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Force Vectors (Tensors)
» Aforce,F , is a vector (also called a "1st-oragmsor")

 The description of any vector (or any tensor) aelse
on the coordinate system used to describe thew

100 Ib
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F=100Ib F =70.7 Ib (x-direction) F = 86.6 Ib (x"-direction)
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70.7 Ib (y-direction) 50 Ib (y"-direction)
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Normal and Shear Forces

A "normal" force acts perpendicular to a surface
A "shear" force acts tangent to a surface

P = Normal Force

I V = Shear Force
NRANN >
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Forces Inclined to a Plane

e A force inclined to a plane can always be desdribe
as a combination of normal and shear forces

Inclined Force

=

P = Normal Force

! V = Shear Force
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Moments

« A moment (also called a "torque" or a "couple"ais
force which tend to cause rotation of a rigid body

« A moment is also vectoral quantity...
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Static Equilibrium

* Arigid solid body is in "static equilibrium" it iis:
— atrest, or
— moves with a constant velocity

e Static equilibrium existsi Y F=0 anc Y M =0
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Free Body Diagrams and "Internal Forces"

 An imaginary "cut" is made at plane of interest

* Apply S F=0 and 3 M =0 to either half to
determine internal forceiR,

F(g F
R(=F)
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Free Body Diagrams and "Internal Forces"

- The imaginary cut can be made along an arbitrary
plane

Internal forceR can be decomposed to deterthiae
normal and shear forces acting on the arbitrangg

Ffl\
R (= F) P
"CUt" “““““““““ ; i : \’/'V
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Stress
Fundamental Definitions

 Two "types" of stress:
— normal stress g = P/A
— shear stress = V/A
— where P and V must uniformly distributecover A

P = N‘ormal Force o = P/A

V = Shear Force I T=V/A

—

|~ L~

A = Cross-Sectional Area
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Distribution of Internal Forces

* Forces are distributed over the internal plane...
they may or may not be uniformly distributed
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Infinitesimal Elements

* A free-body diagram of an "infinitesimal elemerd”
used to define "stress at a point"

e Forces can be considered "uniform" over the
Infinitesimally small elemental surfac

+X
s TZ
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Labeling Stress Components

e Two subscripts are used to identify a stress
component, e.g.d,,” or “1,,” (note: for convenience
we sometimes write, = 0,, Of O,y = T,)

+y T T Xy
O ! +; > Oux
T
Xy
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Admissable Pure Shear Stress States

+X

M

(inadmissale)
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yX
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> M=0
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Stress Sign Conventions

 The algebraic sign of an element face Is “positive
of the outward-pointing unit normal to the face
“points” In a positive coordinate direction

e A stress component is positive If:

— stress component acts on a positive face and “points” in
a positive coordinate direction, or

— stress component acts on a negative face and “points”
In a negative coordinate direction
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Stress Sign Conventions

v $ iy +y 4 Uy
> >
+X Oxx A ™ Oxx

e

O, anda,, positive,

all stresses positive .
T,y Negative
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The Stress Tensor

e Stress iIs a "2nd-order tensor”, and in the mosée g
case Six components of stress exist "at a point"
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Plane Stress

 |f all non-zero stress components exist in a gng|
plane (i.e., ifo,, = 1,, = T, = 0), the state of stress
Is called "plane stress"

Ty +y 4
Oyy [ GW
+X Txy '\
+Z . _L’ —_l '[Xy
_:_ 3 O — Oxx
—

.o 1 -
O-XX % RCLEEE! EEE B O-XX -
AU I l +X




Uniaxial Stress
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If only one normal stress exists (];E_X =0, = Ty
=T, =T, = 0), the state of stress Is called a
"uniaxial stress"
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Free Body Diagranbefinesthe
Coordinate System
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Free Body Diagranbefinesthe
Coordinate System

F%w A A
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Free Body Diagranbefinesthe
Coordinate System
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Stress Transformations

e Glven stress components in the x-y coordinate
system @,,, 0y, T,,), What are the corresponding
stress components in the x'-y' coordinate system?

w4 Oyy
T Txy

J Txy ? ty \ / Ox'x'
-— T 0XX  c— X
b2 TOR




Prof. M. E. Tuttle University of Washington

Stress Transformations

e Stress components Iin the x'-y' coordinate syst@y m
be related to stresses In the x-y coordinate sygsng
a free body diagram and enforcingF =0

ZFX' =0

+Xx'

\ +y
It Txy \ Txy /A'e
\\\\ 0. o— O-XXV%» \(O-X'X'
1 S XX
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Stress Transformation Equations

* By enforcingzF,. = 0,2F,, = 0O, it can be shown:

_ . 2 .
Oy =0, COS 8+0,,sin° 6+ 21, cosgsing

_ . 2 _ .
0., =0sin°8+0, cos’ 6-2r,, cosdsing

y

Iy = (0, — 0 JcOSOSING + rxy(co:s2 9-sin?6)

Important noteangle@is positive counter-
clockwise (CCW)romthe +x-directiortowards
the +y'-direction
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Stress Transformation Equations

e Using matrix notation, these can also be written:

(0, ] cos* 6 sin® @ 2c0s6sing [0y,
1oy, b= sin?@ cos 6 -2cosgsing {o,, ¢
Ty ~cosfsing cosgsing (cos §-sin®6) || 1,,
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Stress Transformation Equations

 These transformation equations can also be
visualized using Mohr’s circle of stress:

Oyy

T I\
—1 = Txy
Oxx
I (GW1TXY) (GX'X' —T x'y')
b
20 20
(Equivalent) = g
' ;
Oyy

+y\ yl-x'yl Oxx (Oyy,Txy) (Oxx,—Txy)
| \( +X' v
A A/Q?
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Principal Stresses

 In the principal stress coordinate system thershea
stress Is zero, and the normal stresses are max/min




“Transformation” of Stress

. 9w ny
Ty Txy

Txy +y \{O-x X'
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"Stress": Summary of Key Points

Normal and shear stresses are both defined as a (force/area)

Six components of stress must be known to specify the "state
of stress" at a point

Stress Is a tensorial quantity; values of individual st
components depend on the coordinate system used

Stress is defined strictly on the basis of static equilibrium;
definition is independent of:

— material properties
— strain
— temperature
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Sample Problem

* Given the following stress components (where Haxis
IS horizontal and positive to the right, and thaxys Is
vertical and positive upwards):

g,, = 3500 psi = -30000 psi T, = 20000 psi

GW
(a) Sketch the stress element in the x-y coordisygdéem
(b) Sketch the stress element in the x’-y’ coortBna
system, oriented 50°CCW

(c) Sketch the stress element in the principakstre
coordinate system
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Sample Problem (answers)

+y 4 30000 psi :
4 . 3536 psi 39338 psi
30036 psi

¢~ 20000 pSi

+x'
+y'
3500 psi i+5 0°

o

+X
‘ 19970 psi

Part (a) Part (b) Part (c)
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Strain
Fundamental Definitions

"Strain" Is a measure of the deformation of adsoli
body

 There are two "types" of strain; normal straahdnd
shear strainy)

= (changiin length
(originallength)

units=in/in, m/m,etc

y =(changin angle units = radian:
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The Strain Tensor

e Strain Is a 2nd-order tensor, and in the most iggne
case, six components of strain exist "at a point":

Exx: 8yy’ €22 yxy’ Yxz: yyz

e Since strain Is a tensorial quantity, the valuethe
Individual strain components which define the 'stat
of strain" depend on the coordinate system used...

e This review will primarily involve strains which
exist within a single plane
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Strain Within a Plane

« We often encounter two distinct conditions that
result in problems involving “strains within a p&n

— Plane Stres®All non-zerostresscomponents lie within a
single plane (e.go,,, Oy, T,y #0,0,,=1,,=T1,,=0). If
the material is isotropic, the plane stress condition induces
four non-zero strain componengs;, €,,, €,,, andy,,

— Plane StrainAll non-zerostrain components lie within a
single plane (e.g&,,, €y, Yy 70 ,€,, =V, = Y, = 0). By
definition, the plane strain condition involves three non-
Zero strain componentsy,, €,,, andy,,
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Strain Within a Plane

[1 abc =172 radians [1 abc <172 radian

- Ix =

Original Shape Deformed Shape
Exx :£Iimo(A€x/€x)

Eyy = &IliLn 0 (Afy/ fy)

= lim (AQO ab
yxy fx,fy_>0( C)
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Strain Sign Convention

* A positive (tensile) normal strain is associatethvan
Increase In length

e A shear strain is positive if the angle betweea tw
positive faces (or two negative faces) decre

All Strains Positive

£ Positive
€y and yxy Negative



Visualization of Strain
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(Assuming link made of an isotropic material)

"

+X

8yy>0
Ex <0
yxy:O



Prof. M. E. Tuttle University of Washington

Visualization of Strain
(Assuming link iIs made of an isotropic material)

ng
)
+y' +x' O (Loading |
% 3 Exx = €y >0
Ky > O
45 deg Y
&

!
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Strain Transformations

* Given strain components In the x-y coordinate
system, what are the corresponding strain
components in the x'-y' coordinate system?

ty

Given: €xx, Evy, andyxy Find: Exx', Eyy, andyx'y'
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Strain Transformation Equations

e Based strictly on geometry, it can be shown:

Exxe = 4 COS B +&, sin° 6+ (y;ijCOSQSiHH

£y = ESIN°O+&,, COS 6~ (y"yj%osﬁsinﬁ
2

yx'y' @
2 2

Important noteangle@is positive counter-clockwise
(CCW) fromthe +x-directiortowardsthe +y-direction

= (Eyy — gxx) cosgdsinég +( j(COS2 6 —sin2 9)
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Well, I'll Be Darned!!!

* The stress transformation equations are based
strictly on the equations of static equilibrium

* The strain transformation equations are based
strictly on geometry

* Nevertheless, the stress and strain transformation
equations are nearly identical!! (...because both
stress and strain aréddrder tensors...)
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Strain Transformation Equations

e Using matrix notation, these can also be written

2 2 :
o cos” g sin“ & 2cosdsing Exx

1 &y = sin® @ cos @ -2cosdsingd |2 &,

Vey!2] | —cosfsind cosfsing (cos’@-sin’6) ||y, /2
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Strain Transformation Equations

 These transformation equations can also be
visualized using Mohr’s circle of strain:

ized
=

y/ 21\
(Eyy,Yxy/2)

(Exx',—Yxy'/2)
(Exx,~Yxy/2)

(Eyy,Yxyl2)

Y
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Principal Strains

 In the principal strain coordinate system the shea
strain 1S zero and the normal strains are max/min..

~
~

+2
/ (€11,€22)
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“Transformation” of Strain

(Sxx, Eyy, Yx )
+yT e (Sx'x', Evy, yx'y')

’
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"Strain”: Summary of Key Points

* ¢=(Alength)/(original length) y= (A angle)
« Six components of strain specify the "state of strain”

o Strain is a tensorial quantity; numerical values of individualrstral
components depend on the coordinate system

o Strain is defined strictly on the basis of a change in shape;
definition is independent of:

— material properties
— stress
— temperature
o "Suprisingly,” the stress and strain transformation equations are
nearly identical
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Sample Problem

e Given the following strain components (where the X
axis Is horizontal and positive to the right, ahd y-axis
IS vertical and positive upwards):
€« = 2000uin/in €, =-1350uin/in y,, = 2200urac

e (a) Sketch (not to scale) the strain element ety
coordinate system
(b) Sketch (not to scale) the strain element inxthe
coordinate system, oriented 50°CW
(c) Sketch (not to scale) the strain element in the
principal strain coordinate system
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Sample Problem (answers)

+y
+X>
+X'
Part (a): Part (b): Part (c):
€ = 2000uin/in € = -1049uin/in €1, = 2329uin/in
€,y = -1350uin/in €y = 1699uIn/in €5, = -1679uin/in

Yxy = 2200prad Yy = 2917prad 6,=16.6°
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Hooke’s Law

e The structural engineer is typically interested In
the state of stress induced In a structure during
service

e The state of stress cannot be measured direc
* The state of strain can be measured directly....

 Hence, we must develop a relationship between
the stress tensor and the strain tensor...this
relationship is called a “constitutive model”, and
the most common is “Hooke’s Law”
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Hooke’s Law (Cont’d)

 The form of Hooke’s depends on whether the

material Is Isotropic or anisotropic:

— |Isotropic materials: same properties in all directions

— Anisotropic materials: properties vary with direct
 More than one “type” of anisotropic behavior. Tére

will be mentioned In this review:

— Transversely isotropic

— Orthotropic

— Generally anisotropic
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Isotropic vs Anisotropic Materials

Anisotropy occurs because of some type of order In
the microstructure

[——=12 r i }

t 1 ?
1 1 2 1 EZ
|
'

| ﬂ ;

Ei0E Ei1> B

|sotropic Materials Anistropic Materials
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Hooke’s Law

 Hooke’s Law will be reviewed/discussed in the
following order:
— |Isotropic materials
— Anisotropic
* Transversely isotropic
» Orthotropic
e Generally anisotropic
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Isotropic Material Properties
The Uniaxial Tensile Test

e Specimen is subjected to axial tensile force, inducingiaxial
state of stress in the "gage" region

« Stress is increased until fracture occurs; corresponding axial and
transverse strains are measured throughout the test (al
strains = 0)

Ex =AINl &,=¢,=Awlw=Att VY, =V,=V,=0

¢ w

A 7 L

E— L & ) S— +7

ty
GXX

X N =y +X
<+ PR A —

+z
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The Tensile Stress-Strain Curve
A plot of axial stress vs axial strain

oé

Tensile Strength

Fracture Stress

0.2% Offset
Yield Strength

0.2% Strain to Fracture €




Load-Unload Cycles

0.2% Offset
Yield Strength

->| <@-Elastic Strain

0.2% Offset
Yield Strength

&

0]

Tensile Strengt

0.2% Offset
Yield Strength

& c

I?—’I‘IElastic Strain

nelastic
Strain
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&

I
k—lnelastic Strain

i<

Elastic Strain
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Material Property:

Young’s Modulus

e At stress levels below the
yield stress the response is
called "linear elastic"

_ : ™
* The slope of the linear regi o oot ‘

IS called "Young's modulus'| Yield Strength

od

or the "modulus of elasticity", In Linear Region:
E E i o= Esg
* In the linear region anfibr a
uniaxial stress-statéonly!!!):
o=Es (or) €=0/E .
< o



Prof. M. E. Tuttle University of Washington

Material Property:

Poisson's Ratio

e Poisson's ratio I1s based on the ratio of two nbrma
strains cause byuniaxial stress: v = -(g/¢€,)

e Poisson’s ratio Is a measure of twipling
petweera,, ande,,, €,

* In this casev = (-,,/g,,) = (€,/5)

¢ w
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Material Property:

Poisson's Ratio

e Poisson's ratio I1s based on the ratio of two nbrma
strains cause byuniaxial stress: v = -(g/¢€,)

e Poisson’s ratio Is a measure of timeipling
petweera,, ande,,, €,

* In this casev = (-,,/g,,) = (€,/5)

¢ w
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Material Properties
The Torsion Test

 Thin-walled cylindrical specimen subjected to a
torque, inducing a uniform shear stregsin the
gage region of the specimen

e Shear stress (l.e., torque) increased until frax
occurs,; shear strain measured throughout test
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The Shear Stress- Shear Strain Curve

o Atlinear levels, the slope of §
the shear stress -shear strain
curve Is called the “shear
modulus’

* |n the linear region (only!!)
Ty = G¥yy (01) Yoy =Ty//G G
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Number of Independent Material
Properties

 Three material properties have been defined, E,
and G

 For an isotropic material, only two of these three
properties are independent...it can be sh

G= =
2(1+v)
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Derivation of Hooke’s Law
For an isotropic material subjected to general 3ikses

« We assume the strain
tensor is linearly related to
the stress tensor....(when is
this a bad assumptior

e Assuming the linear
assumption is appropriate,
the principle of
superposition can be used
to develop a Hooke’s law:
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Hooke’s Law (cont’d)
Strains caused by, only:

T (What strains are induced

= by g, only?)
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Hooke’s Law (cont’d)
Strains caused by, only:

. O £ = K1 0= (L/E) O,
%._’ Syy = k21 Oyx = ('V/ E) Oxx
1y ) Szz = k31 Gxx = ('V/ E) Gxx
2 yxy = k41 Gxx =
yyz = k51 Gxx =0
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Hooke’s Law (cont’d)
Strains caused by, only:

+x G Exx = I'(12 ny = (_V/ E) ny
" . €y = ky 0y = (L/E) Oy,
& N £,,= K3, 0,y = (-V[E) O,

/ yxy = k42 ny =0

2y Yoz = Koz Oy = O

yzx = k62 ny =0
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Hooke’s Law (cont’d)
Strains caused by, only:

+x Exx — k13 O,,= ('V/ E) O,
> Syy = k23 Oz, = ('V/ E) O,
& £,,=kya0,,=(1/E)O
) — ZZ 33 Yzz ZZ
-"3-?;'_ C-'-":.- - yxy — k43 O-ZZ = O
yyz = k53 Gzz = O
yzx = k63 Gzz = O
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Hooke’s Law (cont’d)
Strains caused bg, only:

" r Exx = I(14 Txy =
J—,;: e Syy:k24Txy:
4 = €2 = k34 Ty = 0
$: —————— yxy = k44 Txy = (1/ G)[xy: [2(1+V)/ E] Txy
r Yyz = k54 Ty = 0
N Yox = k64 Txy =0
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Hooke’s Law (cont’d)
Strains caused bg,, only:

+x Exx — k15 Tyz =0

/T_+._ : €y = Kos Ty, = C

Y h e b= €2~ k35 Tyz =0

AN b = Kys Ty, = 0
k55t = (L/G),, =[2(1+)/E] 1,,

k65 Tyz =0



Hooke’s Law (cont’d)
Strains caused by, only:

Sxx = k16 sz =0
Eyy = Kog T, = C
Szz = k36 sz =0
yxy = k46 sz: 0
yyz = k56 sz =0

Prof. M. E. Tuttle University of Washington

Yox = Ko Tox = (L) =[2(1HV)/E] T,
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Hooke’s Law (cont’d)
Strain g, caused by all stress components acting
simultaneously:
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Hooke’s Law (cont’d)

Strain g, caused by all stress components acting
simultaneously:

+x s
L. €y =
, +z TL’ rr:
— . . .
%» % o.. (Slnce strain-stress relation

Gy T assumed linear, we can
apply the principle of
superposition and simply
add up contribution of
each stress component):
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Hooke’s Law (cont’d)
Strain g, caused by all stress components acting
simultaneously:

_ Sxx = kll Gxx
" $ + Ky Oy
, T TN e ) + k13 O,
% %; = *+ Kig Tyy
= + k15 Tyz

Oy -
” TK’_‘;' + k16 TZX
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Hooke’s Law (cont’d)
Strain g, caused by all stress components acting
simultaneously:

8XX = (1/E) GXX

" : + (v/E)a,,

| tz TLD I + ('V/E) O-ZZ

- .%—r = + (0) Tyy
Tzx 7 ¥ (O) TyZ

Tyy -- + (O) TZX



Prof. M. E. Tuttle University of Washington

Hooke’s Law (cont’'d)
Rearranging:

+_1I 'S
+z L’ 1
X _
| %ﬁ: = 5XX—E Uxx_V(UW"'Uzz)
%’ O
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Hooke's Law
Repeating process for all six strain components

1 2(1+v)1y
5xx:E[Uxx_V(Uyy+Uzz)] Yxy = = !
1 201+ V)1
5yy:E[Uyy_V(UXX+UZZ)] Yxz = ( E) =
1 2(1+v)ry,
5zz:E[Uzz_V(Uxx+0yy)] Vyz = = !
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Hooke’s Law
Matrix Notation

(£, ] 1 -V -V 0 0 0 1o,
Eyy -v 1 -v 0 0 0 Tyy

£, 1l-v -v 1 0 0 0 P

v, El0 0 o0 2a+v) o0 I
Ve, 0 0 0 0 21+v) 0 |1,

Yyl LO O 0 0 0 21+v)||71y
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Hooke’s Law

Inverting the six equations leads to a more coramni
form for experimental analysis...

B E B _ Ey Xy
T ) 20) (@-vsarviey re] Ty 2(1+V)
~ E ~ _ Eyxs
VT d+v)(i- ) 0y +vieare] 1 2(1+)
E Eyyz

[(1_ V)Ezz+V(Exy + Eyy)] lyz =

Ozz=
(1+v)1-2v)



Hooke’s Law
Matrix Notation

(@-V)
O xx Y,
Tyy %
Ozz| _ E 0
L=

Tyz| @+v)A-2v)

Txz 0)
I'xy ) 0

%
1-v)

Prof. M. E. Tuttle University of Washington

0 0

0 0 Exx

0 0 ||¢yy

0 0 ) £ZZ y
(1-2v) /yz

5 0 Vxz

0 @d-2v) || Vxy]

2
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Hooke's Law For Plane Stress
assumeg,,= 1,,= 1,,= 0

+y 4
Oy 1 B
f £yy ‘E(Uyy V)
—— Txy
O-XX — V
l " 2(1+ v)rxy
Oyy Yxy = c
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Hooke's Law For Plane Stress

assumeg,,= T,,= 7,,= 0

+yA

O;yy

i, Txy

Oxx J [
-+ — O xx

>

+X

ol

Oyy

! -Eu2> ot oy
Oyy = (1_EV2) [é‘yy + VEXX]
E

T —
Xy 2(1+|/)yxy
O72=Txz=Tyz=0
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Hooke's Law for Uniaxial Stress
If 0;<x: Jzz: Txy: sz: Tyz: 0

+y g
— VO
_ _ Yy
Exx = €z2z= =
l X Yxy = Vxz=Vyz=0
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Hooke’s Law
Anisotropic materials

* As before, assume stress is linearly relatedréonst..

« Anisotropic material exhibit two “unusual’ featsréas
compared to isotropic materials):
— Properties differ with directiore.c, in generalg,, # E,, # E,)
— This can lead to unusuaitdupling effects:
* A normalstress may caushearstrains
* A shearstress may causwrmalstrains



Prof. M. E. Tuttle University of Washington

Hooke’s Law — Anisotropic Materials
Strains caused by, only:

& (What strains are induced by
= g, only?)
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Hooke’s Law — Anisotropic Materials
Strains caused by, only:

& (What strains are induced by
= o, only?)
Gy ...for generally anisotropic

materials,g, will iInduce six
components of strain (i.e.,
a,, Will induce a 3-D strain
tensor)
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Hooke’s Law — Anisotropic Materials
Strains caused by, only:

+x Oxx Sxx = kll Gxx

%.: Syy = k21 Gxx

Ty = €2 = k31 Oxx
yxy = k41 Oxx

yyz = k51 Gxx

g-”l Yzx = k61 Oy
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Hooke’s Law — Anisotropic Materials
Strains caused by, only:

+x o Exx = k12 ny
)_Jr.: / Syy = k22 ny
- N £,,= K, Oyy
/ yxy = k42 ny

. V. = ks 0,

yzx = k62 ny
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Hooke’s Law — Anisotropic Materials
Strains caused by, only:

+x Sxx = k13 Gzz

> Syy = k23 Gzz

Ty ) Szz = k33 Gzz
<+ > = =k

Oz- O-- yxy - ™3 Gzz

yyz = k53 Gzz

yzx = k63 Gzz
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Hooke’s Law — Anisotropic Materials
Strains caused bg, only:

+x SXX — k14 '[Xy

J_E ‘/T Syy ~ Koa Ty

+y I S SZZ - k34 Txy
x: """ Yiy = Kaa Ty

Yyz = Ksg Tyy

" yzx = k64 Txy
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Hooke’s Law — Anisotropic Materials
Strains caused bg,, only:

X Exx = k15 Tyz
_/T—J:- : Eyy = k25 Tyz
v h 1* ------ bz = €22~ k35 TYZ
bz —H‘/ Yxy = Kys 1y,

Yyz = Kss Ty;
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Hooke’s Law — Anisotropic Materials
Strains caused by, only:

+x Sxx = k16 sz

)_# Lo Syy = k26 Tx

Ty h Szz = k36 Tox
Lo S —_ k 1

S N N yxy — ™6 “zx

e - p Tzx yyZ — k56 TZX

yzx = k66 sz
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Hooke’s Law — Anisotropic Materials
Strain g, caused by all stress components acting
simultaneously:
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Hooke’s Law — Anisotropic Materials

Strain g, caused by all stress components acting
simultaneously:

+x " *
L. €y =
, +z TL’ rr:
— . . .
%» % o.. (Slnce strain-stress relation

Gy T assumed linear, we can
apply the principle of
superposition and simply
add up contribution of
each stress component):
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Hooke’s Law — Anisotropic Materials
Strain g, caused by all stress components acting
simultaneously:

+x A *
%,ﬁ L > Exx = k11 Oyx
’ ] x Tz + k 0)
= 12 Oy
Oz + k13 Oz,

Oy = + k14 Txy
T k15 Tyz
+ k16 sz
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Hooke’s Law — Anisotropic Materials
Repeating this process for each strain component
results in six simultaneous equations

+x f\’. X
/ +z >
+y & z-l‘_'
L, =
o
Ty

Oyy
Tyy

Sxx = kll Gxx T k12 Oyy T k13 Gzz T k14 Txy T k15 Tyz + k16 sz
Syy = k21 Oxx + k22 ny + k23 Gzz + I(24 Txy + k25 Tyz T k26 sz
Szz = k31 Gxx + k32 ny T k33 O-zz + k34 Txy + k35 Tyz + k36 sz
yxy = k41 Oxx T k42 Oyy + k43 Gzz T k44 Txy T k45 Tyz + k46 sz
yyz = k51 Gxx + k52 ny T k53 Gzz + k54 Txy + k55 Tyz + k56 sz
yzx = k61 Gxx + k62 ny T k63 Gzz + k64 Txy + k65 Tyz + k66 sz
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Hooke’s Law — Anisotropic Materials
...the six eq’s can be expressed using matrix notatio

2
!

Vzx) | Ke1 Ke2 Kez Kea Kes Keg || Tzx |
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Hooke’s Law — Anisotropic Materials
Inverting the six equations:

Opx = Kp1 Ex T Ko €y + Ky €, Ky Yoy + Kis Vi + Kig Vix
Oyy = Kog €t Kop €y + Kog €5, Koy Yy T Kos Wy + Kog Yox
Gzz = K31 8xx + K32 Syy T K33 8zz T K34 yxy T K35 yyz T K36 yzx
Ty = Kap €t Ky €yt Kyg €5, Kyy Vg + Kas Wzt Kyg Yox
Tyz = K51 8xx + K52 Syy T K53 8zz T K54 yxy T K55 yyz T K56 yzx
sz = K61 8xx + K62 Syy T K63 8zz T K64 yxy T K65 yyz T K66 yzx

(2.11)
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Hooke’s Law — Anisotropic Materials
Using matrix notation:

Tx] | Ker Ke2 Kez Keg Kgs Kgg || Vzx)

K = [Kij] = “coefficients of elasticity”
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Hooke’s Law — Anisotropic Materials
Inverting the six equations:

«Apparently, there are 36 coefficients of elasticity, however

« Strain energy considerations show that thg fatrixmust be
symmetric...number of independent coefficients reduces from
36 to 21.:
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Hooke’s Law — Anisotropic Materials
Anisotropy originates due to microstructure

 Unidirectional composites possess an inherent “principal material
coordinate system”, defined by the fiber orientation

Y
+X
= +Z
S y.
= / 7
= | —
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Hooke’s Law — Anisotropic Materials
Anisotropy originates due to microstructure

o If the stress and strain tensor are described relative to tiegai
material coordinate system, then there is no coupling between normal
stress and shear strain, and no coupling between shear stress and
normal strain:

Oxx| K11 Kig Kz 0 0 0 |[&xx)
oyl [Kio Kop Koz 0 0 0 ||ey,
|Pzz|_| K13 Koz Kgg 0 00 &7
[0 0 0 Kg O 0 ||y
Tyz 0 0 0 Kss O || Vyz
Izx) L Kee | Vzx)
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Hooke’s Law — Anisotropic Materials
Anisotropy originates due to microstructure

« If fiber distribution i
differsin y- and z- i

directions, then:

Exx > Eyy # Ezz
rUxx _Kll Kio Kis 0 0 0 Exx
Orthotropic Material |oy,| Kz Ky Ky 0 0 0 ||&y
|92z|_| Kz Koz Kgg 0 00 [
Ty 0 0 0 Kgy s O Y
ry| | 0 0 0 Kss 0 ||¥yz
Tzx) L Ke6 ] Vzx)

(2.21)



e |f fiber distribution
In y- and z-directions
IS identical, then:

EXX > Eyy = EZZ
.| Oxx _Kll
Transversely Isotropic | | |k,
) Yy
Material
< 077 - K12
Txy 0
Tyz 0
T 7x i
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Hooke’s Law — Anisotropic Materials
Anisotropy originates due to microstructure

o O O O

O O O O O

K66_ KyZX)
(2.32)
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Hooke’s Law
Summary of Key Points

e Hooke’s Law Is valid under linear-elastic
conditions only

 The mathematical form of Hooke’s Law depends
on the problem involve
— Isotropic vs anisotropic materials
— 3-D stress/strains
— Plane stress states
— Plane strain states
— Uniaxial stress



