ME 544 Homework Solutions 17 April 2018
Advanced Fluid Turbulence

Problem 1. Problem 11.3, page 393 in the text.

1. Derive Equation (11.26) in the text for the case of homogeneous, anisotropic turbulence with
no production.
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2. Assuming the isotropic form for €;;, ie., €; = (2/3)ed;;, and using Equation (1), derive

Equation (11.23) in the text.
With the isotropic form for ¢;;, the Equation (1) becomes
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3. If instead of isotropy, €;; is taken proportional to (u;u;), show that Equation (11.27) results.
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plugging this into Equation (1) gives
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4. Finally if Rotta’s model, RE;) = —2CR €b;j is used in Equation (2), show that Equation (11.25)
follows with (Cr — 1) replaced by Cg. Plugging Rotta’s model into Equation (2) gives
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b;j as desired.

Problem 2. Problem 11.6, page 396 of the text.

1. Show that, according to Rotta’s model, and assuming that the flow is statistically homoge-
neous with no mean shear nor mean strain, the invariants 0]} evolve as Equation (11.37) in
the text, i.e., according to:
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We will prove the result by induction. Note that Equation (3) holds for n = 1 by taking i = j
in Equation (4) and summing. Next consider the equation for b%. Writing Equation (4) with
i —j,j — 1, then
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Multiplying Equation (4) by bj;, Equation (5) by b;;, and adding gives:

dbi; db;; d €
2 L = —(bijbji) = —(Cr — 1) (bibji + bjibij) ,

Vit T " a k

or, with b?z = bijbji N
dv;
dt
So Equation (3) also holds for n = 2.
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Consider now the general case,
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Taking the time derivative of this, using the chain rule n times on the right-hand side gives:
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Finally, using Equation (4) n times gives Equation (3) as desired.



2. Show that & and 7 evolve as

d€ €
i —(Cr — 1)%5 (6)
W (er-1) @

where 6772 = —2Hb = 6121 = bz‘jbji, and 653 = b?l = bijbjkbki~
From Equation (3), using the definition of 7,
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Next, using the definition of £ in Equation (3), using the definition of £ gives:
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3. How does the ratio £/n evolve? Show that the trajectories in the &-n plane are straight lines
directed towards the origin.
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Note that (f/ ) = 1ds_ & dn Using Equations (8) and (9) in this equation gives
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So £/n = constant = &y/no, say, and £ = (§o/n0)7n , a straight line through the origin. Assum-
ing, for example, that initially £ and n are both positive, then from Equations (6) and (7),
with Cr > 1, both would be decreasing functions of time, so they would follow the straight
line towards, not away from, the origin. The same can be proven if the initial conditions are
in any of the other three quadrants of the (£,7n) plane.



