Physics 571 Assignment #1 Solutions January 23, 2009

1. Bosonic Coherent State Functional Integrals.

(a)

One may define the operator exponential by a power series: exp(afz) =1+ Yo 2" (@t /nl.
Using the canonical commutation relation [a, dT] = 1 it is straightforward to prove the operator
identity a(a")" = p(a")"~! + (a")Pa(a’)" P for any p € {0,--- ,n}. The choice p = n is
particularly useful when acting on the vacuum, since a(at)”|0) = n(a)"~10). It is now just a
simple matter of applying this definition and identity to show that a|z) = z|z). This implies
that bosonic coherent states are eigenstates of the annihilation operator.

To calculate the overlap (2/|z) we need to understand how to move exp(az’) past exp(afz),
or more fundamentally, what is the matrix element (0|a™(a")"|0)? Repeatedly applying the
identity from part (a) we find (0]a™(a")"|0) = m! . Hence,
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Thus, (2'|2) = e 17?2717 ?/242'2 — o~[7'(z'=2)=(Z~2)2]/2 Note that (z|z) = 1 so the coherent
states are unit normalized. Also note that (2’|z) does not vanish when 2z’ # z (in contrast
with harmonic oscillator eigenstates).

Eigenstates of the Hamiltonian a'a are given by |n) = ﬁ(cﬂ)"m) for any nonnegative integer
n. The state [n) has eigenvalue n and as a set they form a complete orthonormal basis for the
single particle Hilbert space. The coherent state |z) = e~1#°/2 Yoo \/»]n> Therefore,
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The integration measure d(Re 2)d(Im z) = drr df (with z = re'?), and the Gaussian e~ are
both invariant under a phase rotation z — e*®z. If m # n, then the product z™2z" acquires a
non-zero phase ! (™m~™% and this implies that the integral is identically zero. The integral is
nonzero only when m = n. Hence
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where we recognized the integral representation of I'(n+1) = nl.

This proves that any state in the Hilbert space can be written as a linear combination of
coherent states, since any state |¥) = [dzdz |2)(z|¥). This is the usual statement of com-
pleteness. In fact, the coherent state basis is overcomplete because any given coherent state
can be represented as a linear combination of other coherent states.

The proof is very similar to part (c). Write out the matrix element in terms of eigenstates of

ata,
1
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The integral is nonzero only when m = n and evaluates to wn!. Thus,

/dzdz (210]2) = 3 (0] Oln) = TrO

n>0

(since the middle expression is just the definition of the trace using a basis of harmonic
oscillator eigenstates).

(e) The partition function is

N
Z=Tre " = lim /Hdiidzz' <Zi|6_%H‘Zi—1>
i=1
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where zy = zy. Let e = §/N. Since N is being taken to infinity, € is infinitesimal. Therefore,

<Z/‘efeh(&7,d) ‘Z> _ efeh(i’,z)JrO(eQ) <Z/’Z>.

To derive this we can expand the exponential as e="@"@) = 1 _en(af, a) + se?h(al,a)*+- -
The function h is normal ordered, which means that for a given monomial term in h, all
of the creation operators are to the left of the annihilation operators. One can express h
explicitly as h(af,a) = > cmyn(dT)m&"ﬂ Taking the Hermitian conjugate of a|z) = z|z)
yields (z|a" = (z|z. Upon sandwiching any normal ordered monomial between coherent state
bras and kets, we end up replacing a' by its left eigenvalue and @ by its right eigenvalue. It is
clear that (z'|h|z) = h(Z,2). However, h? and higher powers of h are, in general, not normal
ordered. Nevertheless one can always write h? = N(h?) + (stuff), where N is the normal
ordering symbol. It follows that (/| N (h?)|z) = h(Z,2)? and the full matrix element (2'|h?|2)
equals this result up to corrections coming from (stuff). This shows that it is possible to resum
the expansion back into the form of an exponential of h(Z', z) while making an error of order
€2 (stuff).

Using the result of part (b) for the overlap, we have
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Let z(je) = z; and similarly for Z, and notice that

ting |-z S5+ BT — () [0,4(0)] + 07207 () = —(7)5 (7).
Moreover,

h(Zj, ijl) = h(Z]-, Zj) + € 72]'716_2]' azjh(zj', Zj) -+ ..
— h(2(7), 2(7)) = €[0:2(7)] 8:h(2(7), 2(7)) + O(?) = h(2(7), 2(7)) + O(e) .

Finally, let DzDz = limy Hf\i 1 dzidz; and recognize that erV: L = ff dr. Any terms
proportional to € in the exponent vanish in the limit. Since zy = 2y, the complex path z(7)
obeys z(f) = z(0), and similarly for z. In other words, they are periodic with period 3. Thus,
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periodic paths

!For example, the simple harmonic oscillator with a AZ* anharmonic perturbation has a normal ordered Hamilto-
nian of the form h = a'a + \[(a")* + 4(a")%a + 6(a’)?a? + 4a'a® + a* + 6(a")? + 12a'a + 64> + 3].



(f) Separate z(7) = Re z(7) + ilm z(7). Instead of treating z and Z as the integration variables,
treat Re z and Im z as the independent degrees of freedom. A simple rewriting gives

7 = D(Re Z)D(In’l Z) e~ fO’B dr [i(Re 2)0-Im z—i(07Re z)Im z+h(Re z,Imz)]'

periodic paths

Let z = (¢ + im)/v/2, with ¢ and 7 real. For a harmonic oscillator with unit frequency,
a = (2+1ip)/v/2, so ¢ would be the coherent state expectation value of the position, and 7 the
coherent state expectation value of momentum. In the exponent of the path integral, integrate
the first term by parts to flip the time derivative onto the other factor (and use the fact that
both real and imaginary parts of z are periodic to see that the boundary term vanishes), to
obtain the natural form of a phase space functional integral (with imaginary time),

Z = / DpDme foﬂ dr [iW(T)arsD(T)-I-h(W,go)]'

periodic paths

Suppose that the Hamiltonian has the typical form of a sum of kinetic and potential energy, so
that h(m, ) = 7%+ V(p). Then the functional integral over () is just a (shifted) Gaussian
integral. Performing this integral reduces the phase space functional integral to a conventional
(Euclidean) coordinate space path integral,

Z= [ DpDre W arlin@ore@in Vo] Z [ = I dr [b@re)?*+V em)].

periodic paths periodic paths
2. Fermionic Coherent State Functional Integrals.

(a) In this problem, {Zz, z} are generators of a Grassmann algebra. When we act with b on |z) we
may move it past e ?%/2 since the latter is an even element of the Grassmann algebra. Since
et'# =1 4+ b2, the only nonvanishing term is e~#/2{b,bT12]0). The anticommutator is just 1
and z|0) = z(1 4+ bT2)|0) = (1 + sz)\O>z So the final result is b|z) = z|z) = |2)z.

(b) Define the Hermitian conjugate so that (b72/)t = 2/b. Then (2/| = (0|(1 4 Z'b)e7#'/2.

(/]z) = e 7#2(01(1 + D))

= 7F2 (14 72) (0]2)
N — N~
eZ'z e—22/2

— o F2/2-F 2 (2472 _ e—%z’(z’—z)Jr%(z’—z)z
The answer is completely analogous to the bosonic case. Notice that (z|z) = 1, but (/|z) # 0
when 2/ # 2.

(c) The standard rule for Grassmann integration can be summed up as [ dzdz(a+Bz+vz+02%2) =
0, where «, 3,7,0 are ordinary numbers. For the quantum mechanics of a single fermionic

2Both equalities hold since two z’s kill each other regardless of whether b' commutes or anticommutes with z.



(d)

3. (a)

degree of freedom, the Hilbert space consists of just two states: {|0), |1) = b70)}. Therefore,

/dzdz |2)(z] = /dzdz e~ (10) + [1)2)({0] + z(1])
= /dZdz (1+22) (]0)(0] + [0)z(1] 4 |1)z(0| + |1)2Z(1])

/dzdzzz 10) (O] + |1)(1])

0)(0[ + [1){1]

The proof is straightforward,

/dzdz<—zyoyz> _ /dzdze—zz (0] = 2(1)) O ([0} + [1)2)
- /dzdz (1+ 22) ((00]0) + (0]O[1)= — 2(1]0[0) — (1|O[1)2)

_ /dzdz 22 ((0]0]0) + (1]O[1))

= Opo + O11
=TrO.

Note that [ dzdz (z]0|z) = Opp—O11 = Tr(—1)FO. Here (—1)'|0) = |0) but (—1)F|1) = —|[1).

The partition function is

N
R 5 -
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re A}gnm/Hdzzdzz (zile” ¥ |zi—1)
=1

where zy = —2¢. Let € = B/N. The most general Hamiltonian for a single fermionic degree
of freedom is H = h(bf,b) = co + c1(b + bT) + c2b'h. Since the expansion of the exponential
truncates, the matrix element is easily checked to be

<Z/|efeh(i)T,lA)) |Z> _ 676h(2/,2)+0(62) <Z/|Z>.

Inserting the overlap from part (b) we get an expression for Z that is superficially identical to
the one for the bosonic case. We can follow all of the steps in part (e) of the previous problem
without any cosmetic changes, but keeping in mind that, behind the scenes, the integration
variables are Grassmann generator-valued functions of time. The other crucial difference is

that z(8) = —z(0). Thus, the paths given by z(7) and Z(7) are antiperiodic, rather than
periodic, in Euclidean time. Hence,
7= / DDy e~ 0 4 [370()Hh(ED).2(7)|

antiperiodic paths

Z = [ DYDyp e %W with Spy] = féﬁ da® fOL d3x (Y50, + m)ip, where the integral is over
all Grassmann-valued spinors ¢ (z) and ¢ (z) which are antiperiodic in the (imaginary) time
coordinate 2° with period 3 and periodic in z* with period L, so 9(0,z2) = —(8,z) and
(20, +nL) = (20, z), and likewise for 1(z), for any integer-valued vector n.



(b)

The functional integral is a complex Grassmann Gaussian integral, Z = [ Dy Dy e_@’od’),

with inner product (f, g) fo dax” fo 3z f( ) (x ) and covariance O = v4,0,, + m. Therefore
Z = det(O) and the associated free energy F = —31InZ = —3 !Indet(O), where the
determinant is to be evaluated in the space of functions which are antiperiodic in time with
period 3 and periodic in space with period L.

Eigenfunctions of O = @ + m satisfying the periodicity conditions are four-dimensional plane
waves eiF'e’ Tk T times spinors uy which are eigenvectors of if +m, where k is an odd integer
multiple of 7/ and each k' is an integer multiple of 27r/L. Since (if)? = —k?, the eigenvalues
of if: +m are +i|k| + m, where |k| = VA2 is the Euclidean norm of k. Because § is traceless,
there must be two degenerate eigenvalues of i|k| + m, and two of —ilk| + m.

So the free energy F = —3 !lndet(d + m) = =313, [2In(i|k| + m) + 2In(—i|k| + m)] =
—2471 3", In(k?* + m?), where the sum runs over the allowed values of the Euclidean 4-vector
k which satisfy the periodicity conditions. Writing k® explicitly as w, = (2n + 1)7/3, for n
integer, and the allowed values of k as k; = (27/L) [, for | an integer-valued vector, we have
F=-26"15 %" In(w? +k?+m?). The sum doesn’t converge, but taking a derivative with
respect to m? improves things since a%fle = 287155 (w2 + k¥ +m?) 7!, and now the
first sum over n does converge.

Using ZZO__OO [(2n+1)2 + b2rl = g5 tanh ”b, we have 57 = > e(k)” !tanh(3Be(ky)),
[36_6 1Be — €
where €(k) = \/k? + m?. Now tanh(3¢) = ﬁ =1- 2nf(e) with ny(e) = 1/(e’ +1)

the usual equlhbrlum Fermi distribution function. Therefore %F = >, 9(k) with g(k) =
le)[2nf(e(lj:)) — 1]. This is a smooth function of its argument. If this sum is multiplied

by (27/L)? (which is the cube of the spacing between allowed momenta) the result is a
Riemann sum approximation to the three dimensional momentum integral [ 3k gk) =

limy o0 (2F)3 21 9(k(1)), or equivalently 21 9(k(D) — L3 f o) 3 g(k) for large L. Therefore,

in the large volume limit, a S F =L (dSk (lk) [2ns(e(k)) —1]. Note that this differs from the

previous result for a real scalar field by a replacement of the Bose distribution by the Fermi

distribution, an overall factor of four accounting for the two spin states of our spin—% fermions

plus two for the antifermions, and a change in sign of the vacuum energy contribution.

Integrating %F with respect to m? gives the free energy density F/L3 = — [ % {2¢(k) +

43871 In[1 + e_ﬁe(@]} + C, for some integration constant C. The first term in the integrand,
2¢(k), is a temperature independent zero-point energy. To build a Lorentz invariant theory,
we want to use our freedom to add a constant to the Lagrange density (and hence, a constant
times 3L to the action) to make the vacuum energy vanish. Therefore, we should simply
drop the 2¢(k) term in the integrand. The integration constant C' must be independent of
m?, and must have dimensions of (energy)*. The only possibility is that it is some pure
number times 7% (where the temperature 7 = $~!). Such a contribution, depending on
no mass scale except the temperature, would indicate the presence of some sort of blackbody
radiation. No such contribution should exist for a theory which only contains massive particles,

so C should be set to zero. The result is that the physical free energy density is F//L? =

—43~1 f dSk In[1 4 e=P<®)]. This is a well-defined convergent integral The Corresponding

energy den51ty B/L? = Z(BF/L%) = 4 [ @5 e(k) [eP®) +1] 7 = 4 [ £k e(k)ns(e(k)). This
is the correct result — equal to an integral over all modes of the energy 6(]53) of the mode times
the occupation number of the mode, given by the Fermi distribution function, with an overall

factor of four for spin and antiparticles.



