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1 —Vyx (—szj Myz,xx [sz,xx} M xy,xx
Exy =| — |Oxx +| —— oW + o, + Ty, + Ty + Ty (4.9a)
[Exxj ( Eyy J Y E, Gy, Y Gy, Gy g

i 1 —v n n n
Eyy = {_xy]o_xx +—— oy +£—Zyjazz 4| 22Y Tyz +( 75y ]TXZ 4| =LY Tyy (4.9b)
E xx Eyy Ez Gy, Gy, Gyy
- -V 1 n n
E47 =( Vxz jo'xx + y Oyy +(—jazz 4| DB Tyz +[77XZ’ZZ JTXZ 4| 2 Tyy (4-90)
E xx Eyy Ez Gy, Gy, Gyy

Mxx,yz yy,yz N22,y2 1 ]Tyz +[,sz,yz Hxy.yz. Tyy (4.9d)
G G
Xz Xy

Vxz = Oxx T Ot Tyxz T

n 2 y2i
1 xx,xz VY, XZ 1122, xz yZ,XZ }'yz +( 1 XY, XZ (4.98)
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TTxx,yz Myy,yz M72z2,yz 1 Hxz,yz Hxy,yz
XX yy 24 yz X2 Xy
T xx,xz Myy,xz M72z,x2 Hyz xz 1 Hyxy, xz
Vxz = = Oyx + - Oy + = o, + G Ty, + G Ty, + G Tyy
XX yy 7z yz Xz Xy

n n n y2 i 1
Y xy :{ XXXy ]O'xx + Y. Xy Oyy +( 22, %y JO‘ZZ + oy Tyz +[ X2, Xy JTXZ + [Ty
Eyx Eyy E,, Gyz Gy, ny
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*““ It can be shown” that the compliance matrix Sij must also
be symmetric:

] = ] > (4.8)

S21 =512

531 =513 832 =923

541 =514 Sy2 =524 543 =953 (4.7)
Ss51=19515 Ssp =825  Ss53=0535  S54 =945

S61 =916 Se2 =826 963 =536 Sea =S46  Se5 =556
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Number of material constants:

* The compliance matrix, S;, is a 4™-order tensor — 81 constants
(apparently)



Mechanical Engineering

Number of material constants:

* The compliance matrix, S;, is a 4™-order tensor — 81 constants

(apparently)

* The fact that [ ;] and [ &;] are symmetric allowed us to adopt
“contracted notation” (and therefore to adopt matrix notation):

Sijkl = Sij = — 36 constants
(apparently)
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Summary:

* “It can be shown” that the compliance matrix must also be
symmetric:

Sij = = — 21
constants

* An anisotropic material has 21 independent material constants



UNIWERSETY ar WALHINGT 0N

COLLEGE of ENGINEERING

Mechanical Engineering

*““ It can be shown” that the compliance matrix Sij must also
be symmetric:

] = ] > (4.8)

S21 =512

531 =513 832 =923

541 =514 Sy2 =524 543 =953 (4.7)
Ss51=19515 Ssp =825  Ss53=0535  S54 =945

S61 =916 Se2 =826 963 =536 Sea =S46  Se5 =556
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1 1 1
S44 -~ S55 =— S66 =—
yz Xz Xy
-V 1%
Sy =Sp=——>=—"> S31 =83 =% =2
Exx Eyy XX Ez,
-V 1% n n
yz zy XX, Yz Yz, XX
S32 =523 = = S41=S14 = =
Eyy Ez Exx GyZ
NMyy,yz ~ Tyz,yy Nzz,yz  Myz,22
S4p =S4 = = S43=S34 = =
Eyy Gy, E,, Gy,
Mxx,xz ~ Mxz,xx Nyy,xz  Txz,
S51 =355 = = Ssp = Sp5 =120 = 2 (4.11)
Exx Gy Eyy Gy,
Nzz,xz  Txz,zz Hyz.xz  Hxz,yz
Ss53 =535 = =5 Ssq =S45 = =
z Xz Gy, Gy
MTxx,xy — TMxy,xx Tyy,xy _ Mxy.yy
Se1 = S16 = = Sz =S26 = =
Exx Gyy Eyy Gyy
Nzz,xy  Mxy,zz Hyz,xy _ Hxy,yz
Se3 = S36 = = Se4 =S46 = =
Ez Gyy Gy, Gyy
Hxz,xy  Hxy,xz
Sgs =Ss6 = =

Gy, ny
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...symmetry of the compliance matrix leads to the “inverse relations”

Vxy  Vyx

Exx Eyy

Vxz _ Vax Vyi Vi

Exx Ez Eyy Ez

Txx,yz _ Tyz,xx Myy,yz _Tlyz,yy Nzz,yz  yz,2z

Exx Gyz Eyy Gyz Ez Gyz

Mxx,xz _ Txz,xx Myy,xz  Mxz,yy Nz, xz  Txz,zz Hyz,xz  Hxz,yz
E xx Gy, Eyy Gy, Ez Gy, Gyz Gy,

Mxx,xy  Mxy,xx Myy,xy  Tlxy,yy Mzz,xy  Txy,zz Hyz,xy  Hxy,yz
Exx ny EW ny Ez ny Gyz ny

(4.12)

Hxz,xy  Hxyxz

Gy, ny
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Where Cij = SijTl

Y xz

> (4.14)
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Orthotropic materials

(when referenced to the Principal Material Coordinate System)

€33

Y23

713

12

* An orthotropic material has 9 independent material constants....

] (-V31\ 0 0

\ £33 )
K-Vazx 0 0
\ £33 )

) ’L) 0 0
£33

o |

G2

|

011

022

033

723

713

712 )

(4.15)
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Orthotropic materials
(when referenced to the Principal Material Coordinate System)

- - — e

€11 S11 12 S1i3 000

0
€22 S12 Sy Sz O 0 0 [|o2n
£ S S S 0 0 0 ||o
J€33 | _ |13 523 933 ) 33 | (4.16)
}/23 0 0 0 844 0 0 T23
713 O 0 0 0 555 0| 73
k}"lzi i 0 0 0 0 0 Sﬁﬁ_ kTIZ
(o] [Ci1 Ciz Gz 0 0 0 |[gy
022 Clp Cpp Cyp3 0O 0 0 |[€22
g C C C 0 0 0 £
Jo33| _| €13 Cas Ca3 €33 4.18)
723 0 0 0 Gy 0 0 |73
Tlg 0 0 0 0 655 0 }/13
712 i 0 0 0 0 0 Cﬁﬁ_ 712
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Transversely Isotropic Materials
(when referenced to the Principal Material Coordinate System)

* A transversely isotropic material has 5 independent material constants....

'gllﬁ ~ ) . '0'11]
( 1 ] —Var | [ V21 0 0 0
Eq Ey )\ Ep )
£22 {_VLZ\‘ 1 ] "-V23\ 0 0 . 022
Eyy J\Ex) \ Exn )
£33 —Via || =Va23 1 ] 0 0 0 033
) VB J\Exn J Exn
2(1+V23)
- 0 0 0 ( i O
0 0 0 0 [L} 0
13 Giz 713
0 0 0 0 0 {L
G2 )|
712 ) (712

Eq(4.21)
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Transversely Isotropic materials
(when referenced to the Principal Material Coordinate System)

- B — T F

11 511 S12 S12 0 0 0 |lon
22| |S12 S22 523 0 0 0 ||lo2
J€33 | _[S12 S23 S22 0 0 0 ‘1533 P (4.22)
Y23 0 0 0 2(Sp-S23) 0 0 ||723
713 o 0 0 0 Se6 0 || 713
2l | 0 0 0 0 0 Sﬁﬁ_ | 712 |
011 [Cn1 Cia Opz 0 0 0 |[e
02| |Gz Cpp Cp3 0 0 0 |lex
Jo33| _[C12 €3 Cm 0 0 0 lless| 4.23)
753 0 0 0 (Cp-Cy;)/2 0 0 |[r3
713 0 0 0 0 Cse 0 Y13
(712 ] | 0 0 0 0 0 Cﬁﬁ_ 12 )
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Hooke’s Law: Anisotropic Materials
(including Orthotropic and Transversely Isotropic materials,
when referenced to a non-principal coordinate system)

e 3 — qr 3 e 3

Exx | [S11 S12 S13 Si4 S15 Si6 ||Txx A yx Bxx
Eyy| |S21 S22 S23 Saa S5 Soe ||Oyy Ayy Byy
[z | _|S31 S:a Ss3 Saa Sss Syel|om| g)m |\ 1Pz (4.30)
Yyz S41 San Sa3 Sas Sus Sue || Tyz Ay; By
Yxe| |Ss1 Sso Ss3 Ssa Sss Ss || Tx Axg Pz
xy] LS61 Se2 Se3 Sea S5 Se6 | Txy yy | Bxy

ox| [Ci1 Cip Ci3 Cia Cys Cpg |[6xx —ATayxx —AMByy )
Oy | |Ca1 Caa Coz Cos Cos Cop||€yy —ATayy —AMSy,
Jou|_|C31 €3 Cx Caq Css Cag || €22~ ATaz ~AMfy | wan
Tyz | |C41 Cao Cu3 Cyq Cys Cye||7yz —~ATay, —AMSy,
oxz | |Cs1 Csy Cs3 Css4 Css Csg || 7Vxz —ATay —AMBy,

Ce1 Co2 Co3 Cos Ces Cop || 7xy ~ATaxy —AMByy |
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Hooke’s Law: Orthotropic Materials
(when referenced to the Principal Material Coordinate System)
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€| |S12 S Sz 0 0 0 jloxn an) B

fesl (P13 S S 00 0 Ooss | el yylfsl g
723 0 0 0 Syu O 0 || 723 0 0

713 0 0 0 0 Ss5 O 713 0 0

712) | O 0 0 0 0 S66_\712, | 0 | 0 |

(&11 —ATay —AMBy |
gxp —ATayy —AMpBy)

0
092 Cip Cxp Gy 0 0
O 6‘33 —AT0533 —AMﬂ33
0

0
0
o331 [Ci3 Ca3 C33 0 0 J > 433)
23 0 0 0 Cy4 O Y23

713 0 0 0 0 Cs5 O 713
| 712 0 0 0 0 0 Cege |l 712




HHW‘EI..ET\'u:'I'.A!

HINGT ol

COLLEGE of ENGINEERING

ey
€22
€33
V23
V13
V12

022
033
723
3

O11

Mechanical Engineering

Hooke’s Law: Transversely Isotropic Materials
(when referenced to the Principal Material Coordinate System)

(S11 S12 Sz
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Si2 S23 Sy
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