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The Representation of Small-Scale Turbulence
in Numerical Simulation Experiments

D. K. Luny
National Center for Atmospheric Research

1. INTRODUCTION AND HISTORY

Simulation is the name frequently applied to direct numerieal time in-
tegration of hydrodynamic equations as initial value-boundary value
problems. When the pertinent system of equations is highly nonlinear
such numerical integrations have become an important link between ex-
periment and observation and analytic theory, sharing certain properties
of each. There is extensive literature but relatively few survey articles
or books. This is perhaps because most workers in this field felt that the
tools and techniques were subsidiary to the physical problem under in-
vestigation, With some important exceptions (for example, the work of
Fromm and Harlow on vortex streets(*?), numerical simulation has been
most, frequently and successfully applied in the areas of large scale me-
teorology and high speed aerodynamics.* The problems in these two fields
of hydrodynamics, although vastly different in most respects, share the
" properties that they are typically two-dimensional, or nearly so, and
that turbulence is either unimportant or that it can presumably be
treated by fairly crude approximations. These two properties greatly
simplify the numerical simulation problem, but they eliminate from con-
sideration most other fluid dynamics problem areas, except that of low
Reynolds number flow, for which linear analytic solutions are often
obtainable. :

* For large scale meteorology, see recent articles by Smagorinsky, et al.,™ Leith,™
Mintzs™ and not too recent surveys on numerical forecasting by Phillips™ and
Thompson™ Much of the literature on high-speed flow is in unpublished and often
classified reports, but see e. g. recent articles by Burstein,™ Haviland,™ Gentry,
et al.™ and Harlow™ and an excellent survey of Russian work (in English) by
Belotserkovskii and Chushkin.™
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The correlation between two-dimensionality and the relative unim-
portance of turbulence is, of course, no accident. In two-dimensional flow,
the squared vorticity is a property which is conserved except for viscous
dissipation and external torques. Fjgrtoft has shown that the non-linear
energy “cascade” will then flow principally upward instead of downward
in seale.!’) This process will eventually lead to a separation of the energy
spectrum from the dissipation scales—that is, all the energy will be in
large scales whieh are scarcely affected by viscosity. In three-diniensional
flows, on the other hand, the process of vortex stretching can and does
create small-scale circulations and the dissipation of squared vorticity
in a stationary flow is therefore much greater than its creation by large-
scale torques. It should not be inferred that small-scale motions are
always unimportant in such quasi-two-dimensional flows as the atmos-
pheric general ecirculation. There may be sources of kinetic energy spe-
cifically selective to the small scales, whose motions may interact with
those of larger scales in various ways. In the fully three-dimensional
flows, however, the interaction from the energy producing scales to those
of molecular dissipation occurs in a direct and continuous process and
there is no convenicnt scale which one may choose to separate motions
of qualitatively different kinds.

If we are to perform simulation experiments on turbulent flows, the
apparent conclusion of the above considerations is that we must integrate
over a three-dimensional region with sufficient resolution to include both
the energy producing and dissipation seales. Corrsin!'®! pointed out the
futility of such a program, showing that it would require some 102 mesh
points to simulate even a fairly low Reynolds number laboratory experi-
ment. Although this number is less preposterous now than it was 5 years
ago, it still is well beyond present or early future capabilities. Our in-
terests in geophysical fluid dynamics extend to Reynolds numbers 10
greater than those of Corrsin’s example, and since the computing require-
ments go up about as the cube of this parameter, we may dismiss such
complete simulation as hopeless. Instead we must examine the actual
mechanics of turbulent exechange more critically to see whether it is pos-

sible: 1) to simulate some of the important effeets of the third dimen-
sion without doing all the computing necessary to completely include it;
and 2) to simulate the profound but indirect effects that molecular vis-
cosity and diffusion exert on a real fluid without computing the motions
on all of the interacting scales. In the past, computers have been capable
of handling two-dimensional problems with up to 50 or 75 mesh points
in each direction, or three-dimensional problems with less than 20. Since
a number of investigators, including the author, have performed caleuls-
tions aimed at simulating the behavior of turbulent fuids by use of g

L numerical simulation. Most of the early attempts (Blair et a
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two-dimensional computing mesh, it is interesting to consider how they

" encountered these problems.

The problem of buoyant convection is a central one in the atmog-
pheres of the Earth, Sun, and some other planets and tl}e ocean, and it
is not surprising that it has for some time been a prime sub_]ectl, [fgl;

Malkus and Witt,[3%) Ogura,!281 Lilly0'"!) suffered from difficulties as-

. sociated with numerical differencing techniques, but with the benefit

of hindsight we can now look past some of those difficulties to see some

] of the more significant features. Lilly and Ogura considered the motions

produced after release of a warm buoyant semi-cylinder_ (Li].ly) or
hemisphere (Ogura) of air at the bottom of a bounded ﬂuu?. Figure 1
shows this initial condition. In Lilly’s calculations, a nonlinear eddy

 viscosity proportional to local shear amplitude was used to simulate

transfer of energy to scales smaller than the resolving power of the
mesh, while Ogura used a constant viscosity. There were numerous other
differences in the caleulations, but in both cases the lzesults fa?xled to
show any structures that could be identified with the irregularity and
high amplitude turbulence characteristic of t.he. real world and f’f
laboratory experiments with initial conditions 51rr1.11ar. to those.used in
the calculations. In Lilly’s calculations, the disspahve Qampmg was
too great initially and later became too small. It is not difficult .to_see
how this occurred. In two-dimensional flow the average energy dissipa-

tion, & is given by

t =g = vE/L 1.y
where » is the kinematic viscosity and ¢ is the mean squared vorticity.
The second equality may be considered a definition for the ‘leng.th scale,
L, where E is the mean kinetic energy, but the principal point is !;hat L
must be of the order of the energy containing scale because of the impos-

sibility of generation of vorticity except by the large-s?ale t.orques. In
turbulent flow, on the other hand, the well-known relationship between

dissipation and gross properties is
i = B"/L (1.2)

where L is also nearly equal to the energy containing scale. The ratio
between expressions (1.1) and (1.2) is proportional to

v = .3

where R is the Reynolds number. In the experiments correspO{ldin.g to
Lilly’s calculation, E decreased with time after the early organizational
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phase. but L increased continually, as did the product £'* L. Lilly used
a va:nab]e eddy viscosity coefficient with properties to be described in
Section 3 of this paper, with a magnitude given roughly by

v BV (14

where & was the calculation mesh spacing. The ratio (1.3) therefore de-
creased with time for this case.

NEUTRAL ENVIRONMENT, 1= Az—z, t= 0 sec.
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Froure 1. Initial conditions for numerieal simulation of a two dimensional thermal
convection problem."™ (The isolines are of potential temperature in degrees K.
Both lateral boundaries are reflective, s0 that the left boundary actually repre-
sents the middle of a thermal “bubble.”)
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Ogura’s calculations were done assuming a constant eddy viscosity.
In the axially symmetric experiments simulated by Ogura, the product
E'* L remains constant so that, from (1.3), R remains constant. A suitably
chosen value of » could then lead to a reasonably successful simulation,
as shown by the good agreement of Ogura’s results with some laboratory
measurements. In a later set of ealeulations, Lilly'"® temporarily aban-
doned the variable viscosity in favor of an empirical mixing length ap-
proach, in which a spatially constant eddy viscosity was assumed in such
a way that the computational Reynolds number (1.3) remained constant
in time. In this way a solution was obtained with gross properties com-
parable to laboratory experiments, although different in various more or
less important details. The results were comparable to the applications of
mixing length theory to the better known examples of turbulent flow-jets,
wakes, mixing zones, efc. This is now perhaps generally considered to be a
relatively sterile approach and unsatisfactory for adequate simulation,
much less explanation, of turbulent mechanics.

Similar partially unsatisfactory results were obtained by Deardorff
and Willis'**) and Fromm!?®! in two-dimensional numerical simulations of
parallel plate convection. The calculations led to steady state or
periodically oscillating solutions at Rayleigh numbers for which real
three-dimensional flows are always turbulent. The computed heat transfer
was considerably larger than observed, due to too high a correlation
between vertical motion and temperature. Deardorff later attempted to
overcome this difficulty by an interesting artifice.121 His computational
mesh was a sandwich of three planes, one on each side of the central
one on which the principal integrations were performed. Variables on
the outsides of the sandwich were chosen in such a way that various
statistieal properties of the flow were axially symmetric. These were then
allowed to act on the central plane variables as if they were all parts of
the true three-dimensional mesh. Details of the method and results are
presented in the original paper but, in general, the method appeared to
produce a partially realistic simulation of turbulence and definitely
improved the heat transfer statistics. More recently, Eldert®?] has re-
ported simulations of a similar flow in which he simply added random
turbulence energy to two-dimensional computations and obtained similar
improvements in the results. Since there are many interesting problems
(including those discussed above) in which the three-dimensionality is
only a property of the transient turbulence but not essential to descrip-
tion of the mean flow, a suitable justification or generalization of such

- quasi-three-dimensional models would represent a tremendous break-

through.
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Much of modern turbulence theory is based on the notion of an
inertial range of the turbulent energy spectrum. This is a scale range
supposedly occurring only in high Reynalds number flows in which
turbulent energy flows down scale, neither being produced from mean
flow or potential encrgy sources nor being dissipated by molecular vis-
cosity in significant amounts. If the turbulence is also isotropie, as is
assumed, then a simple dimensional analysis, first performed by Kol-
mogoroff 131 indicates that the scalar energy speetrum function E (x}
of the scalar wave number « should be given by

E(K) = aE2/5K—5/3 (l .5)

where « is a universal dimensionless constant. The dissipation rate,
¢ is also the energy transfer rate across a given wave number. In
recent years, measurements of geophysical (Grant ef al.,'2¢! Pond et al.t2s1)
and laboratory-preduced (Gibson!*!) turbulent flows of high Reynolds
number have verified this prediction reasonably well, sometimes even
when the turbulence was not fully isotropic. Measured values of « are
near 1.5, and a similar value has been predicted theoretically by
Kraichnan.[21

We now suggest that the existence and relatively simple properties of
the inertial range might be used to greatly truncate the otherwise
impossibly large requirements of computer resolution. Let us assume that
the simulation equations are integrated for variables defined and re-
solvable in a seale range which includes most of the kinetic encrgy, and
that the scale of the caleulation mesh lies within the inertial range. It
should then be possible to fit the explicitly caleulated motion fields to
the inertial range in a smooth and consistent manner. The fitting con-
ditions would require a continuous removal of energy from the small
scale explicit motions such that (1.4) is maintained. It might be possible
to devise a procedure in which a Fourier analysis is made of the motion
field and the amplitude coefficients reduced and adjusted so that (1.5)
is forced to prevail in the high-frequency components. Such a procedure
scems rather lacking in physical content, however, and also would in-
volve arbitrary decisions on the actual range of wave numbers to be
adjusted. More importantly, it would in effect consider the entire com-
putational region to be homogeneous since all parts of the energy
spectrum receive contributions from all physical space. If the motion
field actually consisted of one or more turbulent areas embedded in
quiescent flow, as for example in the case of isolated cumulus clouds,
then the arbitrary Fourier mode adjustment would ecreate Gibbs phe-
nomenon oscillations that would effectively transfer energy spatially in
a very nonphysical manner.
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A more physically acceptable procedure is suggested by consideration
of the local interactions between the explicit scale motions and those of
the submesh length scales. The latter cannot be known in dctail, but
certain statistical probabilities can be established with the aid of the
Kolmogoroff spectrum function. In the following, I will describe a ﬁrst
and second order theory for the interactions. Most of the detailed
derivations and analysis are available in an unpublished report.[2%
For simplicity, the results are presented here for the case of an incom-

pressible constant density fluid.

2. MEAN FLOW AND TURBULENCE EQUATIONS
If F is any hydrodynamic variable, a function of space and time, then
we define the spatial mesh cube average to be

I'_'(xn Ty, T3, £)

1 A/2 hy2 b2

=13 f f Fa, + o+ 3, @+ 3, Ddydya dys. (2.1)
h —hs2 f—hp2 J—As2

where z,, xs, %3, and ¢ are the spatial Cartesian coordinates and'tin'ne,

and h is the mesh separation distance. The NavierStokes and continuity

equations for an incompressible fluid case may be written in tensor notation

du, duy , 0 (2) _ P 0" 2.9)
o T T o\ ~ 7 ¢
du,
— = 2.3
oz, 0 2.3)

Upon forming the mesh box average of these, we obtain

ralegCrmw o fE-2 e
g% =0 : 2.5)
where r;; i8 o Reynolds stress given by
T = —(ua ~ 448) + 36,k (2.6)
E is the small scale kinetic energy,
E = @~ 4)/2 @7

and ;. is the Kronecker delta. .

The separation of a gradient part from the stress tensor derivative
is done so that the sum r,; = 0; thus normal stresses vanish in isotropic
turbulence. Equations (2.4) and (2.5) form the system that must be
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integrated in a simulation problem with limited spatial resolution, and
the central problem is to evaluate the Reynolds stresses in terms of the
averaged quantitites. This problem may be attacked directly by forming
the conservation equations for the stress components, which are

oy y{a"’r.i (Bu‘ o,  ou, aqu)

oz, oz 3z, 0T, 0z, 92y

AN AY o, | o u, .

(8 - ()] - (e 1 2 [2 (o 2u)
3 ax, 32, 2 9z; + ox; p \dx; + ax;
_é(% %)]_[iu_ o _ (9_ azz.)
o \dz; + ar; Tk Iz, + i 3z, — $0i;7e, az. + a—xk

a —_—
+ oz [u.—u,u,‘

dryy ~
a T

— BUM, — u-ﬂr’u; - 17:1;17114 + 2¢.a;4,
.‘h x - P _2 _p E
- 3 (u.uk — 2quu, —~ Gl + 2iu) + b U; —p - i P
+ 5;&(“.‘ % — U g) - %5:';(@‘;% — g)] (2.8)

Since r;; = r;;, (2.8) represents only six separate equations, and since
Tii = _0, only five of these are independent. A sixth independent quadratic
equation is that for the small-scale energy F,

oE | aE [62E (aui)* (aa..)’ o4 | o,
oo+ 0 n ot lon) + Go) =+ )

TF 73 - Wy 0D
-9 (’ﬂ - ™ + at + M2 M) 2.9
p P

As is well known in turbulence theory, the quadratic equations do
not sueceed in closing the system, since they introduce the triple products
UM, ete. In addition, the pressure velocity products are difficult to
evaluate. Pressure is not considered an independent variable, since it
may be obtained from (2.2) and (2.3) by soluation of the Poisson equation

/o) Fwmy)
ory oz, azx; (2.10)

This shows that the pressure field derivatives are of the order of, and
determined by, the nonlinear terms, but are not local since the solution
of a Poisson equation at a given point depends on the forcing function
throughout all physical space. The usefulness of (2.8)-(2.9) depends on
our obtaining useful approximations to the triple product and pressure
velocity product terms.
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3. FIRST ORDER THEORY

About the simplest reasonable closure assumption is the eddy viscosity
hypothesis. The Reynolds stresses are assumed proportional to the rates
of strain, or deformation, of the large-scale flow, t.c.,

du; |, oy
Ty = K(a:c; + 61:;) = KD,; 3.1
where K is the eddy viscosity, assumed to be always positive and a function
of the averaged flow variables, and D,; is a component of the mean flow
deformation tensor. There seems to be no definite experimental data
available in the literature which would establish the accuracy of this
hypothesis in its present form. Simple energy arguments suffice to show
that the stress and mean deformation tensors must be positively correlated
if an inertial subrange is maintained, and (2.8) shows that the mean flow
deformations tend to generate parallel stresses from the first term on
the right, but the correlation may be weak.

Smagorinsky'*' suggested a form for the eddy viscosity coefficient:

K = (kh)*D/V2 (3.2)

where h is the mesh separation distance, D the deformation tensor ampli-
tude (D = |D|), and k is a universal constant, somewhat analogous to
the Karman constant of boundary layer theory. It can be shown that this
formula is consistent with the existence of the Kolmogoroff spectrum
function (1.4) for seales near h, provided that

k=~ 2307 3.3)

The essence of the proof is simple. In the case of steady state and homo-
geneous turbulence the energy equation, (2.9), takes the simple form

€= %TiiD-‘i (3-4)

where ¢, the dissipation rate, is equal to the sum of the last two terms
in the square brackets on the left side of (2.9). Upon substitution of (3.1)
and (3.2) this may be written

e = (kh)(D°/2)*”? (3.5

An exact expression for D* involves some rather intricate integrals. To
a fairly good approximation, however, it is equal to twice the vorticity
spectrum function integrated over wave numbers less than «/h, that is

/A o 4/3
D® ~4; ./; E() dc = 3ac” —) (3.6)
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where the equality is obtained by substitution of the Kolmogoroff spectrum
function, (1.4), for E(«) and subsequent, integration. x/h is the largest
wave number unambiguously representable on a finite difference mesh.
Substitution of (3.6) into (3.3) yiclds the result, (3.3).

4. SECOND ORDER THEORY
In the second order theory, a direct stress-strain proportionality is not
assumed. Instead, equations (2.8) and (2.9) are used in nontrivial but
substantially simplified forms such that, in a steady state homogeneous
turbulent flow, they reduce to the first order system, (3.1)-(3.3). The
simplified equations are:

9y , _ dry 4 4 B 3 ( ar )

9t T az, = 15 ¥Du 15EE 7t T, K. 3z, @y
aE | oE ;12 9 ( aE')
— —_— =1l .. _ Z Piaid
at T dx, briDy —e h + dz, \" 7 oy @.2)

where K. is an eddy diffusive coefficient for the covariances, given by
the formula

K, = khAE"? 4.3)
and ¢, k;, and k. arc dimensionless constants. The terms of (4.1) are
identified with those of (2.8) as follows: the first two on the left are
identical; the molecular viseosity terms in (2.8) are neglected; the first
term and part of the second term on the right of (2.8) are identified
with the first in (4.1), and the remainder of the second and the third of
(2.8) with the second in (4.1); the last term in (4.1) is considered an
approximation to the last in (2.8). In (2.9), the molceular dissipation
term is not neglected, but is approximated by the second term on the
right of (4.2); the last terms on the right are to be identified with each
other, and all others are exactly identical. In the remainder of this
section we attempt to justify the above approximations.

The dissipation term in (4.2) arises direetly from the assumption
that the mesh interval & lies within the inertial subrange. To a similar
approximation as that used for evaluation of D¢ in (3.6}, we may
express the turbulent energy, E, nas the integral of the Kolmogoroff
spectrum from « = «/h to infinity, ie.,

© h 23
R~ f ae % de = i‘aezf:(*) 4.4)
/A Y §
The expression for the dissipation rate follows directly, where
2 32
¢ 1(3:) ~ .93 (4.5)

!
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In steady state homogeneous turbulence, the terms on the left of (4.1)
and (4.2) and the diffusion terms vanish. The remaining terms may be
solved to yield

E = %}A’D2 (4.6)
1o = k|2 #2DD, @7
E¥) 1 zc if
Equation (4.7) is clearly identical to (3.1)-(3.2), provided that
By = ¢k 2 004 (4.8

The first term on the right of (4.1) is obtained from consideration of
the effects of application of a sudden strain on an initially isotropic
and homogencous field of turbulence. The analysis leading to this term
follows that of Batehelor®! and Townsend,s*) which stem from earlier
work by Taylor.t?2! The result shows that the effect of the pressure
velocity product (second term on the right of 2.8) is to reduce by 60
percent (2/3 to 4/15) the stress generation by the velocity terms alone
{third term on the right). This result is exact, however, only at the
initial instant when the turbulence is isotropic. The second term on the
right of (4.1) was chosen in form and magnitude so that in the steady
state homogeneous case, the system would reduce to the first order theory.
By itself, however, it is a term which tends to reduce the stress com-
ponents in a formally similar way to the dissipation term in (4.2),
although the processes it represents probably have little or nothing to
do with molecular dissipation.

The last terms on the right of (4.1) and (4.2) are rather arbitrarily
chosen approximations to the diffusion terms. No justification is offered
for the form of these terms except the intuitive notion that turbulence
must, on the average, diffuse itself down-gradient. It is assumed that
these terms will not generally be of any great importance. The value of
the coefficient k» is even less justifiable but ks = k, seems a reasonable
initial choice. This choice would make K, = K.

5. COMPARISON WITH EXPERIMENT

Although there are probably no existing measurements designed or
completely suitable for verification of the above model, Townsend's
experiments with rapidly distorted turbulence!®! provide a partial test.
In these experiments a grid generated field of turbulence in a wind
tunnel enters a section of the tunnel in which it is squeezed in one
lateral direction and stretched in the other, the total cross-section re-
maining unchanged. Stresses and anisotropies are rapidly generated and
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the field appears to approach a new equilibrium until the strain rate is
eventually relaxed. Townsend presents his results in terms of two
structure parameters, K; and K,, which in the present notation are
equivalent to

T3z — T2
K, = %‘E_l__ru 5.1)
K, - —g%— .2

The equivalence is not exact because of the difference in definition of
the turbulence between the experiment and the model. The scale of the
experimental turbulence is much smaller than the tunnel dimensions,
and if we visualize a computational mesh interval equal to this scale,
then the identification seems reasonably close. The experimental measure-
ments are made, however, on the energy containing scale and not on
the inertial range. It is doubtful whether an inertial range even cxists at
the Reynolds number used. The dimensional relations indicated in
equations (4.1) and (4.2) may still be valid, but the coefficients are
likely to be different. Nevertheless, it is interesting to compare the
results of the experiments with calculation from the theory.

For comparison with experiments, it is convenient to seale the steady-
state forms of (4.1 and 4.2) by the total external strain parameter,
Dyy — Dy, and a length scale, 2, which in this case must be related to the
integral scale of the turbulence. The comparison is hampered by the
fact that the integral scale is not constant down the tunnel, but we
ignore this complication. The dimensionless equations may then be
written

g _ i (l/ﬂ )
£~ 15 (42 ~E (5.3)
g_; = 71 —_ C€3/2 (5.4)

where
T = 16(r» — "’aa)/hz(Dza — Dy’
€ = 16E/K'(Dy; — Dyy)*
= 2(D,, — D33)/41zl

The diffusion terms in (4.1), (4.2) have been neglected, which is justifi-
able under the experimental circumstances. Townsend did not show data
which would unambiguously determine k, so that the initial conditions on
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¢ are not certain. His results showed, however, that the ratio of the
initial to final kinetic energy was about 2. Assuming the final value to
be close to the steady state solution of (6.3), and (5.4), this suggests
that the initial value was near 0.8.

Equations (53) and (54) were integrated numerically using as
initial conditions Ty = 0 and ¢ = 0.6, 0.8, and 1.0, with the coefficients
evaluated from (4.5) and (4.8). Figure 2 shows the ratio K, for ¢ = 0.8,
superimposed upon Townsend’s experimental data. The results of the
caleulations for ¢, = 0.6 and 1.0 are not significantly different. The
agreement of the present theory with observations is startling but partly
spurious, since a more correct evaluation of ¢ and k, leads to about a
30 percent reduction in the asymptotic value of K,. One is then tempted
to arbitrarily make a small change in the coefficients to force the results
to agree with experiment, but perhaps a better agreement should not
be expected from the nature of the comparison.

6. DISCUSSION

The first order system, (2.4)-(2.7), (3.1)-(3.3), consists of four equa-
tions in four unknowns. Numerically these involve forward time inte-
gration of the three velocity component equations and solution of a
Poisson equation to determine the third term of (2.4). The second order
system adds six additional time-dependent equations, (4.1), (4.2), to be
forward-integrated and six new unknowns. The storage requirements
are therefore more than doubled over what already seemed a formidably
large problem. If we look at a geophysical problem, atmospheric cloud
convection, we see that three new mean variables are added (temperature,
humidity, and liquid water) and nine turbulent flux components. In the
second order system there would then be 21 time dependent equations
in place of 6 in the first order system. Formally, neither system can be
fully justified except for nearly homogeneous, nearly isotropie turbu-
lence, but the practical limits of this requirement are unknown, From
considerations of their form, the second order equations would seem
to be capable of application at lower spatial resolution than the first
order system, perhaps at the low wave number end of the inertial range,
The results of the experimental comparison suggest that they may even
be used within the energy containing range, with small changes in the
coefficients.
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1. INTRODUCTION

Problews in radiative transfer through media which may scatter, absorb,
and emit radiation are of considerable importance to many branches of
science. To the astronomer, the nature of the reflected light from
planetary atmospheres offers many clues as to the composition and
depth of these atmospheres. Transfer theory has been used in the study
of neutron diffusion(*). 12! and has been applied to the study of the design
and shielding of nueclear reactors.[*! Of mare interest to the writer are
the many and varied problems of radiative transfer within and through
the earth’s atmosphere. This latter class of problems comprises a set
ranging from the transfer of solar and infrared radiation through the
entire atmosphere, a problem of fundamental importance in the study of
the general circulation of the earth’s atmosphere, to the study of the
transfer properties of perhaps 1000 meters of the carth’s atmosphere
near its surface for determining atmospheric visibility properties. Inter-
mediate problems in the set comprise such topies as the transfer of
solar and terrestrial radiation through clouds, the absorption of ultra-
violet radiation by the atmospherie ozone layer, and the propagation of
microwaves through clouds and precipitation areas, to mention a few.,
It is, then, no great surprise that considerable effort has been expended
in recent years towards solving particular forms of the transfer equa-
tion in conjunction with one of the many unsolved problems of radiative
transfer.

Radiation, in traversing a medium, may undergo one or more of the
processes of scattering, absorption, and emission, In the absence of
scattering, the equation of radiative transfer, while still imposing very
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