UNIVERSITY aF WASHNGTON
COLLEGE of ENGINEERING

Mechanical Engineering

ME450

Topics Covered During Quarter

* Reading Assignments: Chapters 1 through 7

- Invariant analyses will not be covered on final

exam (section 5.3 and 6.10)
- Final exam will be comprehensive, but
- Will focus on topics discussed since the midterm

- Final exam format (nominal times):
- Multiple choice portion administered via Catalyst

system from 12:30pm-1:20pm Friday 9 March
- Written problems sent via e-mail at 5pm Friday 9 March ,

upload solutions to Canvas dropbox by 5pm Saturday 10
March
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Topics Covered During Quarter

* Chapter 1: Introduction
3 classes of composites: PMCs, MMCs, CMCs

* Polymers: basic concepts (molecular structures,
thermoplastic vs thermosets, T, etc)

« Advanced Fibers:
» Major types (glass, aramid, carbon, UHDPE)
« Commercial forms (discontinuous, roving, woven, braided, prepreg)

« Manufacturing
° “Dry” VS “Wet”
* Hand layup, filament winding, automated tape laying, automated

fiber placement, resin infusion, autoclaves, chopped fiber sprayup,
compression molding, injection molding, pultrusion, ....
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Topics Covered During Quarter

« Chapter 2: Review of Force Stress and Strain Tensors
 Force, stress, and strain tensors

* 3-D transformation of a tensor: direction cosines, C

T
F}' — Cl" F] O'l-vjv = Cl-kajle'kl [gi'j'] = [Cl-vj][gl-j][cl-vj]
 Stress or strain transformation within a plane:
(ooa] | cos(@) sin2(@)  2cos(@)sin(@) |[o,
loyyt=| sin*(@) cos’(d)  —2cos(@)sin(d) Lo, ¢
Ty | | —cos(@)sin(d) cos(@)sin(d) cos”(6)-sin*(6) Ty
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Topics Covered During Quarter

» Chapter 3: Material Properties

* Elastic properties measured during
- uniaxial stress tests (Young’'s modulus, Poisson ratios,

coefficients of mutual influence 2" kind) — 18 properties

- pure shear tests (Shear modulus, Chentsov coefficients,
coefficients of mutual influence 2" kind) — 18 properties

« Coefficients of thermal and moisture expansion («’s and f’s)

* Principal material coordinate system (u’s, 17’s = 0)
* Failure strengths measured in principal material coordinate

system



Mechanical Engineering

ME450

Topics Covered During Quarter
» Chapter 4: Elastic Response of Anisotropic Materials
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Mechanical Engineering

ME450

Topics Covered During Quarter
» Chapter 4: Elastic Response of Anisotropic Materials

ox| [C1 Cia Ci3 Ciy G5 Cig || 6 — ATt —AMPByy
Ty | |Ca1 Cpp Cp3 Cyy Cos Cog ||€yy —ATay, —AMS,,
Oz|_|Ca1 Cxn C33 Cay (35 Cyp|) &z ~ATaz —AMP;
Tyz | |Ca1 Cay Caz Cyq Cys Cyg ||Vyz ATy, —AMp,,
Txz Cs1 Csp Cs3 Csq4 Css5 Csg || Vx —ATay, —AMp,,
7w [Ce1 Cer Ce3 Cos Cos Cep || Vxy ~ATay, —AMp,, |
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Topics Covered During Quarter

« Chapter 4: Elastic Response of Anisotropic Materials
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Topics Covered During Quarter

« Chapter 4: Elastic Response of Anisotropic Materials
In Principal Material Coordinate System

o] [Ci1 G Ci3 0 0 0 [[&)-ATay —AMp); |
o| |Ci2 Cxn Cp3 0 0 0 |lexn—ATay —AMpy
Jos3|_[Ci3 C3 Gz 0 0 0 jess—ATazs —AMpBs3 |
793 0 0 0 Cy 0 0 723
713 0 0 0 0 Cs4 0 713
r2) L0000 0 Cg | 712
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Topics Covered During Quarter

» Chapter 5: Unidirectional Composite Laminates Subject
to Plane Stress:

ASSUMINg o ,, =7y, =7,, =0:

— —_ e A

Oxx Txy 0

q

XX

Ty Oy 0] —> 10y ¢
0 0O O Ty

— - L y)
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Sec 5.1: Unidirectional composites referenced to principal
material coordinate system
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Mechanical Engineering

Sec 5.1: Unidirectional composites referenced to principal
material coordinate system g

521 =812 = =

Eyp o En B
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Se6 =——
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Mechanical Engineering

Sec 5.2: Unidirectional composites referenced to an

arbitrary coordinate system ]

«Starting with Hooke’s law in the 1-2 T‘_L|
coordinate system: S ‘—‘ l—’
eho =[Sloh, +ATia} , +aM i)

...we rotated to an arbitrary x-y coordinate system, ”@%

oriented #degs from the 1-2 coordinate system:

{g}x,y - [§][O-]x,y +AT{a}x,y +AM{,B}x,y 51, 5 \\\ r_ﬂ'
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Sec 5.2: Unidirectional composites referenced to an
arbitrary coordinate system H@ )

( A h— -_ =]
S11 812 S16 O xx  xx :Bxx

S, =] S12 §22 526 <0'yy>+AT<ayy>+AM4,[)’yy>

516 526 S66_ Ty ) \axy) \'Bxy)

£33 = &5, = 813011 + 823097 + ATazy + AM 33
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Mechanical Engineering

Sec 5.2: Unidirectional composites referenced to an
arbitrary coordinate system

S11 = S;;€05% 6+ (251 + Sgg) 05> Osin? @ + S5, sin* @

Sy =Sy = 4 . 4 2 4.2

12 =521 =S17(cos” @+sin” @)+ (S + 577 — Sgg)cos” @sin” &

S16 =S61 = (251; =255 — Seg)c0s> 5O — (2555 — 25;5 — Sgg ) cosOsin’ &
r .4 2 a2 4

S22 =Syysin” @+ (2517 + Sgg)cos” @sin” € + 5,5 cos” 6

S26 = S62 = (28] — 2515 — Sgg)c0s@sin> 6 — (255, — 25,5 — Ses)cos® Hsind

S66 =2(25)1 + 2577 — 4S5 — Seg) 05~ Osin” 6 + Seg(cos” 6 +sin’ )

Equations (5.22)
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Sec 5.2: Unidirectional composites referenced to an
arbitrary coordinate system

Uy = O cos” (0)+ar sin’ (0)

@y, = a1 8in>(0) + ayy cos’(6) (5.25)

Yy
Ay, = 2c08(0)sin(0)(a11 —ap3)
Brx = Bi1cos’(0) + Py sin”(6)

B,y = Bi1sin*(0) + By cos*(6) (5.28)

/Bxy = 2cos(0) Sin(e)(ﬁl 1~ ﬁ22)
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Sec 5.2: Unidirectional composites referenced to an

arbitrary coordinate system

* Similarly:

1o, =0Re-ATa - AMBY, ,
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Sec 5.2: Unidirectional composites referenced to an
arbitrary coordinate system

» Similarly: HCEW,AM)
{O-}x,y:[g]{g_ATa_AMIB}x,y +y WT‘\\\b

[Q]: [ETI - QIZ 522 §26
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Sec 5.2: Unidirectional composites referenced to an
arbitrary coordinate system

0,1 =0p1¢08" +2(0;, +204s)c0s” Osin” @ + 0y, sin* @

015 =051 = O12(cos™ @ +sin? 0) + (0] + 0y7 —4066) cos” Osin” 6

016 =061 = (011 — 015 —204) c0s” Bsin @ — (0, — 01 — 206 ) cosOsin” 6
522 =011 sin @ + 2001, + 2Q6,5)c:352 @sin’ 6 + 05> cos* 6

055 =02 = (011 — O12 — 2066 ) c0s Osin” 6 — (023 — 015 —20¢s) cos™ O sin 6

Og6 = (011 + 01y —2015 —206s)cos” Osin” 6 + Qg (cos” @ +sin* )

Equations (5.31)



* Hooke's Law for Composites Referenced

to an Arbitrary x-y-z Coordinate System

(Plane Stress) A \\\ %

Exx S11 812 516 || Oy oy Dex
1€y (= S12 S22 So6 <Jyy>+AT<ayy$+AM<ﬂyy>
Ty |S16 526 566 || Txy Xy | By |

£33 = &,, = 813011 + 82309 + AT a3y + AM 33



* Effective properties determined by
applying the “normal” definition. \\\
* For example, if only o, applied:

Evx Si1 S12 Si6 |[0y]  [S1104

~N

€ r=|S12 S22 Sy 0 r=1S5120

Vx| |S16 526 Se6 |l O ] [S160x
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Sec 5.4: Effective properties of unidirectional laminates

» Similarly:
E B Lo —_512 _ §26
WS, xS, W TS,
W S TG WY TG



Mechanical Engineering

Sec 5.5, 5.6: Macroscopic Failure Theories

* Dozens of failure theories have been proposed...none are
universally accepted

*Three common failure criterion described in textbook:
*Maximum stress failure criterion
*Tsai-Hill failure criterion
*Tsai-Wu failure criterion
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Maximum Stress Failure Criterion
(Plane stress form)

e Failure does not occur if:

/C JT

(and) Ly <

C ! \
_1*0'{2 <O0» <O'£ 5 ‘o}y \\\\\_03;
(and) o & e

Tey
‘712‘<le; " laxx
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Tsai-Hill Failure Criterion
(Plane stress form)

* Failure does not occur if:

+1
(011)2 N (022)2
birf S “
+ (712)2 _ Su%» B
(TIJ;)Z (o-lflT)Z Tl ™
+2

-
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Tsai-Wu Failure Criterion
(Plane stress form)

e Failure does not occur if:

A
2 +] +6
X011+ Xp09y + X107 s o
2 2
+ X9r05) + XgaTin +2X 12071109, <1 Ty <

RN
5T % x\\\'v_f

+2
Oxx
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Mechanical Engineering

Macroscopic Failure Theories: Comparisons
Off-axis Gr/Ep specimen subject to uniaxial stress
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Mechanical Engineering

Macroscopic Failure Theories: Comparisons
Off-axis Gr/Ep specimen subjected to pure shear stress

150

100 - SRS
> Z s Max Stress 70 e
_ +17
e e N P Tsai-Hill
= = =Tsai-Wu — Ty
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Chapter 6: Thermomechanical Behavior of

Multiangle Composite Laminates
(CLT = Classical Lamination Theory)

DL
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Defining Ply Interface Positions

Ply #1
: /Ply#z
T o - - - - =
wl,| ToTiTiTiTiTiTie YR
EEE’*T Laminat
e — dminate
. + +x
t T T T 0T T T T Midplane >
A T T T T T D I s plv#ma
T CoCiCiIr IS R
' ' \P]y#(n—l)
Ply #n
+z
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Describing Stacking Sequences
0

45'3; Laminate
20— Midplane

e P
9(° [0/45/-20/90]

Laminate
Midplane

[0/+45/90]

45 o Laminate
100—— Midplane

-60°
33@_/ [0/30/-60/10/45];
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Describing Stacking Sequences

20°

-30°
_ 3(}0\
20° |
[ — Laminate
Midplane

o_—
20 —

30° /

-30
20°

[(20/-30)/0]s

""‘-..__1_ -
o Laminate
V'— Midplane

[(20/-30),/0];



Mechanical Engineering :

Kirchhoff Hypothesis
“a straight line which is initially perpendicular to the midplane
of a thin plate remains straight and perpendicular to the
midplane after deformation”

* Ultimately allows us to calculate the strain at any
through-thickness position z:

oy () ()
[0
gxx gxx Kxx
_ (0]
<8yy >—<8yy >+ Z< K'yy >
[0
Yol o) (Ko

where :
Eves E;y 4 )(Zy = midplane strains

K

K yy o Kxy

XX 9 = midplane curvatures
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Mechanical Engineering

Ply Strains

« Strains at ply interfaces are usually of greatest interest:

- N ( A ( )
(0]
‘9xx ‘9xx Kxx
_ o
<€yy >—<6‘yy >+ 29 Kyy ;
o
\7/ny \yxy) \ny) Ply #1
,//PW#Z
[ ]
I / Ply #3
Wl T ZUTUIUII I T e
zzzll-
3 .
Seooosoguonoos MRy
f Midplane
7 Zn-1 e e e P
VT CToToTrdnInInInIR TvEm)

N |
! y # (n-1)
‘R“PW#n
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Mechanical Engineering

Ply Stresses
* Ply stresses can be calculated using Hooke's law:

i JU y Ply #1

: ;fKPW#Z
I

wl,| TozoTizizizinzaTize P

222311 -
—— e Laminate Fx
i T T T T T T T Midplane
7 Zn-1 e e e P
VT CToToTrdnInInInIR TvEm)

N |
! y # (n-1)
‘R“PW#n




Mechanical Engineering

Laminate Loading

 Loads considered are restricted to those that lead to
plane stress conditions...two types:
» Stress resultants, N, N, ,and N,,....units = force/length

xx> 2y o




Mechanical Engineering

Laminate Loading

* Loads considered are restricted to those that lead to
plane stress conditions...two types:

* Moment resultants, M,,, M, , and M,,....units = force-length/length
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Mechanical Engineering

Laminate Loading

|t can be shown:

tl2
N, = _[Gxx dz
—t/2

* Hooke’s law:

( A - - -

O xx Q]] Q12 Q16 Exx _ATaxx _AM:Bxx
kay ) Q16 Q26 Q66 7/xy _ATaxy _AM:Bxy )

\

~

 Substituting for o and integrating in piece-wise fashion:

0 0 0 T M
Nyx = Allgxx + A12‘9yy +A167/xy + B 1K xx +Bl2Kyy +Bl6ny = Nyx =Ny
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Laminate Loading

 Where:

Ay = {@11)1[21 —Zol+(§11)2[22 —21]+(§11)3[Z3 _22]+“"+(Q11)n[2n _Zn—ll}
Ay = {(512)1[21 —ZO]+(§12)2[22 —z1]+ @12)3 [z5 —22]+....+(§
A6 = {@16)1[21 _ZO]+(§16)2[22 —z1]+ 616)3 [z3 —22]+----+(§16)n [z, _Zn—ll}

n (— — _
T
Ny =AT ), {[Qllaxx +01pa), + 0160y ]k 24 — 24 ]}
k=1

NN El{[éuﬁxx #0138y + Or6Buy | o4 ~ 241 )
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Laminate Loading

|t can be shown:

t12
M. = Iaxx zdz
—t/2

* Hooke’s law:

( A - - -

O xx Q]] Q12 Q16 Exx _ATaxx _AM:Bxx
kay ) Q16 Q26 Q66 7/xy _ATaxy _AM:Bxy )

\

~

 Substituting for o and integrating in piece-wise fashion:

o

T M
yy +D16ny_Mxx_Mxx

0 0
My = B84y + Bpp€ +Bl67/xy + Dy 1Ky + Dok

Yy
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Laminate Loading

By, =%{(§11)1[212 —z§]+(§11)2[z§ —212]+(§11)3[Z§ —Z%]+----+(§11)n[2;% _25—1]}
By, =%{(§12)1 [z2 —z§]+(§12)2 (25 —zf]+(§12)3 (23 —z§]+....+(§12)n [z2 —z,f_l]}

Bis =016 ) 122 - 2214016 ), 123 2214 (01 L 122 — 2214 et (04 ), 122 — 2211}

r _AT &[5 ] [2 2 ]}
M 7 Z{[Qllaxx"‘leayy"'Qmaxy —Zp_
k=1

MM —M}ﬁl{[@11ﬁxx+Q12ﬁyy+Ql6ﬂxy] [ B



Mechanical Engineering

Laminate Loading

* Process repeated for all stress and moment resultants, finally
resulting in:

) . ~ _ e T 2 - M 2
0]
N xx Ay A A Bt Bia Bie || €xx N xx Ny

T M
Ny | |Aia Ay Ays Bia By By |leyy| | N | [N
; T M

J N | _| 416 A6 Ass Bis Bas Beo <7/xy¥_<ny>_<ny>

xx By, By Big Dy Dip Digllx, | |ML| |mM¥
T M
My, | | My,
May] 1B B Bes Dic D Deollny| ML | (MM
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Laminate Loading

* [nverting:

o | T NN, +NL 4 NM
T M

Nyy + Ny + Ny
T M

¥y a6 azs de6 be1 Den  beg || Nyy + Ny + Ny,
T M

o bi1 by ber diy dip dig || M +M + M
K biy byy bgy dip dy drg Myy+M§y+M%

b b b dig d d T M
Kxy) L 16 26 66 16 26 66—\Mxy+Mxy+Mxy)
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Simplifications Due to Stacking Sequence

* Various terms within the [4BD] and [abd] matrices are always
zero for certain stacking sequences (see Section 6.7)

* The most important simplification occurs for symmetric
laminates...in this case:

(Nxx | _All Ay A 0 0 0 ggx NJ]C;C NJ]C\J{
0 T M
Ny | |42 Ap A 0 0 0 Jley | [Ny, | [Ny,
N 0 T M
) Aig A Aes 0 0 0 Jny’>—%NxJ’>—4ny .
M, 0 0 0 Dy D Digllxy 0 0
Myy 0 0 0 D12 D22 D26 K'yy 0 0
\Mxy i 0 0 0 D16 D26 D66 - \ny L 0 J L 0 J




Mechanical Engineering

Simplifications Due to Stacking Sequence

* Various terms within the [4BD] and [abd] matrices are always
zero for certain stacking sequences (see Section 6.7)

* The most important simplification occurs for symmetric

laminates...in this case:

ary
a2
die

a2
LK)
a6

16
a6

466
0

0
0

( T M

N.xx + Nxx + Nxx

T M

Ny + Ny + Ny,

T M

NW+NW+NW
Mxx

Myy

\ Mxy
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Effective Laminate Properties

 Effective elastic properties of a laminate can be
determined by applying the “normal” definitions:

» Extensional (in-plane):

—ex 1 —ex —a —ex a
e _ v 12 . _ 416
V XXy XY

laj ary 11
—ex 1 —ex —dyy —ex ar6
Eyy = Vx = Tyyxy =

lay) ann any
p 1 — ae — are
Gy = Txyox =7 Mlay,yy =7

la g6 A g6 A6



Mechanical Engineering

Effective Laminate Properties

» Effective elastic properties of a laminate can be
determined by applying the “normal” definitions

* Flexural (bending):

=M 12 - —dpp —/l di
Exx = Vxy =—/ n e
l3d1 1 dl 1 L dl 1
=M1 12 A _—dp S dye
Eyy = Vyx = n -
t3 d22 d22 P d22
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Mechanical Engineering

Program CLT

* Most of the topics included in this review are implemented
in the program CLT (Classical Lamination Theory)
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Chapter 7: Failure of Multiangle Laminates

Last-ply failure

(0° plies fail)
'y . .
Failure of L of O plies
+45° plies \ mina“"“s’ g?ﬁttm%
a

- ?oﬂﬁ and O
15 First-ply failure /
§ (90° plies fail)
=

Axial Strain, g,
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First-ply Failure Loads and/or First-ply Failure
Envelopes can be Predicted Using Program LAMFAIL

600 - .
----- Max Stress Failure Criterion
400 Tsai-Hill Failure Criterion
— — Tsai-Wu Failure Criterion ,7
)
2 N,
~
g 200 -
=
=
7
= o
S T S R S A

S -200 - SRR RIS
=
5
o, -400 -
95
5]
L
-~ i
o -600

-800 -

-1,000 T T T T T T

-1,000 -800 -600 -400 -200 O 200 400 600
Stress Resultant V.., (kN/m)
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Environmental Effects Dramatically Affect Predicted
First-ply Failure Loads

600
AT=AM=0
/7] T T =9
~ 7 \ Ne
S
S 200 - Z |
= J/ARECE IS BRI
= S
= 0 i |
g d
]
= '\ 7
g 2200 - ‘
%
A AT=-155C; AM =0
8 -400 -
N
-600 -
-800 . ! | : :

-800 -600 -400 -200 0 200 400 600
Stress Resultant N, . (kN/m)
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Last-Ply Failure Loads Can be Predicted Using the Ply-
Discount Scheme (Program LAMFAIL)

450 -
0° plies fail

400 - (last-ply failure)—__

(98]
DN
(e

60° plies fail
(first-ply failure) Predicted stress-strain

curve for a [0/30/60];
laminate

()
S
S

\®]
(9]
(e

\®)
S
S

30° plies fail

—_
(9]
e}

Effective Axial Stress (MPa)
=
()

()]
(e
L

e

0 1000 2000 3000 4000 5000 6000
Axial Strain (um/m)
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Stress element at
interior regions

3-D Stress-State Exists
Near a Free-edge and
Complicate Failure
Predictions

(see Section 6.13)

Stress element
near free edge
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Mechanical Engineering

3-D Stress-State Exists Near a Free-edge and
Complicate Failure Predictions (see Section 6.13)

3.5

3

Normalized stress (psi)
—_ N
—_ W [\ W

o
W

e

O/ €y
T,/ Er
xy! ©xx :
——————————————————— \\
N
¥
0 0.25 0.5 0.75

Normalized in-plane position, y/b

Normalized stress (psi)

0.35

0.3

o
N
X

o
bo

.
[E—
()]

e
p—

(Typical results for a [45/-45] laminate subject to uniaxial loading)

! exx
I’
N
/" /
! Z'yz Exx
_‘-_—‘T—— m < ’I —\
0.25 0.5 0.75

Normalized in-plane position, y/b




Good luck on all your finals,
and have a great spring break!



