -2X
U = 2(¢c, +6x)e” + GE +2€
' 260} 2(0) -2(0)
IC. Yoy = 12 = 2(C +Gw)E" +6€ 4+ 28
fa = 2C2+G+l -—>C2=_4_=2_ ¥
2
From ¢ c,+c, < -1 & ¢, = -1-C, = -1-2=-3 «»

" The solubion 4o Jhe Sive«n inmtial value pmb!em is

(5 = (2+6'X)€29(—€.27“3 s

- Solve +the a\ve\n ncnhwmogpnw—w; ODE bg vanation of Pammekr
or undelermined coefficients
- Give a %enem'\ 2012 ( Show the delails of your work )

2.10.3 7(’3"_2«5'+93 = x3cos x — )

Solr 1 General solufion of the homoamma ODE ,y,

9(2%1/_29(%1_‘_25 = o)

Huxi\\'qrﬁ e%ni m? + (-2-Ym+2 = 0O

mi ~3m + 2 = o
(m=-=2)3Cm=-1) = 0O = m= 21
The %enu-al Sol® | 8*‘ = Cix+ C&’xg‘ *

25 Soluhon Ye of the nonhomoaenw'us ODE

Usin5 varighon of Parame{erg,

g 3

4y = X > Y, = A > b= %(.QCOSX = XCOSX
The Wronskien | W(\jhx,h) = g‘ld; -329,’ c xe0n -x2
.ox*t
Yp ™) = - j?ﬁ‘{_’%w dx 4 ij x%oos X dx
v 7~

[74)




| |

Consider S'xcosxd“x = xSinx —Jsinx dx 5 fudv- uv - fvay

=

= %Sinx +C0Sx +C
Choosing zero constomls of irﬁesmfn‘On,
Yoo = =X (xsinx + cosx ) + X sinx
= —%COSX

The %enero\ solution of the given ODE is

Yoo = Yo s Y0 = G S C, X" —ACOSX . Frns

" ' 2%, 4

2.10-% y' -4y’ +ay = 128 /x

Sel? 1) Geneval solubiom of the homogensoua ODE , Y
Un _ 43I + 43 . 3

Choracleris tic eqn, A*-42+4 =0 D (H-2)(A-2)=0
A = 2,2
. 2%
%enem\ sol® . Y, ) = (C, + C,%)€

2) Soluhon Ye of the nonho mogentous ODE

Using variahon of Parumeh‘r’&‘,
o 2x 2
Yy, = € >y Y, = X€ > UF 12:4

The Nlonsk\en, NClj,)\j;) = Slldz,‘ldz\ja'
N ezx(2x€2m+ ezw) _ Wezx-;?sz

4%
= €

22 * o e 2%
- € J'x;{{ 12;2%’/x4d7 v e j?“ 12¢ /x4 d
2,

—enjmﬂ dx 4 zezyjm"‘d'x - ige At r12xey

=4

BP('X)

"

-2 Y
- 2% -2 2%

= Ge*x*-ge X = 2€ /x* Choo&in‘:} zero copst. of

iMeSm on

.. The general sol® (x> = Uy 4 = ¢, +C,xye?™ 4 29” . Pns

% h 5!’ 1 2% —

2




