




































Ex. 12.8 .11 : Deflection of square membrane

In[2]:= k = 1;

In[3]:= f@x_, y_D := k Sin@2 xD Sin@5 yD

In[6]:= Bmn = 4 êPi^2 Integrate@f@x, yD Sin@m xD Sin@n yD, 8x, 0, Pi<, 8y, 0, Pi<D

Out[6]= −
40 Sin@m πD Sin@n πD
I−4 + m2M I−25 + n2M π2

In[11]:= u@x_, y_, t_D := k CosB 29  tF Sin@2 xD Sin@5 yD

In[14]:= Plot3D@u@x, y, 10D, 8x, 0, Pi<, 8y, 0, Pi<, AxesLabel −> 8"X", "Y", "Deflection"<D

Out[14]=

Ex. 12.8 .13 : Deflection of square membrane

In[11]:= f@x_, y_D := 0.1 x y HPi − xL HPi − yL

In[12]:= Bmn@m_, n_D := 4ê Pi^2 

Integrate@f@x, yD Sin@m xD Sin@n yD, 8x, 0, Pi<, 8y, 0, Pi<, Assumptions → 8n, m< ∈ IntegersD

In[13]:= λmn = m2 + n2 ;

In[14]:= u@x_, y_, t_D := Sum@Sum@Bmn@m, nD Cos@λmn tD Sin@m xD Sin@n yD, 8n, 1, 4<D, 8m, 1, 4<D

In[15]:= u@x, y, tD;



In[16]:= uu = %

Out[16]= 0.648456 CosB 2 tF Sin@xD Sin@yD + 0. CosB 5 tF Sin@2 xD Sin@yD +

0.0240169 CosB 10 tF Sin@3 xD Sin@yD + 0. CosB 17 tF Sin@4 xD Sin@yD +

0. CosB 5 tF Sin@xD Sin@2 yD + 0. CosB2 2 tF Sin@2 xD Sin@2 yD + 0. CosB 13 tF Sin@3 xD Sin@2 yD +

0. CosB2 5 tF Sin@4 xD Sin@2 yD + 0.0240169 CosB 10 tF Sin@xD Sin@3 yD −

1.68734 × 10−17 CosB 13 tF Sin@2 xD Sin@3 yD + 0.000889514 CosB3 2 tF Sin@3 xD Sin@3 yD −

8.43668 × 10−18 Cos@5 tD Sin@4 xD Sin@3 yD + 0. CosB 17 tF Sin@xD Sin@4 yD +

0. CosB2 5 tF Sin@2 xD Sin@4 yD + 0. Cos@5 tD Sin@3 xD Sin@4 yD + 0. CosB4 2 tF Sin@4 xD Sin@4 yD

In[18]:= plots = Table@Plot3D@uu, 8x, 0, Pi<, 8y, 0, Pi<, AxesLabel −> 8"X", "Y", "U"<D, 8t, 0, 3<D

In[19]:= : , ,

, >

Ex. 12.9 .15 : SS Temperature in semicircular thin plate

In[2]:= An@n_D := 2ê a^nêPi ∗ Integrate@u0 Sin@n θD, 8θ, 0, Pi<, Assumptions → n ∈ IntegersD

In[3]:= An@nD

Out[3]= −
2 I−1 + H−1LnM a−n u0

n π

In[11]:= coeffs = Table@An@nD, 8n, 1, 5<D

Out[11]= :
280

π
, 0,

280

3 π
, 0,

56

π
>

In[12]:= u@r_, θ_D := Sum@An@nD r^n Sin@n θD, 8n, 1, 10<D

In[13]:= u0 = 70; a = 1;
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In[14]:= uu = u@r, θD

Out[14]=
280 r Sin@θD

π
+

280 r3 Sin@3 θD
3 π

+
56 r5 Sin@5 θD

π
+

40 r7 Sin@7 θD
π

+
280 r9 Sin@9 θD

9 π

In[15]:= u@0.5, Piê 2D êê N

Out[15]= 41.3267

In[16]:= RevolutionPlot3D@uu, 8r, 0, a<, 8θ, 0, Pi<, AxesLabel −> 8"X", "Y"<D

Problem 1: SS Temperature in a solid hemisphere

In[1]:= c@n_D := Integrate@100 ∗ LegendreP@2 n − 1, Cos@ϕDD∗ Sin@ϕD, 8ϕ, 0, Piê2<Dê
Integrate@HLegendreP@2 n − 1, Cos@ϕDDL^2 ∗ Sin@ϕD, 8ϕ, 0, Piê2<D

In[2]:= c@nD

Out[2]=
50 π

GammaA 3
2

− nE Gamma@1 + nD Ÿ0
π

2 LegendreP@−1 + 2 n, Cos@ϕDD2 Sin@ϕD Åϕ

In[3]:= coeffs = Table@c@nD, 8n, 1, 5<D H∗ Note: these are the cH2n−1L coeff.L ∗L

Out[3]= :150, −
175

2
,

275

4
, −

1875

32
,

3325

64
>

In[12]:= u@r_, ϕ_D := Sum@c@nD r^H2 n − 1L LegendreP@2 n − 1, Cos@ϕDD, 8n, 1, 6<D

In[13]:= uu = u@r, ϕD

Out[13]= 150 r Cos@ϕD −
175

4
r3 I−3 Cos@ϕD + 5 Cos@ϕD3M +

275

32
r5 I15 Cos@ϕD − 70 Cos@ϕD3 + 63 Cos@ϕD5M −

1875

512
r7 I−35 Cos@ϕD + 315 Cos@ϕD3 − 693 Cos@ϕD5 + 429 Cos@ϕD7M +

3325 r9 I315 Cos@ϕD − 4620 Cos@ϕD3 + 18 018 Cos@ϕD5 − 25 740 Cos@ϕD7 + 12 155 Cos@ϕD9M
8192

−
1

65 536
12 075 r11

I−693 Cos@ϕD + 15 015 Cos@ϕD3 − 90 090 Cos@ϕD5 + 218 790 Cos@ϕD7 − 230 945 Cos@ϕD9 + 88 179 Cos@ϕD11M
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In[14]:= u@0.5, Piê 4D êê N

Out[14]= 54.1327

In[15]:= u@0, 0D êê N

Out[15]= 0.

Table@u@r, Piê4D, 8r, 0, 1<D êê N H∗ check some more values ∗L

Out[16]= 80., 108.012<

temp@y_, z_D := uB y2 + z2 , ArcTan@z, yDF

DensityPlot@temp@y, zD, 8y, 0, 1<, 8z, 0, 1<,
AspectRatio −> 1, RegionFunction −> H0.01 < Ó1^2 + Ó2^2 < 1 &L,
FrameLabel −> 8"Y", "Z"<, ColorFunction −> "ThermometerColors"D

To save computing time, only half of the temperature distribution (at a certain q) is 
displayed
Note: the origin had to be removed in the plotting

Out[18]=

Problem 2: SS Temperature in a spherical shell

In[1]:= aA@n_D :=
2 n + 1

2

1

bn −
a2 n+1

bn+1

 

Integrate@ϕ HPi − ϕL LegendreP@n, Cos@ϕDD∗ Sin@ϕD, 8ϕ, 0, Pi<D
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In[2]:= aA@nD

Out[2]=

H1 + 2 nL Ÿ0
πHπ − ϕL ϕ LegendreP@n, Cos@ϕDD Sin@ϕD Åϕ

2 I−a1+2 n b−1−n + bnM

In[18]:= Table@aA@nD, 8n, 1, 8<D

Out[18]= :0, −
80

279
, 0, −

256

12 775
, 0, −

212 992

90 305 775
, 0, −

4 456 448

13 005 519 975
>

In[19]:= u@r_, ϕ_D := SumBaA@nD r^n −
a2 n+1

rn+1
LegendreP@n, Cos@ϕDD, 8n, 0, 8<F

In[5]:= a = 1; b = 2;

In[20]:= u@r, ϕD

Out[20]= 4 1 −
1

r
−

40

279
−

1

r3
+ r2 I−1 + 3 Cos@ϕD2M −

32 I− 1

r5
+ r4M I3 − 30 Cos@ϕD2 + 35 Cos@ϕD4M

12 775
−

13 312 I− 1

r7
+ r6M I−5 + 105 Cos@ϕD2 − 315 Cos@ϕD4 + 231 Cos@ϕD6M

90 305 775
−

34 816 I− 1

r9
+ r8M I35 − 1260 Cos@ϕD2 + 6930 Cos@ϕD4 − 12 012 Cos@ϕD6 + 6435 Cos@ϕD8M

13 005 519 975

Verify the initial condition :

In[22]:= p1 = Plot@u @b, ϕD, 8ϕ, 0, Pi<, PlotStyle → AbsoluteThickness@3DD

Out[22]=

0.5 1.0 1.5 2.0 2.5 3.0

0.5

1.0

1.5

2.0

2.5

p2 = Plot@ϕ HPi − ϕL, 8ϕ, 0, Pi<, PlotStyle → 8Red, Dashed, AbsoluteThickness@3D<D;
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In[27]:= Show@p1, p2D

Out[27]=

0.5 1.0 1.5 2.0 2.5 3.0

0.5

1.0

1.5

2.0

2.5

In[28]:= temp@y_, z_D := uB y2 + z2 , ArcTan@z, yDF

In[30]:= DensityPlot@temp@y, zD, 8y, 0, b<, 8z, 0, b<,
AspectRatio −> 1, RegionFunction −> Ha^2 < Ó1^2 + Ó2^2 < b^2 &L,
FrameLabel −> 8"Y", "Z"<, ColorFunction −> "ThermometerColors"D

Out[30]=
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Problem 3: Vibration of a semi-circular membrane

α@n_, m_D = BesselJZero@n, mD H∗ m−th root of the n−th Bessel function Jn∗L

BesselJZero@n, mD

b = 1;

f@r_, θ_D = θ∗ Hπ − θL∗ r∗ Hb − rL

H1 − rL r Hπ − θL θ

orthogFn@n_, m_D := BesselJ@n, α@n, mD ∗rê bD ∗Sin@n θD

nn = 1;

Check that the functions are orthogonal with respect to the weighting function r :

Table@
Integrate@r∗ orthogFn@nn, m1D∗ orthogFn@nn, m2D, 8r, 0, b<, 8θ, 0, Pi<D,
8m1, 1, 4<, 8m2, 1, 4<D;

MatrixForm@Chop@%DD êê N

0.127403 0. 0. 0.

0. 0.0707404 0. 0.

0. 0. 0.0489716 0.

0. 0. 0. 0.0374484

Yes, it' s a diagonal matrix. The functions are orthogonal !

coeffAA@m_, n_D := Integrate@r∗orthogFn@n, mD ∗orthogFn@n, mD,
8r, 0, b<, 8θ, 0, Pi<, Assumptions → 8n, m< ∈ IntegersD

coeff@m_, n_D := Integrate@r∗ f@r, θD ∗orthogFn@n, mD, 8r, 0, b<, 8θ, 0, Pi<Dê coeffAA@m, nD

coeffAA@1, 1D êê N

0.127403

checkAA = Pi∗Hb ∗BesselJ@1 + 1, α@1, 1DDL^2 ê4 êê N

0.127403

Table@coeff@m, nD, 8n, 1, 2<, 8m, 1, 2<D êê N

881.15156, −0.0802614<, 80., 0.<<

u@r_, θ_, t_D := Sum@Sum@coeff@m, nD ∗orthogFn@n, mD∗Cos@α@n, mD∗ tê bD, 8m, 1, 3<D, 8n, 1, 3<D



Plot3D@Evaluate@u@r, θ, 0DD, 8r, 0, 1<, 8θ, 0, Pi<D H∗ Verify the initial condition ∗L

Plot3D@f@r, θD, 8r, 0, 1<, 8θ, 0, Pi<, AxesLabel −> 8"r", "θ", "Temp"<D
H∗ Yes, the above solution corresponds to fHr,θL= θ∗Hπ−θL∗r∗Hb−rL ∗L

plot = Table@ ParametricPlot3D@
Evaluate@8r∗Cos@θD, r∗ Sin@θD, u@r, θ, tD<D,
8r, 0, 1<, 8θ, 0, Pi<D,

8t, 0, 1, .2<D;
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ListAnimate@plotD

ü  Mode n=1,m=1

mode11 = Table@
ParametricPlot3D@

Evaluate@8r∗Cos@θD, r∗ Sin@θD, orthogFn@1, 1D∗ Cos@α@1, 1D∗ tê bD<D,
8r, 0, 1<, 8θ, 0, Pi<D, 8t, 0, 1, .2<D;
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ListAnimate@mode11D

ü  Mode n=2,m=2

mode22 = Table@
ParametricPlot3D@

Evaluate@8r∗Cos@θD, r∗ Sin@θD, orthogFn@2, 2D∗ Cos@α@2, 2D∗ tê bD<D,
8r, 0, 1<, 8θ, 0, Pi<D, 8t, 0, 1, .2<D;

4 hw4-vibratMembr.nb



ListAnimate@mode22D

Similarly for mode n = 1, m = 2, etc ...
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