














Plot@8Cos@xD, 1êCosh@xD<, 8x, 0, 15<, PlotRange → 8−1, 1<D
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Plot@Cos@xD − 1ê Cosh@xD, 8x, 0, 15<, PlotRange → 8−1, 1<D
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FindRoot@Cos@xD − 1ê Cosh@xD, 8x, 4.5, 5.0<D

8x → 4.73004<

FindRoot@Cos@xD − 1ê Cosh@xD, 8x, 7.5, 8.0<D

8x → 7.8532<

FindRoot@Cos@xD − 1ê Cosh@xD, 8x, 10.5, 11.5<D

8x → 10.9956<

roots = 84.73, 7.8532, 11.00<

84.73, 7.8532, 11.<

Recall: f[x_, b_] := A* ( Cos[b*x] - Cosh[b*x] )  + B *( Sin[b*x] - Sinh[b*x] ) 

where B = A* (Cos[b] - Cosh[b])/(Sinh[b] - Sin[b]), with A arbitrary (A=1):

f@x_, b_D :=
Cos@b ∗xD − Cosh@b∗ xD + HCos@bD − Cosh@bDLêHSinh@bD − Sin@bDL∗ HSin@b∗xD − Sinh@b∗ xDL



shape = f@x, ÓD & ê@ roots

8Cos@4.73 xD − Cosh@4.73 xD − 0.982502 HSin@4.73 xD − Sinh@4.73 xDL,
Cos@7.8532 xD − Cosh@7.8532 xD − 1.00078 HSin@7.8532 xD − Sinh@7.8532 xDL,
Cos@11. xD − Cosh@11. xD − 0.999966 HSin@11. xD − Sinh@11. xDL<

Table@Integrate@shape@@iDD∗shape@@jDD, 8x, 0, 1<D, 8i, 1, 3<, 8j, 1, 3<D êê Chop

881.00001, −0.0000134101, 0.000312379<,
8−0.0000134101, 1., −0.00110137<, 80.000312379, −0.00110137, 0.999599<<

Note we found (approximately) a unit matrix which confirms Fn are orthogonal  

MatrixForm@%D

1.00001 −0.0000134101 0.000312379

−0.0000134101 1. −0.00110137

0.000312379 −0.00110137 0.999599

Plot@%, 8x, 0, 1<D
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Let' s find Cn :

Table@Integrate@shape@@iDD∗x^2∗H1 − xL^2, 8x, 0, 1<D, 8i, 1, 3<D

9−0.0398366 + 0. Ç, −3.81899×10−8 + 0. Ç, −0.000609261 + 0. Ç=

Chop@%D

9−0.0398366, −3.81899× 10−8, −0.000609261=

%.shape

−0.0398366 HCos@4.73 xD − Cosh@4.73 xD − 0.982502 HSin@4.73 xD − Sinh@4.73 xDLL −
3.81899× 10−8 HCos@7.8532 xD − Cosh@7.8532 xD − 1.00078 HSin@7.8532 xD − Sinh@7.8532 xDLL −
0.000609261 HCos@11. xD − Cosh@11. xD − 0.999966 HSin@11. xD − Sinh@11. xDLL
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Plot@% − x^2∗H1 − xL^2, 8x, 0, 1<D
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Problem 12.5.17
In[1]:= A0 = 1ê Pi∗ Integrate@Pi^2 − x^2, 8x, 0, Pi<D

In[29]:=
2 π2

3

In[4]:= An = 2ê Pi∗ Integrate@HPi^2 − x^2L ∗Cos@n xD, 8x, 0, Pi<, Assumptions → n ∈ IntegersD

Out[4]= −
4 H−1Ln

n2

In[34]:= u@x_, t_D := A0 + Sum@An∗Cos@n xD Exp@−n^2∗ tD, 8n, 1, 30<D

In[36]:= Plot3D@u@x, tD, 8x, 0, Pi<, 8t, 0, 2<, AxesLabel → 8"X", "Time", "Temperature"<D

Out[36]=

Problem 12.5.31
In[5]:= Anstar@n_D :=

2ê24ê Sinh@n PiD Integrate@20 Sin@n Pi x ê24D, 8x, 0, 24<, Assumptions → n ∈ IntegersD

In[6]:= Anstar@nD

Out[6]= −
40 I−1 + H−1LnM Csch@n πD

n π

In[10]:= u@x_, y_D := Sum@Anstar@nD ∗Sin@n Pi x ê24D∗ Sinh@n Pi yê24D, 8n, 1, 10<D



In[13]:= u@x, yD

Out[13]=
80 Csch@πD SinA π x

24
E SinhA π y

24
E

π
+

80 Csch@3 πD SinA π x
8
E SinhA π y

8
E

3 π
+

16 Csch@5 πD SinA 5 π x
24

E SinhB 5 π y

24
F

π
+

80 Csch@7 πD SinA 7 π x
24

E SinhB 7 π y

24
F

7 π
+

80 Csch@9 πD SinA 3 π x
8

E SinhB 3 π y

8
F

9 π

In[12]:= Plot3D@u@x, yD, 8x, 0, 24<, 8y, 0, 24<, AxesLabel → 8"X", "Y", "Temperature"<D

Out[12]=

Problem 12.5.32
In[32]:= U0 = 30

Out[32]= 30

In[33]:= U1 = 50

Out[33]= 50

In[34]:= Anstar1@n_D :=
2ê24ê Sinh@n PiD Integrate@U1 Sin@n Pi x ê24D, 8x, 0, 24<, Assumptions → n ∈ IntegersD

In[35]:= Anstar1@nD

Out[35]= −
100 I−1 + H−1LnM Csch@n πD

n π

In[36]:= uI@x_, y_D := Sum@Anstar1@nD∗ Sin@n Pi x ê24D∗Sinh@n Pi y ê24D, 8n, 1, 10<D

In[37]:= a = 24

Out[37]= 24

In[38]:= Anstar2@n_D := 2êa êSinh@n PiD Integrate@U0 Sin@n Pi xê aD, 8x, 0, a<, Assumptions → n ∈ IntegersD
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In[39]:= Anstar2@nD

Out[39]= −
60 I−1 + H−1LnM Csch@n πD

n π

In[40]:= uII@x_, y_D := Sum@Anstar2@nD ∗Sin@n Pi xêaD∗Sinh@n Pi Ha − yLêaD, 8n, 1, 10<D

In[41]:= utot@x_, y_D := uI@x, yD + uII@x, yD

In[44]:= utot@x, yD

Out[44]=
120 Csch@πD SinA π x

24
E SinhA 1

24
π H24 − yLE

π
+

40 Csch@3 πD SinA π x
8
E SinhA 1

8
π H24 − yLE

π
+

24 Csch@5 πD SinA 5 π x
24

E SinhA 5
24

π H24 − yLE
π

+
120 Csch@7 πD SinA 7 π x

24
E SinhA 7

24
π H24 − yLE

7 π
+

40 Csch@9 πD SinA 3 π x
8

E SinhA 3
8
π H24 − yLE

3 π
+

200 Csch@πD SinA π x
24
E SinhA π y

24
E

π
+

200 Csch@3 πD SinA π x
8
E SinhA π y

8
E

3 π
+

40 Csch@5 πD SinA 5 π x
24

E SinhB 5 π y

24
F

π
+

200 Csch@7 πD SinA 7 π x
24

E SinhB 7 π y

24
F

7 π
+

200 Csch@9 πD SinA 3 π x
8

E SinhB 3 π y

8
F

9 π

In[43]:= Plot3D@utot@x, yD, 8x, 0, 24<, 8y, 0, a<, AxesLabel → 8"X", "Y", "Temperature"<D

Out[43]=
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