MESGES + HW 4 |- Wios

Deflection
Find 4he deflection um,g,i) of +he squore membrane of

side ™ and c*=1 if the inital velocﬂzj is 0 and the initial

deflection is
ksin 2% Sin 5y
Sol? Ir
— o u=° ICs 1 U YP) = ksin Q'xsinsﬁ
U=0 ué«;"cz"z“ u=0 Uy (X,y,0) = O

>x
The given condifions are similar fo what derived in sec. 12.3,

‘H\us, 'From Ec%xu) p- 536,

For this given Pmbiem with U (x,4,0) = 0 = g5, =0 ( EqQ4) p. 573
and o=m, b= ck1 uxY,0) - ¥(x,3) » ksinaysl‘n55

uexn Yty = Z 2, Brn oos()mnt)sin(mx)sin(ng) 5 Amn < [F
n=,

m=1

w
where  Bg = ij f ksin @X)SinGY)Sin(mx)sin (ny ) dxdy
,ITQ.
from Mathematica , o 9
4k [-10Sin (MW)Sin(nT) , mM#+a2, n+s
r + (m2- 4)(n2-25)
an = -
4‘([1] s Mm=23,n=5
1 £ B
r O 5 Mo, N£s @Sin(lTr)=o for zsinfeger
Brmn = 4
Lk ; m=2, n=5

Ans uenyt) - kcos(ﬂlzz_q't)sin(;zw)sin(sg) * D = W:

Ser plot it Lhe end

u(w,g,b = Z "Z‘ ( Bmn COS Apnt + BTM Sin Appt ) sin MUY sin pjy
m=1 n=t @x b

)

<I~I'YIE




o.w\xj ('IT—x)(TT—ﬂ)
Ya

By usi ng Mathematica

Ban = 0.4 {4 (coscmw)-1)(cosmm—1)J
(nll m3n3
0 , m or n iIs even
Bmn = y
G.4 - mand n are od
MmN ’
L oo
uny,ty: Z2 £ 6.4 1 cos /mﬁn“f, Sin(mx)Sinny),
'Js m=1 Nz, w2 \ m3p3 ( ) 3
m,n odd g : AP |
Cou plst ot the <n
{ SIS

n .
- 9 Show Yhat u, - v"COSNO, U, =T SINNG | n-0,1,2,... are

solutions of Vzu 0. (What would u, be in Cartesian Coordinale

o}” From eqn <5 ¢ 580,

Sol? o u=0 .
Uy, =Ccvu U=0 s Uy 0) = Ty = 0'17‘3 (‘IT—'X)C‘H'-%)
u=0 3
c=1 o x u{(’x|3l0): (0)
o u=6 W
Similar 1o 12.8.1, with He given conditions
ol oty
Ux,g L) = Zi Z Bup COS(ma tsIntmxIsineny) o Anp= ymin
m=21 nsy
w . ‘
where Bmn = _4__J Jo.mg (tr~x)('ﬂ-5)8in<mx)8mfnj)dwdg
wJos
(o]

2

V’u = 62u, + 1ou 4 _1_?_(_& —_q1)

orz rer 2 962

For u, = r cosne ;
Nn-1 2 n-a
Uy = nr Cos ne , dUn = n(n-Nr COs ng
ar " . or? ™
pw, = ~Nhrsinne = g*uy, = -nr Cosng
@0 Q06?2
2 n-a n-1
VWU, = n(h-1)r coshe + {hr cosnd -1 h2rcosng
r re

E

?)

i’




| J

i

a n-a.7 n-2 2
n r/’/GOSne-hl’ cosSWe + nr SNne -n

@)

n~a
2r/CO

& Uy = rMcosne is a solution of Vi, =0 . s
For u,= r"sin ne
Nn-1 ., 2 n-2
9y = nr &inng au = nCn-)r 8inng
er " 9r2 an
o = Nt cosne , 9w = -nrsinne
99 902
2 n- , U 2 n
VUn = NM-DF Sinng + 1 nT Sinne +1 (-n"r'sinng)
r r2
-8 ~2\, - ~a
= hs‘rn ,5'/(0 ne _m_n "S\Qns + nr"\}\s{n ne - nzr%n no
/ N
= 0
S Un = r'SiNNe is a solubon of YV, : O.- fns
"ll'g smalln ,e.g.n=2a
rfcos 20 = r*(cos’e -sin’g)
2 a a2
= (rcos®) - (rsin8) = X -Y <« In Cartesion
Coordinate
. 2 .
risin2g = [ (28ingcose) = 2rsine rcose
- fns

QXﬂ < In Carlesian coordingle

— b) Show Hat a

wdr,6)
Sl Ck BC.
udCr,0)
If a,, a.,

Satisfying ¥ BC. ucrpe) = f@) (s

fl

b, are the Founer coefficients of F@), UCr@) shown

in E%.(n sohisties fhe B.C. UCRO)= f@).

solution of the haplac GQMGHO“ in the disk r< R
Qo *+ nZ, [an (-&)nc:osne + bn C{e—) “ein na] — 1)

o
Qo + é—‘[(]n Cos ne + by, sin ne]

h=1

£f@)

s

< NG

|



Ck if ucr,@) scrh'ﬂ:\/ viu =0
au Z mfF 1rL-1oosme + b, r “"Slnne
or  mon [a.2(E) "1 (%) ]
n-2
AT [ nn-1) * coshg + bnNCn-1 /T \ sinng
gu ~ 2 [anncn ()" " () ]
alw = Z. -Qann sin ne + b n Cos he
29 = < ) ( ) ]
ob
92u= Z[ na., )cosne~r\b( )smne]
H6-2 n=\ R
2 2
! g r2 T roT " gex
ol
= £ [o,, nn-1)/ r\""*cos ne + bnncn-n _r_)“-asl'n ne
ns= R? <-E) 3 R
+J_Cl n ‘cos he + 1b, N “sinne-
"72<R T (’R)
_anonc_,:) cos NG —.1 n?b, ( ) ginneJ
r2 R
= Z [Gnlf”r “cos ne —qnm\cos ng + b,._ in N
n=y R"
~bnr" Sinne+a,,nr cosng+};. n " Isin ne
R™ R™ R"
e
- Qn V'\o~ -ACOSHG - bnnn r:;)/sin Nng }
R"
= Z @) = 0
n=1
w+ WCre) given in Bq.(1) sfisfies vUu-o0. Ans
— G)So\ve the Dirichlet problem using b) iF R=1, uce)= -m0 volis
if -Tr< @ <0, uc) = 1 volts if 0<g<T (Sketch Yhis dick,
indicate the boundary values.)




|

oo V
uce)= loo ,fce)

Sol”
/(‘ re's 1 . i ————j:
NI ’ LA

uce‘ =~ 100V

fce) is an odd function. > a, =0 , G, =0  (See p, 491)

R=1; ucr,e) = 2 by r "sin ne
H the boundqné r=RrR=1,
UCR,8) = 2 b,sinng = fco
ns
be = ~2_ " fco)sin no de
™
o
- 2J4oosin(ne)de - Qoo[—COSne]e”T
= [—cosnﬂ‘+1] = Q200 1—C—1)“]
Y
_ O , n even
{400 - n Odd
T
ol
ucr,@) = Z 200 [1—(-1)“]r"5inne
n=1 Ans
= _Aio[rSine + f’sinae +_r58in59+,..] o
L 3 5

d Show that the solution of the Neumann problem Wiy = 0 if r<Rl,
Wy (R,0) = &) (where Uy = Ou/gn Is Hhe directional derivafive in

He direchon of the outer normal) IS
by
nire) = Ay +Z|-"(A COs g + BhSinng) — )

with A, = _ 1 ("f@cs no dg
" Trmz"'j ?

B, = { J- fcg)sin node




2 1

Sol” VW = 0 =09U +18U +1 39U Laplace eqn.
9r2 r9r Tr209%*
From 1)
au = Z nf"_‘(A"cos ng + B,SiN na) —(2)
9r n=i
P - Z n(nn)r"“a(AnCOS ne + BaSin NG)
6[’1‘ n:,
= nw
U = Z 1 (-nA,sinng +nB,Ccosn8 )
20 ne
z ot n 2 q N
QU = =T (~n AnCOSN@ —niR,sin ne)
991 n:
2 o2 n-2
VU = Zlnm-ur (AncoSne + Bysinne)

N=

+ 4N r""(Anoosne 4+ B,SinNe) + 1 r“(—nQAnoos no
r r?

- n2B,sinne ) ]

(2]
n-2 n- ~2
= Z, [nir/n/cos ne -nr \Y\A\Rcos ne +n?r" B,sinne

h=1t
n-a n- -
-nr B,sinne + nr Xcos ne +nr" 'z&nsln ne
n-2 - \
-nr }Wﬁsne - n?r" ‘anm ne]
= 0 B

S ucr,e glven in ) safisfies e Laplace e%n,Vzwo. Fns

B.C. UyCR,8) = BUCREO) = fc@)
N
For this ?mb‘em in ?ohrooordbna’te oW = u
w OoN  Br
From (2) ; __gu (R®) = Z nR"(A,COSNE + B,sinne) = fceo)
r n=i
= n-1 n-1 X
Z [nR AnCosne + nR anmna] = {o
n=

Using Fourer senes to c«;mpme for An and Bp

"R A, = ,Lf"fce)cosned@
L

T
An =_1______j fcarcos o dg *<
“Tan-1_T‘4




and nR B, = 1 I e)sm no de
5
B, = J’ {(e)sm neo\e *
’TnR
S uCne) given in (1) with orbﬁmrg A, and the given A_and B,

sothisfies ou CR,9) = feoy, LY
N

e Show Hhat () sec. 10.4, imposes on oy in d) Hhe *compatibil

jvﬁe)de = 0,
-

jj‘ v ud'xdg ? _l‘f,ld

Here M is a closed bounded realon wit+h boundar\é a and s
For the problem in d) with 9olur coordinale

conditon "

— (")

%]

Sol

E%.cq) , SeC.10.4  is

is the orckmg% of C.

s = R® S:R" and ds = Rde
¢
from (1) 55’ VQUdde < au ds
~— oN
M =0 C

u satisfies v’u-=o0

= 1C(6) = U“N CRJG)

o = §> {ce) RAB
™ il
R+0 and §()de - yc)de =5()d6,e’rc.
C -1r
i
(2% 1 §§(e)}§_d6 Sfce)de = 0
R b R.

—(2)

fins




Solve VU =0 in +he annulus 1<r <3 if u, (1,8) = sin 6,

ur€3,0) = 0.
Sol* v o= Qw4 184 ¢ L QU = O — )
ar* ror rz 96*
Let  u(r,@) = RO (@)
Ecs.m becomes ; R0 +_I_R,9 + 1 6”R = 0
r rz
Divided ﬁmu3‘n b:j B(_g_ 5
r’R" + rR" v+ g - 0O
R R S
PR+ R = -g" = n?
R R S,
. 2 0 [}
R~€%ug'hon)' r R'+ rR - nZR = Q > EUIGF-CQMc-hS E%.
aunliary eg, m3+ (1-Nm-nt= o
m = tn
Reey = cr+c, "
/ n-1 -n-1 n-1 -n-1
) = ¢nr" ¢ onr = Cn(r -Gr)
/ C
B.C. w,(3,8)= R(3BG) =0 = R =0 for nonfrivia) sol?
R:\(‘B) = 0 = C1n<‘3n—' ~£z3-n_')
Co = 3™ L oo TTo g
c1
R(Y = < rmrary
Qequation 5 @'+ n’g - o
Oge) = Asinne + Bcos ne
wlre) = ZR(O®@) = _Z( r"+ C!r_n)<A“SIn NG + Boosn®) ;- Aslc,A
= n-1 ~';\~-.1 8o &
UpCr@) <£¢hr™ -anr ™ ) (Asinng + 8gosne)
=1 o
Ur(1,8) = Sing = fa'(n~QYL)(A§|'nre+6noosne)

Since sin@ is an odd . — R, =O




W
Ay = 4 jsinne sine dg

'IT(YL—qYL)_Tr
O , nst
{ 1 = 1 ; n=it
1-9 %
ucr,e) = -(r +a/r)sine Ans

g —_

Find the steady-state temperature in a semicircular Hin plate

Fr<a , 0<0 < wih the semicircle r=a kept ot constont-

tempecdue U, and the SEgmeM* - < X < ato.
Us

Sol2 &
pcd @ S+eadxé—8'\’q+€ temperature , U

2 3’- 2
U=0 Vu = du L 1gu 1t fu =0

Bra cor r2gp2

Let utr,e) = RcrnBco)

Bc. wd,9) = u

]

Uu(r, 0)

0o = RnNB) = B(o)
O

i

"
Qo Q

Wwir, m)

[

= RCHOW) = 9cm

Follow the symilar step as in 12.9.6, we got

RCH = ¢, r* +cr "
©(6) = ASinng + Beosne
at the r=o, ucr,e) must shil be well pehaved , thus ¢, =0 and
Rerd) = ¢ r™ *
1
With 6.(0) = 0 = EC(}gﬂo > B =0 5 [ehCTT)=O gave the
Q) = Asnne Same result, E=o]

BC@ r-a; ucCa,0) = £ Aa‘sinne -u,; A. -CA

n:s

o , oo g-%
Founer Senes : A, = D J U, sthnede = 2U, [-cosne]
o o anir n (VA




1 | |

n n a"Tn
_ 0 s L €Vven
{414° » n odd
a"fin

o wer, o)

3]

4{1Wuqn~1 1( ) Sin ne
n odd

Ah = QUO[ COSDW+1] = 2Up [1‘(-1)“‘]

Sect. 12.11

fns

- o ' 3 5
= ‘Aﬁu [&Sme +%_<%) SiNn 36 + —51—(69 Sinso

+oor]

b, W=l W= 10057 + 100 4+ 290 = (s + 52U The solution of this

18] BN

] T 1 S RN Lhs 450y
W — (»lH’ e His+ 50 + (.2{‘}{!!! K430

th cgive = 1 so that the soluton s bounded. g s follows from

; / |
With i = o n = sl = —5—— = (s,
v 4+
H\.‘H‘CL’
. | o
W = — {;,—liﬂb—h)mx
$Z 4+

The mverse Laplace transform tdhe solution of our problems is

b= STHW = o7 — 10y sin i — 10x,

1

atravelmg wave decavmg with v Here o the unit step function tithe Heaviside

function b



| Problem 1 |

Find +he S’reoo\%-s{oke femperature, in a solid hemispheﬂe
(osrsb, €@/, 0€ 0 €2aw) if the planare base is held
at zero ‘emperature while Hhe hemispherical portion is kept ot constan
temperature 100,
Sol2

S’reng-sb"e temperatue in a solid hcmisphere > Laplaoian eg.

in a spherica) coordinale;

2
Vu o= 4 [(rfu)e +1 (singUgle +1_ u =0
ri[ ' slnc{: 9 v smiqi' 99]
Due o sammehj in @ , the gbove €q. be comeg,
(riucdr + 4 (SrQugle = O D
Sing

let ucr@y = ROYPe)

E%.(U becomes, rir @ + QFR§ + R (smq;@ y =0
Divide by RP 2 Smi !
vide : r2R’ 2rR < - 1 = K

Y ) 'R’ 4+ 2arR’ (s g@)

L__.,_-\,‘__)L

Y

& of ronlj f. of @ on‘:j
R~e%0\afh'<m r?R"+ 2re' = KR = o > Euier-CaMch% &g
auni liary ¢ mZ+ (2-1d)M-K = 0
Llet K = n¢n+1) , m2+m -n(n+1) = ©

(M -n)(Mm+cn+1))

O = m=n,-n+)

-tn+1)
RnCr) = C1rn +C&r

Since Rr) must be finte at r-0 & C;-0 - Ry = CF *

-




| #3)
(P‘e({)“c‘hb" 1 (singd) - -k = -nen+n) f;(ﬁum R-€31)

Sinc(p @
Let coscF = w and sichF = 1—00$2q7 = 1—N°‘
d = d di = -singd_
dq dw de¢ dw

thus Eq. () becomes g__[m—wz)g_%] s NP =
dn

Cl1-w )_i @ +n(n+1)@ = O = Legend(e's Q%TQHU\L
dw?

The solution of LQ%ehdfe Se%ua*hon are  (See p. 590)
Py ~ Py (COs@) —(3)
" n
UnCT, @Y = Ra (NP @ = C.r P (cos@)
The boundarn condition on the sphencal base is u(r,ll_)=o
Uucn gy = RMOPUD) = 0 5 J) -0
From ¢3) Ly ~ R (CosT) = PR =0

We need do choose P, such that P, (0) = O.

From p. 180 | we found Hhot

Pock) = 1 RO = X

P (x> = _;_(37(2-1)’ Py (x) = %(57(3-37()

P70 = 1 (3o —aon™43) | R (D = 1 (Gax"-TOX+ 157)
g :

Only n odd give P,(0) = O . Thus, the restnchon for P, 1o
ths'\iﬁ B C. ot the sphere base is ot n must be an odd number,

'€, Pant 1 , R=0,1723,
o0
- an+1
uch @) é-o Conpq T Pn”(cosqp)

B.C.on the S‘pherica\ PorHOn
o4
2n+1

UCbICP): oo = hZCIYH-I Pm_HCCOSCP) ='Rq’)

v




| |
Cont 2041 < 4¢@), Panyy (00s@) 7
TR e, e, (P
T/
C2n+| = i ojk 100 Pynyq (COSCp)sinq,dCP
L jl/.z P,-,r::-n (COSC?)Sinc?d(F
)
waen ) = ZO; Cane r2h1“ Pan”(CoScP)

fins
with Cynyy as defined abore  (Seu pist b B end

?ra\éhm 2

Find +he gq\eod,g-gq\me lemperature distnbution in a sphencal
Shel (a<r <

< b) ¥ the inner sucface 1s held ai © temperature
while he outer surface has 4em‘>era‘rwr€ distribution b, q) - @i

-Cp) .
wr @)

S+eqd3 _state temperatue in a spherical shell -0 due to ngmeh\j
Vi -

in |©-dir.
U, i ""P el ?/99] "0

sin’q/
(ru,.), (smcpuq,)? = O

SincF
Followimg similar sleps in Prob.2), we ha ve
R(F) = 1" 4 cr ™y
ond Fg ~ Pplcosq@)
BC r=a, U,® = RwP(@ = O = Rw@ =0
Rw) = (, (O. Ez.a +) = 0
For non-Mvia\ml”)C, + O %2 = -a"~a"t = ~ !




¥ Rh(\') - C1< rn. _ aznﬂ
rr\+1
iy > n+
Wern @ = Z ARG, = Zi A, (r -a ‘) PaCosg)
n=0 Nn=0 rnH
B.C at the outer shell :  uch,g)- 3@ = (p('lr’cg)
ob
b = 'F( = " P (Cos )
uch @ P> éo An< b" b"” ) @
using Fourie- Leaendre seqes , (see p- 590)
ﬂ,
A, = i . oantl -
(b“” a‘2h+i> 2 SCF o ?) Pn CCOSCP)Sinq)c'q)
CES o
z e,
wer,@) = " (cos@)
'CF n:oAn<r rnﬂ) SCP ﬁ‘n:

with An Qs shown above

SJZ)’A P(Qt C\t “Hv\’ er\cl




B Problem 3

:Dewlerminq ‘H\e wbroﬁon ot a semi-citoular mem brone

(os r<b, 0<6 «T) whh inihal conditions u (r, &,0

= G(T-0) ?"(b«i’) ) ut( reo) = 0. iDe‘rerm{ne modge Shaiuls,
nedal bnes and noatural fr?t{uenu'ea for ot least Hhe Hict 5 moaler.

£ixed
S‘Ol2 \}‘O( . eé(’)
v IC's w(r,g,0) = GCW-Q)Sm(_IL)
(’/’5 b
Ut(f,6,0)= @)

U-0

2D wave <qn in pO\ar coocdingte :
U =CQ<9‘%+L%>_LL+_4_Q.E —
g1* or* r9or *98*?

et u(r,g,t) = RHOWTL)

c2< R'OT + {ROT +1 RO'T
r r2

1

Eq1) becomes,  ROT”
Divided 'fhroug}\ béj cROT ;

M o / " 2
T = R + | R + | S) = K
& R TR Tg !
e [ -
. TN
fnof t onlg fo of c,0 OY)‘!j
T-equation;  T"+ KT = o

¥ TA) = ¢, sint)+ C,0os(wt) ¢ w- Jet @)




|

- RO @ Tch) > Rb):0

BC. Ffixed ed%e membtane = U(b 8,t) = o
De)=0

> ucr,o,Y = uc,mMt) = 0 5B -=§

RcNBw@)Tio) =0 = To =0

I.c ut( ,6,0)

Ty - c,cK oS (cKyb) — ¢ CKysinCCK,t)
’ Note
TCo) = C,CK1 0 > C{=0 > K, is not a\uLo%go
see R-eft. be lowy
TCH = C,00s (CKyb)
R-0 equation . R" + (R 1K1 - -1 9
A T ®RooTR ] 28 .
PR + rR  + K M = -8'= K,
R R e
R‘Gguﬂ‘HOh/‘ r2R"+ R+ CK]QFQ— K; JR =0 —(3)
stindard form of Bessel’s oq fx"g",u "3'*’ (x’-v‘)g =0 —(®
COm‘oqre (3)‘%(4),' Ke=>v, Kr » x ” 5—"{
! 4
= d dR = drdr = R'1
J 6\% d x dr dx K,
-
dkn =dx = dr . 1
d'X a_?( X k[
- K:)R=O

'xg +'x3 +(x- Vch (klr)E + krR+(K

L OBg () is In a form of Ressel's e%ua'hon

[ )

S ‘GC%UOhon ; 0" + K:z Q@ = O
@(6) = c38|ﬂ Ckge) +CACOSCK29)

Cqy = O > Cyu =0

Bpp\g B.C., e (9)
O¢T) = Cy8in (KT = ©

For nontnvial sol® C;#0 » SiIn(K,T) =0 = KIT=n" wherp

* erge) = Casin(nG) —(5)

Qo back 4o R-e%uahon, the solution fo the Rescel's e%uah'on S (ﬁ.aoa)

RCH = Cpdy, (KD + Co %, CK,r) v=K,, x=K r

with K, - n from 0 -<q Rer) = CgJn (k) + C Yy (K, 1)

N = A ’teger



Since R have 4o be finite at the center (r-0) but Y, (K, r) =
as r»o . Thus, C.-0 and

Ran Cpdn CKyM)
Cg In CKyb) = O

i

ﬂpplg B.C. R
For non-n vial SO‘u’Hon/ Q, +0 > I, (K, b) =0 K, b must be
3’1(70

a root of p#h Bescel’s Funclion €9.
3 v < q/\/\é_/p>9(

Let ., ls the ¥ root of the b roots o€ J,¢x)

Bessel 's Function , eq d,, is the it root oF T, () .

'<1b = Amn = K, = dmn
b

—(€)

H

K RpmaCl)
Thus %  Tw(H

C‘SJ,,<_o%n_.lr)

CZCOS<C0(mn"{;) —(7)

]

Run (N B,.(O) T, (L)

h

Upn(r0,1)

1

wre,ty

Zz

mei

Cin J, (%n_f)sin (ng) cos<_gg<_§_,,£)

>

T gep



r'Fri ooy &0 0): O(n-5)r (l:,.-r) = ‘P(V,G’)

) 20
- Z 2_ CWV’JV\ O(an> g;"v\(pg')
m={ n=\ ~\/ﬁ/_____//}
Hhere @@nd{oug MR ;
D’Lg\oqwc& w{:{;ﬁ, re\{\l(,( (\\9
tk.( W‘QAQ\Q\tV\S #&V\.C‘-\OY\ '/

hon )
‘ \V\ 'Wumdr ce ﬁ& v pactcs
Q\ 5 fﬁwwl LW\V\ k"ﬁ Do\id\/\g \( Sex as X {/D

‘g("' > suto HWUNH‘\,JCK(/\AUM sef cg &AV\Cﬁf«g 4

f \0\“’“‘ >\\vx n&B

Con = — 7 -

Jn(“";,”\'s‘n n8) « Ja (ijv@m

/

. I (N Wb%(”’“& -
/r;g(r &) Jn (D("“"r) 5V\( ) AT de m;,m(l'ﬁk&

T ) 4
Tl < E gmﬂ g(n-5) k(b r)

' A‘J’( oA,

o)< 5 L cunnltent) sl e

m=l Mw=!

C O(N\V\-E

i) . . . CKLO\/’P
WV\,Q(Q (W‘\f\ ~S 31J€vx

63(°7L ot e <nd



Ex. 12.8 .11 : Deflection of square membrane

2= k=13
)= FIX_, Y_1 :=kSin[2Xx] Sin[5Y]
nel:= Bmn =4 /Pi”2 Integrate[f[X, y] Sin[mXx] Sin[ny], {X, 0, Pi}, {y, O, Pi}]

40 Sin[m ] Sin[n ]

Out[6]= —
(—4+m2) (—25+n2) e

Nii= ULX_, y_, t_] i= kCos[«/zg t] Sin[2x] Sin[5y]

inf14= Plot3D[u[x, y, 101, {x, O, Pi}, {y, O, Pi}, AxesLabel -> {"X", "Y", "Deflection"}]

05+
y
Out[14]= zflection 0.0 ’."-_

T
_{]_Slik

X 2 T

Ex. 12.8 .13 : Deflection of square membrane

1= FIX_, y_]1 :=0.1xy (Pi-Xx) (Pi-vYy)

inf1z]:= Bmn[m_, n_] := 4/Pi"2
Integrate[f[x, y] Sin[mXx] Sin[ny], {X, 0, Pi}, {y, O, Pi}, Assumptions -» {n, m} € Integers]

niz= Amn = A m? +n? ;

In[14]:= U[X_, Y_, t_1 = Sum[Sum[Bmn[m, n] Cos[amn t] Sin[mXx] Sin[ny]l, {n, 1, 4}1, {m, 1, 4}]

5= U[X, y, €1;
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In[16:= UuU = %

outf16]= 0.648456 Cos[\/? t] Sin[x] Sin[y] +0. Cos{\/? t] Sin[2x] Sin[y] +
0.0240169 cOs[\/ﬁ t] Sin[3x] Sin[y] « 0. COS[W t] Sin[4x] Sin[y] +
0. Cos|V5 t| Sin[x] Sin[2y] +0. Cos|2+/2 t| Sin[2x] Sin[2y] + 0. Cos|V13 t|Sin[3x] Sin[2y] +
0. Cos{zx/?t] Sin[4x] Sin[2y] + 0.0240169 Cos[m t] Sin[x] Sin[3y] -
1.68734x107 cOs{\/ﬁ t] Sin[2x] Sin[3Yy] +0-000889514Cos[3\/?t} Sin[3x] Sin[3y] -
8.43668x 10 Cos[5t] Sin[4x] Sin[3y] +0. cOsWF t] Sin[x] Sin[4y] +

0. Cos|[2/5 t|Sin[2x] Sin[4y] + 0. Cos[5t] Sin[3x] Sin[4y] + 0. Cos 4 V2 t| Sin[4x] Sin[4y]

nigr- plots = Table[Plot3D[uu, {x, O, Pi}, {y. O, Pi}, AxesLabel -> {"X", "Y", "U"}], {t, 0, 3}]

6 115 =
_ (94 Lyt
In[19]:= 5 73+ Yost : &R
72 0.00L4S8 72
iy 0 A

—0.6%

Ex. 12.9 .15 : SS Temperature in semicircular thin plate

nzl:= An[n_] :=2/a”n/Pi* Integrate[u0Sin[ne], {6, 0, Pi}, Assumptions -» n € Integers]
ingl= An[n]

2 (-1+(-1)") auo

Out[3]=
n

np1= coeffs = Table[An[n], {n, 1, 5}]

280 280 56
out[11]= {— 0, —, 0, —}
7T 3 s

n[12]:= ulr_, _] := Sum[An[n] r~n Sin[ne], {n, 1, 10}]

in[13= u0 =70; a=1;
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In[14:= uu =ulr, o]

280rSin[o] 280r3Sin[30] 56r°Sin[50] 40r’Sin[76] 280r°Sin[90]
out[14]= + + + +
s 37 7T s 9

in[15):= u[0.5, Pi/2] // N
out15]= 41.3267

n16)= RevolutionPlot3D[uu, {r, 0, a}, {e, 0, Pi}, AxesLabel -> {"X", "Y"}]

Problem 1: SS Temperature in a solid hemisphere

n[i:= €[n_] = Integrate[100 x LegendreP[2n -1, Cos[¢]] *Sin[e], {¢, O, Pi/2}]/
Integrate[ (LegendreP[2n -1, Cos[e]])"2=*Sin[e], {¢, 0, Pi/2}]

n[2):= €[n]
50 v/

Gamma[g -n| Gamma[1 +n] |/ LegendreP[-1+2n, Cos[¢] 12Sin[e] do

out[2]=

in3)= coeffs = Table[c[n], {n, 1, 5}] (* Note: these are the c(2n-1) coeff.) =)

175 275 1875 3325
our= {150, - ==, ==, - . }
27 4 32 " 64

2= Uulr_, ¢_] :=Sum[c[n] r*(2n-1) LegendreP[2n -1, Cos[e]], {n, 1, 6}]

In[13l= uu =ufr, ]

175 275
ouf13= 150 r Cos[o] - e r® (-3Cos[y] +5Cos[p]®) + 5 r® (15Cos[¢] - 70 Cos[¢]® + 63 Cos[]°) -
1875
P r’ (-35Cos[¢] +315Cos[¢]° - 693 Cos[¢]® + 429 Cos[p]’) +
3325 r° (315 Cos[¢] - 4620 Cos[¢]® + 18018 Cos [¢]° - 25740 Cos [¢] + 12155 Cos [¢]°) 1
- 12075 rt
8192 65536

(-693 Cos[y] + 15015 Cos[¢]* - 90090 Cos [¢]° + 218 790 Cos [¢]’ - 230945 Cos[¢]° + 88179 Cos[¢] ™)
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in[141= u[0.5, Pi/4] // N
ou[14]= 54.1327

inf15:= uf0, 01 // N
out15]= O.

Table[u[r, Pi/41, {r, 0, 1}] // N (» check some more values x)

out16]= {0., 108.012}

temply_, z_] := u[\/ y?+2% , ArcTan[z, y]]

DensityPlot[temp[y, z], {y, O, 1}, {z, O, 1},
AspectRatio -> 1, RegionFunction -> (0.01<#172+#272<18&),
FrameLabel -> {"Y", "Z"}, ColorFunction -> "ThermometerColors"]

To save computing time, only half of the temperature distribution (at a certain 6) is

displayed
Note: the origin had to be removed in the plotting

| e e e e B £ e e S ]|

out[18]=

Problem 2: SS Temperature in a spherical shell

2n+1 1
In[L]:= aA[n_] .=
2 a2 n+1
pr - E—
bn+1

Integrate[¢ (Pi - ¢) LegendreP[n, Cos[¢]] *Sin[¢], {¢, 0, Pi}]
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In2):= aA[n]

(1+2n) joﬁ(nfw) ¢ LegendreP[n, Cos[¢]] Sin[¢] do

Out[2]=
utt2] 2 <7a1+2n b—l—n + bn)

8= Table[aA[n], {n, 1, 8}]

80 256 212992 4456 448
out[18]= {0, -—, 0, - , 0, - , 0, - }
279 12775 90305775 13005519975

a2 n+1

Mol Ulr_, @_] t= Sum[aA[n] [r’\n- ] LegendreP[n, Cos[¢]], {n, O, 8}]

rn+1
Inf5:= a = 1; b=2;
In[20= ufr, @]

L 32 (-1 +r%) (3-30Cos[¢]?+35Cos[v]*)
,__A%r2)(flﬁrscos[w]2)— : B
3 12775

1
out20= 4 (1 - =
r

40

279

13312(-§-+r6)(-5+1OSCos[w12-315Cos[w]4+231cOs[@]%

7

90305775
34816 (-1 1 r8) (35-1260Cos[p]2+6930Cos[p]* - 12012 Cos[¢]® + 6435 Cos[¢]®
r9

13005519975
Verify the initial condition :
in22):= pl=Plot[u [b, ¢], {¢, 0, Pi}, PlotStyle -» AbsoluteThickness[3]]
25F

20f

15}
out[22]=
10

05)

0.5 1.0 15 2.0 2.5 3.0

p2 = Plot[e (Pi-¢), {¢, 0, Pi}, PlotStyle » {Red, Dashed, AbsoluteThickness[3]}]:



6 | hw4.nb

in[271:= Show[pl, p2]

25-
20f
15}
out[27]=

10f

05}

L J
te ®

0.5 1.0 15 2.0 2.5 3.0

npeel= temply_, z_] :i= u['\[ y?+2? , ArcTan[z, y]]

in30):= DensityPlot[temp[y, z], {Yy, O, b}, {z, 0, b},
AspectRatio -> 1, RegionFunction -> (a2 <#172+#222<b"2¢&),
FrameLabel -> {"Y', "Z"}, ColorFunction -> "ThermometerColors'"]

205

N LD -
out[30]= t

0.0 0.5 1.0



Problem 3: Vibration of a semi-circular membrane

a[n_, m_] =BesselJZero[n, m] (* m-th root of the n-th Bessel function Jnx)
BesselJZero[n, m]

b=1;

flr ,6 1=6x(r-6)xrx(b-r)

(l-r)yr (m-06)6

orthogFn[n_, m_] :=BesselJ[n, a[n, m] xr/b] *Sin[ne]

nn=1;

Check that the functions are orthogonal with respect to the weighting function r :

Yes,

Table[
Integrate[r » orthogFn[nn, ml] xorthogFn[nn, m21, {r, O, b}, {&, 0, Pi}],
{mi, 1, 4}, {m2, 1, 4}];

MatrixForm[Chop[%]] // N

0.127403 O. 0. 0.
0. 0.0707404 O. 0.
0. 0. 0.0489716 O.
0. 0. 0. 0.0374484

it' s a diagonal matrix. The functions are orthogonal !
coeffAA[m_, n_] := Integrate[r xorthogFn[n, m] * orthogFn[n, m],
{r, 0, b}, {6, 0, Pi}, Assumptions » {n, m} € Integers]
coeff[m_, n_] := Integrate[r = f[r, 6] xorthogFn[n, m], {r, O, b}, {6, 0, Pi}] /coeffAA[m, n]
coeffAA[l, 11 // N
0.127403
checkAA = Pi » (bxBesselJ[1+1, a[l1, 1]]1)"2/4 //N
0.127403
Table[coeff[m, n], {n, 1, 2}, {m, 1, 2}] //N

({1.15156, -0.0802614}, (0., 0.}}

ufr_, e_, t_]1 = Sum[Sum[coeff[m, n] »orthogFn[n, m] *Cos[a[n, m] *t/b], {m, 1, 3}1, {n, 1, 3}]
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Plot3D[Evaluate[u[r, 6, 0]], {r, 0, 1}, {e, O, Pi}] (» Verify the initial condition %)

Plot3D[f[r, 6], {r, 0, 1}, {e, O, Pi}, AxesLabel -> {'r", "e", "Temp'}]
(* Yes, the above solution corresponds to f(r,8)= 6x (x-6)*rx(b-r) *)

plot = Table[ ParametricPlot3D[
Evaluate[{r xCos[6], r+Sin[e], u[r, e, t]}],
{r, 0,1}, {e, 0, Pi}],
{t, 0,1, .2}];
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ListAnimate[plot]

8 DIEEIE]

Mode n=1,m=1

modell = Table[
ParametricPlot3D[
Evaluate[{r «Cos[6], r*Sin[e], orthogFn[1l, 1] *xCos[a[l, 1] *xt/b]}],
{r, 0,1}, {6, 0, Pi}], {t, 0,1, -2}];
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ListAnimate[modell]

PIEME]

200
i-0

P
{03

Mode n=2,m=2

mode22 = Table[

ParametricPlot3D[

Evaluate[{r «Cos[6], r*Sin[e], orthogFn[2, 2] *xCos[a[2, 2] *xt/b]}],
{6, 0, Pi}], {t, 0,1, -2}];

{r, 0,1},
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ListAnimate [mode22]
J PIRFIE]

I}
=

iy g,
2 o
S )

[}
=
(%3

L,

J-04

4
=}

Similarly formoden=1, m=2, etc ...



