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A quadratic nonlinear generalization of the linear Rotta model for the slow pressure-strain
correlation of turbulence is developed for high Reynolds number flows. The model is shown to
satisfy realizability and to give rise to no stable nonzero equilibrium solutions for the
anisotropy tensor in the case of vanishing mean velocity gradients. In order for any model to
predict a return to isotropy for all relaxational flows, it is necessary to ensure that there is no
nonzero stable fixed point that attracts realizable initial conditions. Both the phase space
dynamics and the temporal behavior of the model are examined and compared against
experimental data for the return to isotropy problem. It is demonstrated that the quadratic
model successfully captures the experimental trends which clearly exhibit nonlinear behavior.
Comparisons are also made with the predictions of the linear Rotta model, the quasilinear
Lumley model, and the nonlinear model of Shih, Mansour, and Moin. The simple quadratic
model proposed in this study does better than the Rotta model as anticipated, and also
compares quite favorably with the other more complicated nonlinear models.

I. INTRODUCTION

The return to isotropy problem in turbulence has served
as a cornerstone for the calibration of models for the slow
pressure-strain correlation. The slow pressure-strain corre-
lation is the part of the pressure-strain term that is indepen-
dent of the mean velocity gradients. It is experimentally ob-
served that an initially anisotropic, homogeneous turbulence
produced by the application of constant mean velocity gradi-
ents undergoes a relaxation to a state of isotropy when the
mean velocity gradients are removed. Rotta' was the first to
develop a turbulence model for the slow pressure-strain cor-
relation which captured the return to isotropy behavior
within the framework of second-order closure models.
While the model (which is linear in the anisotropy tensor)
performs reasonably well for small initial anisotropies, it can
give rise to considerable errors for more general turbulent
flows undergoing a relaxation from an initial state that is
strongly anisotropic. This was pointed out by Lumley,? who
emphasized the need to incorporate nonlinear effects and
developed a general nonlinear representation for the slow
pressure-strain correlation based on invariant tensor repre-
sentation theory. Subsequent experiments (see Gence and
Mathieu® and Choi and Lumley®) have unequivocally con-
firmed the nonlinear nature of the return to isotropy prob-
lem.

In this paper, a quadratic model for the slow pressure-
strain correlation, which contains only one independent
constant, will be derived and calibrated. It will be demon-
strated that this simple nonlinear model provides for a better
description of the return to isotropy problem at high Reyn-
olds numbers than either the linear Rotta model,' the quasi-
linear model*® of Lumley (where nonlinearity is introduced
through the invariants of the anisotropy tensor), and the
nonlinear model of Shih, Mansour, and Moin.® In addition
to doing a fairly good job in matching the results of four
independent sets of experimental data, the quadratic model
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will be shown to satisfy realizability and to possess no stable
nonzero fixed points in the anisotropy invariant map for re-
laxational turbulent flows. The latter constraint, which ap-
pears to have been overlooked in the previous literature on
the subject, is a crucial constraint that nonlinear models
must satisfy in order to ensure the return to isotropy for all
relaxational turbulent flows. The mathematical properties
and dynamical performance of the proposed model will be
discussed in detail.

Il. FORMULATION OF THE PROBLEM
In conventional, second-order turbulence modeling,

transport equations for the Reynolds stress tensor u,u; and
dissipation rate € are solved in addition to the Reynolds aver-
aged Navier—Stokes equations for the mean velocity U,. The
exact transport equation for the Reynolds stress is

9, wiu; + U () =Py — Ty — Dy + 1

i g
(n
where
Py = — Ul t]j,k — WU vx‘,k s
Ty = uuu, + (1/p)( E‘Sjk + 1715;1()
—v{ u; ) s
D;=2vu,u,,
H,,=(1/P) P(uij+uj.i)’ (2)

given that u; is the fluctuating velocity, p is the fluctuating
pressure, p is the mass density, and v is the kinematic viscos-
ity. In (1), P; is the production, T, is the diffusive trans-
port, D; is the dissipation rate tensor, II,; is the pressure-
strain correlation, an overbar represents an ensemble mean,

and a comma denotes a partial derivative with respect to the
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spatial coordinates. A transport equation is also usually car-
ried for the dissipation rate €, which is defined as follows

€E=Vu ;. (3)

The typical approach to modeling the unknown correlations
Ty, D, and I1; in (1) is to express them as functions of the

Reynolds stress tensor u,u;, the gradients of the Reynolds

J ’
stress tensor ( m) ks the mean velocity gradients U, j» the
dissipation rate €, and the kinematic viscosity v at lower
turbulence Reynolds numbers.
At high Reynolds numbers, the dissipation rate tensor is

nearly isotropic so that we can set

The quantity I1; can be decomposed into a slow pressure-
strain term H,-sj which is independent of U, ; and a rapid term
IT}, which is linear in U, - The dependence of the slow pres-
sure-strain correlation IT on u;u; and € can be studied in
isolation by considering the return to isotropy problem. The
return to isotropy problem refers to the flow wherein homo-
geneous, anisotropic turbulence produced by mean velocity
gradients is observed to relax toward isotropy when the
mean velocity gradients are removed. This return to isotropy
problem is an idealized case, but it is important nevertheless
because it serves to extract and calibrate a part of the general
functional dependence of II; for more complex turbulent
flows.

Equation (1) for the Reynolds stress tensor simplifies
considerably for the return to isotropy of homogeneous tur-
bulence since U, ; and T, , are identically zero, and D; may
be assumed to be isotropic at high turbulence Reynolds
numbers. The simplified form of (1) is written as follows:

u,.uj =TI — 3¢b;, (5)

where we have made use of the fact that the rapid part of the
pressure-strain correlation vanishes for vanishing U,,.
The anisotropy tensor b, is defined by

I'J,.j = wu, /¢ —16;, (6)
where
= uu; . €

The matrix associated with the anisotropy tensor is denoted
by b. Using (5) and its contraction, the following evolution
equation for b; is obtained:

b,.j =IL/¢ + 2(e/q")by; . (8)
If we define a dimensionless tensor ®; by
II,.S,. = —€d;, 9

(8) can be rewritten as follows:
by = — (e/¢*) (P, —2b;) . (10)

Equation (10) must be solved along with evolution equa-
tions for ¢°> and €. For the return to isotropy problem, the
exact transport equation for g° and the standard model equa-
tion for € are as follows:

@ = —2e,

11
é= —2C,(¥/¢%), (n
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where C,, is a constant that assumes a value of approximate-
ly 1.90.

The important variables in this homogeneous, high
Reynolds number flow are b, ¢°, and €. Lumley” gave the
general tensorial form of the function D, (b g%€), which
can be written as follows:

@, = a,(I1,,I11, )b, + a,(11,,I11,)
X [buby; — (11,/3)8,] . (12)

In (12), @, and a, are general functions of the invariants
H, = by by; and 111, = b, b,;b;. It should be noted that II,
and III, denote the traces of b? and b respectively, and
differ from the principal invariants (II, III) of b by constant
multiplicative factors since b is traceless. On substituting the
model of ®; from (12) into (10), we obtain

by = — (e/¢){[a,(IL,,II1,) — 2]b;
+ ay(IL,, 110, ) [ by by — (I1,/3)8,1} . (13)

A prescription of the functions a,(II,,III,) and
a,(11,,I11,) is now required to close (13). The approach
that is most widely used in practice is the linear model pro-
posed by Rotta' in which a,(I1,,III, ) is assumed to be a
constant and a, (II,,I11,) is assumed to be zero. The com-
menly used second-order closure model of Launder, Reece,
and Rodi’ is based on the Rotta model, where

a,(IIb,IIIb) = C|:3.0 s
ay(11,,111,) = 0.

Lumley and Newman® and Lumley” have pointed out that
experimental data does not support the linedr model of
Rotta. The problem with the linear model is twofold: (a) its
prediction that each component of the anisotropy tensor de-
cays at the same rate; and (b) its prediction that this decay
rate is independent of the initial state of anisotropy. These
predictions can be seen mathematically in the closed form
solution of the return to isotropy problem for the Rotta mod-
el, given by

by = by(0)[142(C, — 1) (&p/gi)e] ™",
(15)

(14)

In contradiction to (15), experiments indicate that the rate
of the return to isotropy decreases with increasing values of
the third invariant III,, and that different components of the
anisotropy tensor relax to zero at different rates. These are
effects that are decidedly nonlinear.

In order to incorporate nonlinear effects, Lumley? de-
veloped a model within the framework of (12), and also
allowed the coefficients &, and a, to additionally depend on
the turbulence Reynolds number Re, = g*/9¢v. This quasi-
linear model of Lumley? is as follows:

a, (11, 111, Re, )

=2_0+_}jexp( ~1.77 )( 72

9 JRe, JRe,

+80.11nf1 +62.4( — I + 2.3III)]) ,

(16)

az(IIb,IIIb,Re,) = 0 s
where
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F=1+91II + 27111,
N= —11,/2, MI=II,/3.

Here, we refer to this model as being quasilinear since there
is no tensorial nonlinearity, that is,

®, = a,(IL,111,,Re,)b; . (18)

It will be shown later that while this model does correctly
mimic some of the nonlinear effects associated with the re-
turn to isotropy (see Shih and Lumley®) it yields an incor-
rect representation of the problem in phase space.

Shih, Mansour, and Moin have recently proposed a non-
linear model for @ ;, hereafter referred to as the SMM mod-
el, which is as follows®:

@, (11,111, Re, )

0.85 _
=20+ F9 exp( .7 )

JRe,

X( 72 L 80.11n[1+62.4(— I+ 2.3111)])
Re,

(17)

_2(1— F°'°5)(% " 211) ,

a,(II,,I1I, ,Re,) = — 2(1 — F°%) (19)

where F, 11, and III are as defined previously in (17). We
will show later that the SMM model yields predictions for
the return to isotropy experiments, which are nearly identi-
cal to those of the Lumley model. In the following sections, a
quadratic model will be developed, tested against experi-
mental data, and shown to capture the essence of the nonlin-
earity in phase space.

lll. THE QUADRATIC NONLINEAR MODEL

We will now develop a quadratic model, which is a spe-

cial case of (12). Since each component energy u,u,
(where Greek indices indicate no summation ) is bounded by

(20)

it is a simple matter to show from (6) that each principal
value of b; (denoted by b (@)y lies in the range

0< u u, <q°,

—i<bh 3. (21)
Consequently, the principal values of b;; are less than unity,
and it is possible that a lower-order Taylor expansion of
®,; (b;) around the isotropic state of b; =0 can yield an
adequate approximation. Carrying out such a Taylor expan-
sion around b, = 0, while constraining ®; to be of zero

trace, gives
@ =Cb— G[b* — (IL,/II]

+ G[b® — (IM,/3)I] + -, (22)
where C,,C,,C.,..., are constants. In (22) we use coordinate-
free notation, that is, we denote ®,,b;, and §; by the asso-
ciated matrices @, b, and L. Using the Cayley—-Hamilton
theorem to express b> and higher powers of b in terms of
I1,,I11,, b, and b? reduces (22) to (12), where a, (11,,111,)
and a, (II,,I11, ) are polynomial functions of II, and III, of
infinite degree.
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The model of ®; that we propose in this paper is a qua-
dratic truncation of (22), and is given by

®, = C,b; — Cy[byby; — (1L,/3)8;] (23)

where C, and C, are constants. Such a quadratic model is
attractive because it is the simplest nonlinear model for ®;
[of course a linear truncation of (22), which leads to Rotta’s
model, would be even more simple but, unfortunately, is in
conflict with experimental data]. Furthermore, since for
most problems of engineering interest the magnitude of b;
tends to be less than , there is a good chance for a quadratic
model to yield an acceptable approximation for a variety of
flows.

At this point, we will derive the evolution equations de-
termining the phase space dynamics for the return to iso-
tropy problem. It is useful to introduce the transformed time
variable 7 defined by

dr = (e/¢*)dt, (24)

in order to free the formulation of the problem from any
explicit dependence on € and ¢°. Using the system of equa-
tions (11) to solve for g*(¢) and €(¢), and integrating (24),
we obtain the following explicit relationship between 7and ¢:

7=[1/2(C, — 1)]In[1+2(C, — 1) (e/q5)1 ] .
(25)

Using (24), the transport equation (13) for b; can then be
rewritten as
db

e [(“n(llb,lnb) —2)by + a(IL,,111,)

x(bikbkj —%61)] (26)
which is clearly independent of ¢* and €.

We now show that the phase space for (26) is two di-
mensional. Let the principal axes of b, at 7 = Obe {x,,x,,x3}
and the corresponding eigenvalues of b; be denoted by b,
b,,, and b;;. The off-diagonal terms, b, (i#/) are zero at
7 = 0. Upon examining (26) in principal axes form it is clear
that

db; L.
- 0 for i#j.
Since b, (0) is zero for i#j, we conclude from (27) that the
off-diagonal terms of b, are identically zero for all times; and
therefore the principal axes of b; do not change in time. The
time invariance of the principal axes has been experimentally
observed, for example, by Gence and Mathieu.” Therefore
the only time varying components of b;;, referred to the coor-
dinate system {x,,x,,x;}, are b,,, b,,, and b,;. Since b; is
traceless, only two of the three quantities b, b,,, and b5;, are
independent. Thus the phase space in this problem is two
dimensional. The two phase space variables may be chosen
to be any two independent functions of the eigenvalues of b;;.
A possible choice for phase space variables is II, and
II1,. The variables I1, and III, are desirable to usesince they
are uniquely determined by the principal values of b, are
invariant to a rotation of coordinates, and vanish in isotropic
turbulence. Furthermore, because II, >0 the phase space be-
comes semi-infinite in the variable II,. The evolution equa-

(27)
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tions for II, (7) and III, () will now be derived. Multiply-
ing (26) by b, and b,b,;, respectively, we obtain the
following equations:

dlI
2= —2[(a, = DI, + a,lll, ], (28)
dr
d1n I}
b= —3|(a,—2)I, +a2(tr(b4) ——")] )
dr 3

(29)

In (29), tr(b*) denotes the trace of the tensor b®. Using the
Cayley—Hamiltonian theorem, it follows that

b* =4I, b* + (III,/3)b . (30)

By taking the trace of (30), and substituting the results into
(29), we obtain

d111,
dr

2
= -3 (al—Z)III,,+a2—6— . (31)

Equations (28) and (31) constitute a coupled nonlinear sys-
tem of ordinary differential equations for II,(7) and
III, (7).

Both the Rotta model (14) and the Lumley model (16)
choose @, = 0. When a, =0, (28) and (31) can be com-
bined and integrated to yield the general solution

(IL,) "% = ¢(I11,)) '3, (32)

where ¢ is a constant of integration determined by initial
conditions. In terms of the variables

&= (I11,)'"?,
7= (IIb)I/Z ,

which were first introduced by Choi and Lumley,* (32)
takes the linear form

N/ Mo=§/6. (34)
These alternative variables have the advantage that in the &-
7 phase space both the linear and quasilinear models show
straight line trajectories. Therefore both the linear Rotta
model and quasilinear Lumley model always display
straight line trajectories in £&-7 phase space. Some of the ex-
perimental data that will be shown later exhibit curved tra-
jectories in £-7 phase space which constitutes conclusive evi-
dence in support of the need for nonlinear models wherein
both @, and a, are nonzero.

In Fig. 1 we show the anisotropy invariant map that de-
notes the realizable portion of phase space in which turbu-
lence exists. Turbulence is constrained to lie in the region
ABC bounded by the two straight line segments AB and AC
representing axisymmetric turbulence and the curved line
BC denoting two-dimensional (2-D) turbulence. Point A
corresponds to isotropic turbulence and point B corresponds
to the 1-D turbulent state.

(33)

IV. FIXED POINT ANALYSIS IN PHASE SPACE

A fixed point analysis of the quadratic model in the
phase space of the invariants of b; will now be presented.
The fixed points of (28) and (31) (where, for the simple
quadratic model, a, = C, and @, = — C,) are the equilibri-
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FIG. 1. The anisotropy invariant map in §-7 phase space.

um solutions in the limit 7— «, which are denoted by
(I11,) . ,(III,) . . If the turbulence is to return to isotropy,

(I,),, = (II,), =0. (35)

Therefore, since physical and numerical experiments indi-
cate that any initial anisotropy which is realizable tends to
relax to zero when the mean velocity gradients are removed,
it is essential that nonlinear models for the slow pressure-
strain correlation have no stzable fixed points other than (0,0)
which lie in the anisotropy invariant map.

Since the linear model (for which C, = 0) gives rise to
the following system of evolution equations:

dil
y b= —2(C, -1,
-
(36)
d 111
= —3(C,—2)M1,,
dr

it is a simple matter to show that (0,0) is the only fixed point,
and that it is a stable node, provided that C, > 2.

We now examine the existence and stability of the fixed
points predicted by our quadratic model (23). The quadrat-
ic model leads to the following equations for II, (7) and
I, (7):

dam,
= —2(C,— D)1, + 2G,11, ,
dr
1
b _3(C,— )M, + %11,2, . (37)
-

The fixed points of the system (37) are solutions of the

nonlinear algebraic equations obtained by setting
dIl,/dr = d1ll,/dr =0, and are given by
(Ir,), =0, (II,)_ =0, (38)
(IL,), =682 (III,), =68°%, (39)
where S = (C, — 2)/C,.
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In order to examine the stability of these fixed points we
introduce the new variables (z,,z,) defined by
z, =11, — (L), z=II,—{IL,), . (40)

If we substitute (40) into (37), and retain only the
terms that are linear in z, and z,, we obtain the following
linear system of ordinary differential equations:

dz

d—; = Aijzj 5 (41)
where 4 is the following matrix:
[ —2(C,—-2) 2C,
C(I1,) -3(c, -l

The eigenvalues of 4,; determine the stability of the fixed
points. A fixed point is stable if all the eigenvalues of 4;; are
negative. The fixed point (0,0) has eigenvalues 4 ‘* given
by

AV = —2(C,—-2), AP= —-3(C,-2) (42)
and hence is a stable node, provided that
Ci>2. (43)

On the other hand, the fixed point (682,65 %) has the eigen-
values

AV=C,—2, AP= —6(C,-2). (44)

Since the eigenvalues are of opposite sign no matter what
value is taken for C,, the fixed point (682,68°) is a saddle
which is wunstable. It is thus clear that (III,)
= (II,), =0 is the only stable equilibrium solution. It
may be noted that the locus of the saddle point given by (39)
corresponds (in Fig. 1) to the straight line containing AC
and the straight line containing AB extended to infinity.
Thus any axisymmetric state of turbulence is a possible loca-
tion for the saddle point of the quadratic model.

V. CONSTRAINTS ON THE MODEL CONSTANTS

The quadratic model has two constants C; and C,
which, for the purpose of stability, need only satisfy the con-
straint C, > 2. We will now explore whether there are addi-
tional physical constraints on the range of allowable values
of C, and C,. Choi and Lumley* and Le Penven, Gence, and
Comte-Bellot® have analyzed available sets of experimental
data (approximately 10 in number) on the relaxation of an-
isotropic turbulence. They conclude from the data that a
characteristic nondimensional time rate for the relaxation
[defined by — (1/11,)(d I1,/d7) ] decreases with increas-
ing values of III,. An examination of (37) shows that in
order for the model to reproduce this trend we must choose

C,>0. (45)

Since C,>2 and C,>0, according to (39) the saddle
point of the quadratic model lies on the line containing AB in
Fig. 1, extended to infinity. Furthermore, it can be shown
that the unstable manifold of the saddle point is tangent to
the line AB. Trajectories diverge away from the saddle either
toward the isotropic state or toward the unrealizable region
of the £-n phase space. In order to ensure that all realizable
states of turbulence return to isotropy, it follows that the
saddle point cannot be placed on the portion of line AB that
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is below point B. Thus the 7 coordinate of the saddle point
must not be smaller than (3)'/% and from (39) it follows
that

G<3(C,-2). (46)

Lumley? uses the concept of realizability, which re-
quires that model predictions satisfy all moment inequal-
ities; for example, the model is required to yield non-negative
component energies. Lumley’s method leads to various
equations relating the model constants. Pope'® suggests that
a related but weaker mathematical statement, which consti-
tutes a sufficient condition to guarantee non-negative com-
ponent energies, should be used. The application of both ap-
proaches in the context of the quadratic model for ®; will
now be discussed.

The transport equations for b; and Tu, in the present
problem are

by = — (e/g)(®; —2b,), (47)
—eP; —5;. (48)

The three eigenvalues of u,u; are the three components in

u,uj =

the principal axes of u,u; ; these components are W, W,
and 3. Consider one of the eigenvalues, for example, uw.
Realizability requires that

w2 >0. (49)

Using the Lumley? approach to satisfy realizability leads to
the requirement that

%2 =0 when u? =0, (50)

whereas the Pope'® approach leads to the requirement that
W >0 when u? =0. 5D

Both approaches guarantee that the realizability condition

(49) is satisfied. However, (51) can prevent u’ from ever
becoming zero (which is the physically realizable limit of
two-dimensional turbulence), and hence is more conserva-
tive than (50) in this regard. But since (51) does guarantee
positive component energies, we will be content for the mo-
ment to consider it since it places less restrictions on C, and
C,.

Since (51) is to be satisfied using (48), we require that

—ep,, —3€>0 when uf =0. (52)
This implies that
$.,<—3 when u? =0. (53)

Substituting the quadratic model for ®; from (23) into (53)
leads to the inequality

Cib,, — Cy(b?, —11,/3)< —% when u =0. (54)
Since b;; = — } when % =0, (54) becomes
C,—-2>G11, -4 . (55)

Equation (55) must be satisfied for any allowable value of
I1,. From the constraint (43), it is clear that the left-hand
side of (55) is positive. Since from (45) C,> 0, the maxi-
mum value of the right-hand side of (55) occurs when II, is
at its maximum value. Therefore a sufficient condition for
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satisfying (55) is obtained when II, is equal to its maximum
value (11, )., It can be easily shown that

(IIb)max =§ (56)

By substituting the maximum value of II,,, which is given by
(56), into (55), we obtain the following constraint:

G<3(C,-12), (57)

which is identical to the constraint (46), which had been
derived earlier based on a different argument. Thus, interest-
ingly enough, both realizability and dynamical systems ar-
guments lead to the same model constraint. For a given value
of C,, (57) determines the maximum allowable value of C,.

VI. MODEL PERFORMANCE

The coupled system of nonlinear ordinary differential
equations (28) and (31) were numerically integrated by a
Runge-Kutta method to obtain II, (7) and III, (7). The ini-
tial conditions corresponding to those of the previously con-
ducted experiments were used. The phase plots in £-77 space
and the transient plots of I1, (7) and III, () were the yard-
sticks by which the model results and experimental data
were compared.

We recall that the proposed model for the slow pressure-
strain correlation is as follows:

II; = — e{Cyb; — Cy[ by by, — (11,/3)8,;1}.  (58)

Phase plots in £-7 space and transient plots of II, (7) and
111, (7) were obtained for various choices of the constants C,
and C, in our model, and compared with available experi-
mental data. A numerical optimization showed that for a
given value of C, it was best to choose the maximum value of
C, allowed by (57), that is, to set

C,=3(C, — 2). (59)

As aresult of (59), C, is uniquely determined by C, making
the model one with a single free constant C,. The following
choice of the one independent model constant:

C, =34, (60)

which according to (59) gives C, = 4.2, seems to best reflect
the experimental data.

Results on the performance of the linear Rotta model,
the quasilinear Lumley model, the nonlinear SMM model,
and the present quadratic model are compared with four sets
of experimental data in Figs. 2-13. Figures 2—4 consider the
plane distortion experiment of Choi and Lumley.* The ex-
perimental data in Fig. 2 shows strong nonlinearity in the &-
7 phase plane (as demonstrated by a curved trajectory),
which is reproduced by the quadratic model. However, the
trajectories in the £-n phase space of the Rotta and Lumley
models are identical and are always straight lines, which is in
serious disagreement with this experimental data. The SMM
model, though formally nonlinear, has a phase space trajec-
tory in Fig. 2 which is nearly identical to those of the Rotta
and Lumley models. The reason for this lies in the fact that
the coeflicient a, for the SMM model, as defined in (19), is
insignificant compared to a, for this data set. In fact, the
quadratic term is negligible compared to the linear term in
the SMM model for F> 0.2. It is only when the turbulence is
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FIG. 2. A phase space comparison of the model predictions with the plane
distortion experiment of Choi and Lumley.*

somewhat close to the 2-D state, for which F = 0, that the
value of the quadratic term in the SMM model becomes large
enough to cause significant nonlinearity in the £-1 phase
trajectories. All of the return to isotropy experiments consid-
er turbulence far removed from the 2-D state: therefore the
phase space trajectories for the SMM model and the Lumley
model are not only approximately the same in Fig. 2, but also
for the other experiments considered in this study. Further-
more, since the effective values of a, for the SMM model and
the Lumley model are approximately the same for these ex-
periments, the temporal evolution of II,, and III, are nearly
identical for these two models. Figures 3 and 4 show the

0.045
0.0404 O Experimental dato of Choi and Lumley.*
- Present quadratic model
'\ — - Rotta model
Lumley model
SMM model

0.035 f.. \ a
0.030} °

0.025|-
0.020
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0.010

0.005 |-

0.000
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. Temporal decay of the second invariant of the anisotropy tensor:
comparison of the model predictions with the plane distortion experiment
of Choi and Lumley.*
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FIG. 4. Temporal decay of the third invariant of the anisotropy tensor: com-
parison of the model predictions with the plane distortion experiment of
Choi and Lumley.*

temporal behavior of I, and III,. It is seen that the present
quadratic model is superior to both the Rotta model and the
Lumley model with regard to capturing the temporal behav-
ior of both I, and III,.

Figures 5-7 pertain to the axisymmetric expansion ex-
periment of Choi and Lumley.* The experimental phase
space trajectory seems to be fairly linear as shown in Fig. 5,
and the present quadratic model also shows nearly linear
behavior. Apparently, the quadratic model not only shows
nonlinear trajectories in -7 phase space when called for, but
also gives rise to approximately linear trajectories in the ap-
propriate region of phase space where nonlinear effects are

0.30 ’—

0.25¢

0.20 ’»

£ 0.15}F

0.0

0.051
0O Experimental data of Choi ond Lumley*
- Present quadratic modet
— — Rotta model and Lumley model
& SMM model

0.00 n I 5 L ) ) L L ! 1

0.00 0.04 0.08 0.12 0.16 0.20

FIG. 5. A phase space comparison of the model predictions with the axi-
symmetric expansion experiment of Choi and Lumley.*
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0.00 L L ) i )
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FIG. 6. Temporal decay of the second invariant of the anisotropy tensor:
comparison of the model predictions with the axisymmetric expansion ex-
periment of Choi and Lumley.*

small. It is seen in Figs. 6 and 7 that the results of both the
Rotta model and the quadratic model on the temporal be-
havior of I, and III, are in reasonable agreement with the
experimental data; however, the Lumley model and the
SMM model predict a decay rate that is much more rapid
than the experimentally observed result.

Le Penven et al.® used two different plane contractions
to generate anisotropic turbulence with positive III, in one
case and negative III, in the other case. Their experimental
data on the relaxation of turbulence with positive III, is
shown in Figs. 8-10. Their data of Fig. 8 indicate a moder-

0.006
X O  Experimental data of Choi and Lumley.*
i - Present quodratic model
0.005+ ~ — Rotta model
. . . . Lumley madel
a SMM model
0.004 |,
&
2
= 0.003}
0.002+
0.001 |
0.000
0.0

FIG. 7. Temporal decay of the third invariant of the anisotropy tensor: com-
parison of the model predictions with the axisymmetric expansion experi-
ment of Choi and Lumley.*
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FIG. 8. A phase space comparison of the model predictions with the plane
contraction experiment of Le Penven et al.° for 111, (0) > 0.

ately curved trajectory in phase space, and the quadratic
model yields a prediction that is in qualitatively good agree-
ment with the data. Figure 9 shows that the quadratic model
does a better job than the Lumley model and the SMM mod-
elin predicting the temporal decay of II,, (suprisingly, in this
case, the Rotta model is slightly better than the quadratic
model with regard to predicting the temporal behavior of
11, ). As shown in Fig. 10, all of the models overestimate the
decay rate of III,; however, the quadratic model does a
somewhat better job than the other models. In Figs. 11-13,

0.07 "

O  Experimental data of Le Penven et ol.?
0.06 - Present quadratic model

~ - Rotta modei
. Lumley model
a SMM model

0.05
A

0.04

Hy

0.03

Q.02
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0.00 L L L i J
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 9. Temporal decay of the second invariant of the anisotropy tensor:
comparison of the model predictions with the plane contraction experiment
of Le Penven et al.” for HI, (0) > 0.
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FIG. 10. Temporal decay of the third invariant of the anisotropy tensor:
comparison of the model predictions with the plane contraction experiment
of Le Penven et al.? for I11, (0) > 0.

we consider the experimental data of Le Penven et al.® per-
taining to the case with negative III,. The phase space por-
trait of Fig. 11 shows that their experimental data exhibit
mild curvature in the £-77 phase space, which is reproduced
by the quadratic model. Figures 12 and 13, which depict the
temporal evolution of I1,, show that the Rotta model grossly
underpredicts the rate of decay of these quantities. The Lum-
ley model is seen to be somewhat better than the proposed
quadratic model in capturing the rapid decay of I, and I11,
in this experiment, where the initial conditions corre-
sponded to III, < 0. Nevertheless it is clear from the results

0.30
D Experimental dato of Le Penven et al.®
- Present quadratic model

0.25F — - Rotta model ond Lumley model
s SMM model

0.20}

co.ash

Q.10

0.05 L

0.00 . L PR 1 1 L s 1

-0.20 -0.16 -0.12 -0.08 -0.04 0.00

FIG. 11. A phase space comparison of the model predictions with the plane
contraction experiment of Le Penven et al.° for 111, (0) <0.
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FIG. 12. Temporal decay of the second invariant of the anisotropy tensor:
comparison of the model predictions with the plane contraction experiment
of Le Penven et al.’ for 111, (0) < 0.

presented in this section that the quadratic model does the
best overall job in predicting the experimental trends. A
more elaborate phase space portrait of the quadratic model is
shown in Fig. 14, which displays various trajectories of the
model with reference to the anisotropy invariant map. These
trajectories show the proper trend of a relaxation toward
axisymmetry during the return to isotropy process.

VIi. CONCLUSION

A quadratic generalization of the linear Rotta model has
been developed for the slow pressure-strain correlation of

-0.005 B\

Experimental data of Le Penven et al?
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- Rotta model
\ . . . Lumley model
& SMM model

110

—0.004 [

~0.003

iy,

-0.002

~0.001

—,
0.000 s [ TreeepEE s
0.0 0.2 0.4 0.6 0.8 1.0
T

FIG. 13. Temporal decay of the third invariant of the anisotropy tensor:
comparison of the model predictions with the plane contraction experiment
of Le Penven et al.’ for I11, (0) <O.
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FIG. 14. Trajectories of the quadratic model in £&- phase space for a variety
of initial conditions.

turbulence. This simple nonlinear model, which has only
one independent constant, was shown to constitute an im-
provement on the Rotta model; the quasilinear Lumley
model, and the nonlinear SMM model in predicting the
trends observed in return to isotropy experiments. Further-
more, for relaxational flows, the quadratic model was shown
to satisfy realizability and to have no stable nonzero equilib-
rium solutions that attract initial conditions which lie in the
anisotropy invariant map—a crucial constraint that is neces-
sary to ensure that the model predicts a return to isotropy,
independent of the initial conditions. The most notable fea-
ture of this new quadratic model is its ability to capture the
essence of the return to isotropy problem with a nonlinear
structure that is substantially simpler than previously pro-
posed nonlinear generalizations of the Rotta model. The
more complicated nonlinear SMM model was found to give
essentially the same predictions as the Lumley model for the
range of anisotropies and Reynolds numbers studied in the
present work. Therefore it may not constitute a significant
improvement over the Lumley model which itself does not
properly describe highly nonlinear effects. Of course, it
should be emphasized that the quadratic model derived in
this study (as well as conclusions derived herein), only ap-
ply to high Reynolds number turbulent flows.

Future research can be directed on two fronts: the devel-
opment of a low turbulence Reynolds number correction of
the model and the addition of successively higher-order (for
example, cubic) nonlinear terms. Insofar as the former re-
search direction is concerned, the direct numerical simula-
tions of Lee and Reynolds'" have indicated that history de-
pendent effects of the Reynolds stress and dissipation rate
anisotropy tensors are important in low Reynolds number
turbulent flows. These are complicating features that are not
likely to be described by simple nonlinear models with an
algebraic structure. In regard to the addition of higher de-
gree nonlinearities, we feel that it is best to first provide a
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systematic test of a quadratic model since second-order clo-
sures that are quadratic in the anisotropy tensor can satisfy
constraints such as material frame indifference in the limit of
two-dimensional turbulence'*'* and realizability. The satis-
faction of these constraints, which are violated by simple
second-order closures such as the Launder, Reece, and Rodi
model,” allow for the description of more complex turbulent
flows within the framework of a workable theory. A system-
atic program for the development of improved second-order
closure models that are quadratically nonlinear is currently
underway and will be the subject of a future paper.
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