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Fig. 2.2 The unit vectors er and eθ .

L. This system is a prototypical example of a situation where a polar coordinate
system can be effectively used.

To define a cylindrical polar coordinate system { r, θ , z} , we start with a Cartesian
coordinate system { x, y, z} for the three-dimensional space E
nates, we define r, θ , and z as

r = x2 + y2, θ = tan− 1 y
x

, z

The coordinate r ≥ 0. Apart from the points { x, y, z} = { 0, 0
we can uniquely determine x, y, and z:

x = r cos(θ ) , y = r sin(θ ) , z =

Here, θ is taken to be positive in the counterclockwise direction.
If we now consider the position vector r of a point in this space, we have, as

always,
r = xEx + yEy + zEz.

We can write this position vector using cylindrical polar coordinates by substituting
for x and y in terms of r and θ :

r = r cos(θ )E + r sin(θ )E + zE .



r = r cos(θ )Ex + r sin(θ )Ey + zEz.

Before we use this representation to establish expressions for the velocity and ac-
celeration vectors, it is convenient to introduce the unit vectors

�

�
er
eθ
Ez

�

� =

�

�
cos(θ ) sin(θ ) 0
− sin(θ ) cos(θ ) 0

0 0 1

�

�

�

�
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�

�

Two of these vectors are shown in Figure 2.2.
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Fig. 2.3 The planar pendulum and the free-body diagram of the particle of mass m.

2.4.1 Kinematics

We begin by establishing some kinematical results. We note that r = Ler. Differ-
entiating with respect to t, and noting that L is constant, gives us the velocity v.
Similarly, we obtain a from v:

v = L
der

dt
= L

dθ
dt

eθ ,

a = L
d2θ
dt2 eθ + L

dθ
dt

deθ
dt

= L
d2θ
dt2 eθ − L

dθ
dt

2
er.

Alternatively, one can get these results by substituting r = L and z = 0 in the general
expressions recorded in Section 2.2. I do not recommend this approach inasmuch as
it emphasizes memorization.



2.4.2 Forces

Next, as shown in Figure 2.3, we draw a free-body diagram. There is a tension force
Ter and a normal force NEz acting on a particle. The role of the tension force is

to ensure that the distance of the particle from the origin is L and the normal force
ensures that there is no motion in the direction of Ez. These two forces are known
as constraint forces. They are indeterminate (we need to use F = ma to determine
them). One should also note that the gravitational force has the representations

−mgEy = −mgsin(θ )er − mgcos(θ )eθ .




