Kinematics and Dynamics
ME 230

Homework #1

Week 2

1.1 Why are the time derivatives of E,,E, and E; all equal to zero?

The unit vectors Ey,E, and E; define the directions of the axes of the Cartesian coordinate system,
and are fixed with respect to the origin chosen and with each other. Thus, their time rate of
change is zero.

dE
E: = 1.Ex +0.E, + 0.E; = d—tx = 0.E; +0.E, +0.E; =0

dE
Ey = 0.E;+ 1.Ey +0.E; = — = 0.E; +0.Ey +0.E; =0

dE
EZ — O.Ex —‘I_ O.Ey + 1'EZ = d_tz — O.Ex + O.Ey —‘I_ O.EZ — 0



1.5 The motion of a particle is such that its position vector is

r(t) = 3tEy + 4tEy + 10E; (meters).

parameter s is given by
s(t) =5(t —tg) + So-

Finally, show that the particle moves 50 meters along its path every 10 seconds.

Show that the path of the particle is a straight line and that the particle moves along this line
at a constant speed of 5 meters per second. Using this information, show that the arc-length

Given, the position vector of the particle at any instant of time ¢,
r(t) = 3tEy + 4tEy + 10E; (meters).
Thus, its instantaneous velocity is given by,

v(t) = %(t) = 3Ey +4E, + OE; (meters/second)

The speed of the particle is given by,

v = % — |v|| = Vv -v = /32 4+ 42 = /25 = 5 (meters/second)

And, from the above equation,
s
dat
Integrating both sides we have,

s t
;»/ ds— [ 5at
S0 fo

= s(t) =5(t — t) + o

1)

(a)

(b)

For every 10 seconds, i.e t — tp = 10, the distance moved by the particle along its path is given

by,
As =s—s9g=5(t —ty) =5 x 10 = 50 (meters)

(©)



1.8 A projectile is launched at time ¢ty = 0 seconds from a location r(#p) = 0. The initial velocity
of the projectile is v(ty) = v cos(a)Ey + vgsin(a)E,. Here, vg and « are constants. During its
flight, a vertical gravitational force —mgE, acts on the projectile. Modeling the projectile as a
particle of mass m, show that its path is a parabola:

y(x) =— (L) x? + tan(a)x.

203 cos?(w)

Why is this result not valid when & = +77/2?

At any time ¢, the acceleration of the particle is given by,

a(t) = (1)

Now, during the flight, the net force acting on the particle is given by,
Fyet(t) = ma(t) = —mgE,

= a(t) = (1) = g,

Integrating both sides we have,
= v(t) — v(to) = —g(t — to)E,
= v(t) = vgcos(a)E; + (vosin(a) — gt)Ey
Integrating both sides to get the position vector at any time t during the flight we have,

£(t) — x(to) = vo cos(a) (¢ — to)Ex + (vo sin(a) (f — fo) — M) E,

2
= r(t) = vgcos(a)tEy + (vo sin(a)f — &) E,

2
Now, let
x = vgcos(a)t
This implies,
X
t= ——— 2
vg cos(a) @
Now, )
t
y = vgsin(a)t — %
x g x?

= y(x) = vgsin(a)

vgcos(a) 2 v3 cos?(a)

= |y(x) = — (_g ) x? + tan(a)x |

203 cos?(«)

This result is not valid for &« = +71/2 because from (2), the time parameter is not defined which
means that such an « is not possible during this flight trajectory. n



12-51.

The a—t graph of the bullet train is shown. If the train starts a(m/s?) ‘
from rest, determine the elapsed time ¢’ before it again ‘ BN
comes to rest. What is the total distance traveled during this
time interval? Construct the v—¢ and s—¢ graphs.

a=0.1¢

3”(7 _a= (G5 +s t,
SOLUTION : ; —1(s)

30 75

v —t Graph: For the time interval 0 < ¢t < 30 s, the initial condition is ¥ = 0 when
t =0s.

(—t) dv = adt

v t
/dv = /O.ltdl
0 0

v = (0.0512) m/s

Whent = 30s,
=305 = 0.05(30?) = 45m/s

or the time interval 30 s < ¢ =< t', the initial conditionis v = 45m/s ats = 30s.

() dv = adt
v t 1
dv = ——t+ 5 |dt
45ms 30s\ 15
v = —it2+5t—75 m/s
30

Thus, when v = 0,

1
0=——17+5~75

30
Choosing the root t' > 75,
t"=133.09s = 1335 Ans.

Also, the change in velocity is equal to the area under the a—t graph. Thus,

Av = /adt

0= %(3)(75) + ;[<_115t + 5)(1" - 75)}

1
0=——1?+5~75
30

This equation is the same as the one obtained previously.

S . d
The slope of the v—tgraph is zero when ¢ = 75 s, which is the instant a = dit) = 0.Thus,

Vs = —% (75%) + 5(75) — 75 = 112.5m/s
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12-51. continued

The v—t graph is shown in Fig. a. ), (mls)
W=-3p t 45t T
s—t Graph: Using the result of v, the equation of the s— graph can be obtained by
integrating the kinematic equation ds = wvdt. For the time interval 0 = ¢ < 30 s, the 11251
initial condition s = 0 at ¢+ = 0 s will be used as the integration limit. Thus,
( 5 ) ds = vdt
s t 4-5 T =2_I0t:
/ ds = / 0.05¢* dt
’ ’ : —t(5)
1 3o 75 /133
=(—72)m
@)
(%)
Whent = 305,
Saos = o (30%) = 450m 5(m) setey, 5
60 2657 S=-@ "t L2t +750
For the time interval 30s < ¢t = t' = 133.09 s, the initial condition is s = 450 m
when ¢ = 30s.
(5) ds = vdt
K t 1 4‘500_“"
ds = / <——z2 + 5t — 75)dt
ASOm 30s\ 30
s = (—iﬁ 12275t + 750>m
90 2 450
+—A | —1(s)
Whent = 75sand ¢’ = 133.09s, 2 75 123
, S S=£¢3
— & (753) 4 2 (752) _ -
Si-1ss = —gg (75°) + 5 (75°) = 75(75) + 750 = 4500m /&)

1 5
S| 1a300s = ~50 (133.09°) + > (133.092) — 75(133.09) + 750 = 8857m  Ans.

The s—t graph is shown in Fig. b.
When ¢ = 30s,

v = 45m/s and s = 450 m.
When t = 755,

V= Vpax = 112.5m/s and s = 4500 m.

When t = 133 s,

v =0 and s = 8857 m.
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*12-96.

A projectile is given a velocity v,. Determine the angle ¢ at y
which it should be launched so that d is a maximum. The
acceleration due to gravity is g.

Yo
¢
SOLUTION /< 2 \
(:) Sy = So + Vot \/

dcosf =0 + v (cos )t

1
(+T) Sy=S0+v()l+Eac[2
) . 1 2
dsinf = 0 + v, (sin )t + E(_g)l

Thus,

d cos 0 1 (dcost \?
dsinf = vosin¢<&) — fg<&>

V) COS ¢ 27\ vy cos ¢

gd cos? 0

sinf = cosftanp — —5——
¢ 20% cos?

. 205 cos’d
d = (cosftan ¢ — sin )————
g cos 6

2

v
= cc())se (sin2¢ — 2 tan 6 cos’¢)
Require:
d(d) v} -
dp ~ gcosh [COS 2¢(2) — 2 tan 6(2 cos ¢)(—sin ‘l")] =0
g

cos2¢ + tan O sin2¢ = 0

sin 2¢
cos 2¢

tanf +1 =0
tan2¢p = —ctn 0

1
¢=5 tan"!(—ctn ) Ans.
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13-1.

The 6-1b particle is subjected to the action of
its weight and forces F; = {2i + 6j — 2tk} b, F, =
{t}i — 4tj — 1k} Ib, and F; = {—2¢i} lb, where ¢ is in
seconds. Determine the distance the ball is from the origin

2 s after being released from rest.

SOLUTION

6
SF = ma; (2i + 6j — 2tk) + (% — 4t — 1k) — 2ti — 6k = <>(axi +a,j + ak)

Equating components:

6 5 6 6
—a, = -2+ — a, = —4t + —— a. = =2t —
<32.2>ax t 2t + 2 <32'2>ay 4t + 6 <32'2>aZ 2t — 7

Since dv = a dt,integrating from v = 0,¢ = 0, yields

6 £ 6
<322>’UX = g -2+ <322>1}y = 21 + 6t

Since ds = v dt, integrating from s = 0,¢ = 0 yields

76 s _£_£+12 76 s ——E+312
322/)7° 12 3 3227 3

When t = 2sthen, s, = 14.31 ft, s, = 35.78 ft

Thus,

s = V(1431)% + (35.78)% + (—89.44)2 = 97.4 ft
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6 __2
<32.2>vz— t 7t

6 _.r
322 )¢ 3

s, = —89.44 ft

Ans.
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13-13.

The bullet of mass m is given a velocity due to gas pressure
caused by the burning of powder within the chamber of the
gun. Assuming this pressure creates a force of
F = Fysin (mt/ty) on the bullet, determine the velocity of
the bullet at any instant it is in the barrel. What is the

bullet’s maximum velocity? Also, determine the position of
the bullet in the barrel as a function of time.

SOLUTION

1
+ 2F, = ma,; Fysin (1) = ma
i~ () (%)
a=—=|(—|]sin|—
dt m to
v ‘
K t Fo )|
/ dv = /(70) sin (1) dt v = —(ﬁ) cos (1)}
0 0 m t() mTm t() 0
(o)1= (7))
v=|—|l1=cos|—
m™m 1y

Tt
Uy, OCCUTS When cos (7)) = —1l,ort = ¢,

 2Fy

Umax = m
s t Fit ¢
[ {28 -os(2)e
0 0 mTm [0
(-2 (2)]
s=|—)|t— —sm|—
mm w [0 0
()20 ()
— t——sm| —
mTm T 1y

l°2)
Il

F()7

Iy

Ans.

Ans.

Ans.
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*13-48.

A parachutist having a mass m opens his parachute from an

at-rest position at a very high altitude. If the atmospheric TFD
drag resistance is Fp = kv?, where k is a constant,
determine his velocity when he has fallen for a time ¢#. What
is his velocity when he lands on the ground? This velocity is
referred to as the terminal velocity, which is found by letting
the time of fall t — oo.

SOLUTION

+I3E =ma_; mg—kvzzm@

dt
v d t
m/mivzz/dt
o(mg—kv) 0

ﬂ/”i_,
kiJomg 5
k

I

2

eZI\/%: N k Y

mg
X v

\/Wem@ —peVE _ \/@ + v
k k

20\/22
o= "8 e -1 Ans.
k 2V +1

m,
Whent— o0 v = Tg Ans.
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