
Midterm Exam

Mechanical Engineering 230—Dynamics
Midterm Exam
Rico A.R. Picone
28 April 2014

Directions: 50 minutes, calculator, open notes, closed book.
Use your own paper, work neatly, and clearly mark your
answers. Partial credit may be given. Do no work on this
sheet.

Problem 1 (30 points). The figure shows a particle of mass
m attached to a fixed point O by a linearly elastic spring.
The spring has stiffness K and unstretched length L. The
motion of the particle is in the Ex – Ey plane. A vertical
gravitational force acts on the particle in the negative Ey -
direction.

(a) Starting from the standard representations for the posi-
tion vector

r= xEx + yEy = r er (1)

for the particle, derive expressions for the velocity v and ac-
celeration a vectors in the given Cartesian and the standard
polar coordinate bases.
Hint (no need to derive): ėr = θ̇eθ and ėθ =−θ̇er .

(b) Draw a free-body diagram of the particle and write
what is known about each force acting on the particle.

(c) Show that the scalar differential equations governing the
motion of the particle are, in polar coordinates,

−K(r − L)−m g sinθ= m
�

r̈ − r θ̇2
�

(2a)

−m g cosθ= m
�

r θ̈+ 2 ṙ θ̇
�

. (2b)

(d) What law of motion did you use to find (2a) and (2b)?

(e) What must r and θ be if the particle is at rest?

Problem 2 (20 points). Give short descriptions (one-to-two
sentences) of the following.

(a) particles

(b) force

(c) (coordinate) bases

(d) the Sennet-Frenet basis

(e) friction forces

Problem 3 (30 points). The figure shows a boy of mass m
sitting on a disk, a distance r0 from its center. If the disk,
starting from rest, begins spinning such that the boy’s speed
v increases at a constant rate v̇ = a0, how long until the boy
slips? The coefficient of static friction between the boy and
the disc is µs . Write your answer in terms of m, r0, a0, µs ,
and the gravitational constant g . Does a0 have a maximum
above which the boy slips immediately?
If not, explain; if so, what is it?

Problem 4 (20 points). The
figure shows a collar with
mass, sliding on a rail with
known shape described by
r (θ). Explain in detail how
you would find the equa-
tion of motion of the parti-
cle. Describe why you would
take each step. Do not actu-
ally perform the work, just
describe what you would do.
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Solutions

Solution to Problem 1.

(a) In the Cartesian basis:

r= xEx + yEy

v= ṙ= ẋEx + ẏEy

a= v̇= ẍEx + ÿEy .

In the polar basis:

r= r er

v= ṙ
= ṙ er + r ėr

= ṙ er + r θ̇eθ
a= v̇

= r̈ er + ṙ θ̇eθ+ ṙ θ̇eθ+ r θ̈eθ+ r θ̇ėθ
=
�

r̈ − r θ̇2
�

er +
�

r θ̈+ 2 ṙ θ̇
�

eθ.

(b) The free-body diagram is:

The gravity force is

Fg =−m gEy (3)

=−m g (sin(θ)er + cos(θ)eθ) . (4)

The spring force is

Fs =−K (‖r‖− L)r/‖r‖ (5a)
=−K(r − L)er . (5b)

(c) Using Newton’s Second Law in polar coordinates:

F= ma (6)
�

−K(r − L)−m g sin(θ)
−m g cos(θ)

�

= m
�

r̈ − r θ̇2

r θ̈+ 2 ṙ θ̇

�

. (7)

(d) We used Newton’s Second Law (also known as Euler’s
First Law). Note that "gravitation" is incorrect because (1) it
is not a law of motion but one of the fundamental forces of
nature and (2) alone, it cannot give the equations of motion.

(e) All the time-derivatives must be zero. From (2b),
θ= 90deg ± n× 180deg, where n ∈ Z. The solution only
makes sense physically if θ= 270deg ± n× 360deg. From
(2a), r = L+m g/K .

�

Solution to Problem 2.

(a) A particle is an abstraction that models for us a body in
spacetime, the internal structure of which we are ignoring.

(b) A force is an efficient cause of mechanical motion.

(c) A coordinate basis is a collection of vectors that span a
vector space. Any vector in the space may be constructed
as a linear combination of basis vectors. We have primarily
used three bases for R3: Cartesian, cylindrical polar, and
Sennet-Frenet.

(d) The Sennet-Frenet basis associates points on a space-
curve to a set of three basis vectors et (tangential to the
path), en (normal to the path), and eb (binormal to the
path). This basis is often useful for problems along arbi-
trary paths, and those for which a convenient quantity is
available or desired, like the tangential force or speed.

(e) Friction forces always oppose relative motion between a
particle and a surface or spacecurve. We often model it as
being proportional to the normal force. When static fric-
tion is overcome by a force, dynamic friction opposes the
motion, typically with a different constant of proportional-
ity.

�

Solution to Problem 3.

Kinematics Use the cylindrical polar basis. Set the origin
at the center of the disk, with the er –eθ plane coin-
cident with its surface. The pertinent kinematics are:

r= r er = r0er (8a)

v= ṙ er + r θ̇eθ = r0θ̇eθ (8b)

a=
�

r̈ − r θ̇2
�

er +
�

r θ̈+ 2 ṙ θ̇
�

eθ

=−r0θ̇
2er + r0θ̈eθ. (8c)

Forces Gravitational Fg =−m gEz , normal N=NEz , and
friction F f = Fr er + Fθeθ forces act on the particle.
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We know that the threshold above which the particle
slips is

‖F f ‖=µs‖N‖=µs |N |. (9)

Newton’s Second Law In the cylindrical polar basis, F =
ma can be written:







Fr
Fθ

N −m g






= m









−r0θ̇
2

r0θ̈
0









(10)

Analysis We are given that v̇ = r0θ̈ = a0, which, if we in-
tegrate, gives θ̇ = a0 t/r0. This is always true, so if
we know θ̇slip, we know at what time tslip this takes
place. From the Ez scalar equation, N = m g . At the
moment the particle begins to slip,

‖F f ‖=µs |N | (11a)
q

F 2
r + F 2

θ
=µs m g (11b)

m
Ç

r 2
0 θ̇

4
slip+ a2

0 =µs m g (11c)

θ̇slip =

�

(µs g )2− a2
0

�1/4

r 1/2
0

(11d)

Therefore,

tslip =
�

r0

a0

�1/2 �µs g

a0

�2

− 1

!1/4

. (12)

The solution is only valid for

a0 ≤µs g (13)

because (11d) must be real. The physical interpreta-
tion is that the particle will slip immediately (tslip = 0)
if a0 > µs g . The plot below (with g = 9.81m/sec2)
shows the relationships between the variables. Notice
that with larger friction coefficients, the acceleration
can be greater for a longer time without slipping. And
if we increase the radius, the particle slips later.
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Solution to Problem 4. I want to see a discussion of coor-
dinate system (polar or Sennet-Frenet), origin (origin of r ),
kinematics, forces (e.g. free-body diagram and specific forces
like gravity, friction, and normal forces from the rail), New-
ton’s Second Law, and analysis leading to the equations of
motions from F= ma. Specific mention that the equations
of motion are, in general, differential equations is appreci-
ated. For each step, justification should be given; e.g. “New-
ton’s Second Law will yield the equation of motion.” �
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