Physics 571 Assignment #3 Solutions March 4, 2009

1. (a) We want to transform an arbitrary gauge configuration A,(x) into a gauge equivalent con-

figuration A,(z) = Q(x)(0, + A,(z))Q(z), with the transformation Q(x) chosen so that A,
satisfies the axial gauge condition 7- A = 0. Therefore, we need Q(z)[/-0+n- A(z)]Q(z)T = 0.
For any x, let x = g+ sn, with s = n-x and n-x¢ = 0, and view this condition as a first order
differential equation in the variable s. If A(z) were a number (instead of a matrix), then a solu-
tion to this first order ODE could be written explicitly as Q(z)! = exp{— Jo ds'i-A(xo+5'n)}.
For the general case, where A(z) is a matrix, what we need is a generalization of this expo-
nential defined such that its derivative brings down a factor of 7 - A(x) on the left of the
exponential. This is just like time-ordering, but in this context is called path-ordering. We
need Q(z)! = Pexp{— [ ds' 7 - A(zo + s'n)}, with P a path-ordering symbol. Path ordered
exponentials may defined by breaking the path into many little pieces, writing the exponen-
tial as the product of exponentials of each little contribution to the path, and ordering the
resulting factors such that contributions from earlier parts of the path are placed to the right
of contributions from later parts.
The Faddeev-Popov determinant for axial gauge is App = det(—n-D) = det(—n-0—[n-A,-]).
Axial gauge does not uniquely determine the gauge field. One still has the freedom to make
gauge transformations by group elements Q(z) = w(z®) — that is, gauge transformations
which have arbitrary dependence on the transverse coordinates z+ (transvere to 7), but no
dependence on 7 - . In more physical language, in Euclidean space one is free to call the n
direction the “time” direction. Using such language, the residual gauge invariance amounts
to the freedom to make time-independent gauge transformations on fields.

(b) Transforming to radial gauge is similar to transforming to axial gauge. For any z, let = sz,
so that s = |z|. The required transformation Q(z) must satisfy Q(z)[z-0+4z- A(z)]Q(z)" = 0,
or equivalently [ + - A(s2)]Q(s2)" = 0. This is again solved by a path ordered exponential,
Qa)t = Q(s2)T = Pexp{— [j ds' & - A(s'2)}.

(c) Under an infinitesimal gauge transformation, A, — A, + D,A, where D, A = 0, A + [A,, A].
(Here A, is an anti-Hermitian Lie-algebra valued gauge field, and the covariant derivative is
an adjoint representation covariant derivative.) Therefore, under such a gauge transformation
0-A— 0-A+ 0*D,A, which implies that the appropriate Faddeev-Popov determinant is
App = det(—9"D,,) = det(—9* — 9*[A,,-]) (where the last form is just making clear that D,
is the adjoint representation covariant derivative).

Using a Gaussian representation of the gauge-fixing delta—function and expanding the gauge

field in a Lie algebra basis, A, = >, A%(T?/i), gives [ diz 1(9,A% — 0, A% + 2—15(6“142)2 =

[dix ;Az [—0%61 + (1 — £ 1)910”] A% as the quadratic part of the gauge field action. There-
ab

fore, the Fourier transformed free gauge field propagator (in Euclidean space) is D(©)(p) =

§ab [ (6—1) 2eB "]. Taking the £ — 0 limit (which was implicit in the Gaussian repre-
sentation of the gauge fixing delta function) gives D) (p)fff, = 6“bPW (p)/p?, where P, (p) =
Ouv — Pubv / p2 is a projection operator onto vectors transverse to the momentum.

2. Euclidean space propagators.

dd ip-x
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reduces to A (z) = 1/(4n%22) at d = 4, and A (z) = 1/(4r|z|) (of course) for d = 3.



(b)
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Let r = V22 and change variables to t = s m/ r) to put the exponent in the canonical form

dt
for a saddle point expansion (for large r), A (z;m) = WW;QT/O 5} eI with f(t) =
t+1/(4t). The function f[t] has a unique minimum at ¢ = § with f(3) =1 and f”(3) = 4. So
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with r = |xz—y|.

A(x,y;m) solves the Green’s function equation (—D[A]? + m?) A(x,y;m) = 6*(z—y) with
vanishing b.c. at infinity. One may directly analyze this differential equation and show
that a solution of the claimed form is the beginning of a systematic expansion in powers of
1/m|z—y|. But this approach cannot fix the overall normalization of the desired solution. Al-
ternatively, one can construct a path integral representation for A(z,y;m), and then perform
an appropriate saddle point expansion to derive the large distance asymptotic behavior. To
do so, start with A(z,y;m) = (z|(—D[A]* + m?)~ty) = [ L (gle~T/2m)(= DA +m2) |y
and notice that this exponential looks just like the (Euclidean) time evolution operator for a
particle in four-dimensional space with Hamiltonian —D?/(2m) + m/2. Therefore, one may
derive a path integral representation for matrix elements of this exponential by following the
usual procedure of breaking the exponential up into many little steps, leading to A(z,y;m) =
JoP L [0 Da(r) S with S[e] = [ dr [Sm(dz/dT)? + A(2(7)) - (dz/dr) + 4m]. Here
2u(T) is an arbrtrary path in Euchdean space which runs from y to = as the parameter
7 runs from 0 to 7', and A, (z) is the anti-Hermitian gauge field (with D[A] = 0 + A).
[Note that 3mz? + A(z) - £ + $m is the Euclidean Lagrangian corresponding to the Hamil-
tonian (p—iA)?/(2m) + $m.] Also note that eSEl = =% Jo ar (P41 Ulz] where Ulz] =
e~ Jo dr AG(M)dz/dr — o= Iy AR i ho exponential of the line integral of A, (x) along the
path z(7). If the gauge field is non-Abelian, then this exponential needs to be path-ordered.
Since large separation is the same as large mass, i.e., |[x—y| > m~!, we need to find the large
mass asymptotic behavior of this path integral. This is easy since the mass only enters through
the exponential factor e~ 2 Jo dr (3+1) For large mass, this factor is very highly peaked about
the path which minimizes f(;f dr (22 + 1) (subject to the boundary conditions of running from
y to x in time T'). This is just the straight line path z(7) which runs from y to = with
constant dz/dr = (x—y)/T. The leading saddle-point approximation to the path integral just
gives the result one would have for A = 0, times the straight line parallel transporter U|[z],
or f(o) " Dz(r) e =5[] — f( x—y)—(T/2m)(p*+m?) _ Ulz] (27%)2 e—%m[T+(w—y)2/T}7

with further corrections suppressed by additional powers of 1/m. The final integral over T,
after the change of variables T' = 2|z—ylt, becomes identical to the integral in (b) for the free
propagator A (z—y;m). Hence, A(z,y;m) = AO (z—y;m) U[z] x [1 + O(1/m|z—y|)].

The free propagator S(O)(z—y) for massless fermions is the Green’s function for @. Since
(0 = 2, SO(z) = —pAO (@) = Pk = #/(2n%a").

The free propagator S(©) (x—y;m) for a massive fermion is the Green’s function for §+m. Since
(P+m)(—P+m) = —0>4+m?, SO (z;m) = (=P+m)A© (z;m). Inserting the asymptotic form
for A©) (z;m) gives SO (z;m) ~ (—=@+m) e™™ V2m/(4nr)3/? = /2 (h+1) ™™ (m/47r)3/2,
where r = |z| and n, = ,/r, neglecting relative corrections suppressed by additional powers
of 1/(mr).

The propagator S(z,y;m) for a massive fermion in a background gauge field is the Green’s



function for P[A] + m. Now (P[A] + m)(—P[A] + m) = —D[A]> + m? — Jo"" F,,,, where
YAV = g + oM with ot = %[7“,7”], and [D,,D,] = F,, was used. In other words,
because of the magnetic moment of fermions (which leads to a direct coupling between spin
and magnetic fields), the fermion propagator in a background field is not just (=P[A] +
m) times the corresponding scalar propagator, rather it is (—P[A] + m) times the Green’s
function for —D[A]? + m? — %U‘“’ F,,. Generalizing the previous path integral construc-
tion of the Green’s function to this case leads to a path integral with the action S[z] =
fOT dr [3m(dz/dr)? + A(2(7)) - (dz/dT) + 4m — /= 0" F,,]. This shows that spin-dependent
effects are suppressed by 1/m. The leading large distance behavior of this path integral will still
be proportional to e~™*~¥l times the parallel transporter U (x,y), but now times the Lorentz
transformation matrix X(z,y) = exp{c"*F}, ‘Z;’i/' }, where F,, is the average of F),,(z) along

the straight line path from z to y. Hence S(z,y;m) ~ (—IP[A] + m) e ™Y U(x,y) B(z,y).

3. Q = —g53 [d'w &P tr F) Fop, with Fy,, = [Dy,D,)], Dy = 0y + Ay, and A, = A% % an
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anti-Hermitian SU(2) Lie-algebra-valued vector field.

(a)

Under an active Lorentz transformation A,”, the field strength tensor transforms like any
rank-two tensor, F,,(r) — AH#IAUV/F#/V/({L‘/), with ' = Ag®z?. Therefore tr F,, F* =
setobtr B, (2) Fog(z) — Setvod AM“IAV”lAao‘IAgﬂ/ tr Fjy (¢") For g (2'). For any 4 x 4 matrix
A = ||AY|, e Au“/A,,"/Aaa'Aﬁﬂl = #'V'@'F" det A. (One way to verify this is to fully
contract both sides with all possible products of eigenvectors of the matrix A.) Consequently,
tr Fy, (2)F' (z) — (det A) etV 2 Fy (2')Fop (2) = (det A) tr F, (2/)F# (2'). For a
proper Lorentz transformation, det A = 1, while for improper transformations, det A = —1.
So tr F, Wﬁ # transforms like a scalar field under proper Lorentz transformations, but acquires
an extra minus sign under improper transformations — and hence is a pseudoscalar field.

Under an infinitesimal variation of the gauge field, A, — A, +d4, and F,, — F,,,+0F},, with
6F,, = Dzdj A, — DY 84,,, where Dzdj [ =Dy, f] = 0uf+[Ay, f]is the adjoint-representation
covariant derivative which is aﬁppropriate for any Lie-algebra-valued field f. Hence, 6Q) =
) [ dMatr6F,, Fop = Y [ diatr (DEY0A,) Fug = — % [ dbatr A, DY Fyp, where
the covariant derivative was integrated by parts in the last step. This is valid, inside the
trace, for the commutator part of the covariant derivative since tr ([A,, f]g) = —tr (f [AL, g])-
Finally, any gauge field satisfies the Bianchi identity e***? D34 Fop = e 8D, D, Dgl] =0,
and hence 6Q = 0. (The Bianchi identity follows from the fact that ¢#*®% is symmetric under
cyclic permutations of three indices, while double commutators satisfy the Jabobi identity,
Dy, [Da, Dsl) + [Da [Dg, D] + D, [Dy, Dal] = 0.

The only subtlety in this argument is the integration-by-parts — this can produce a surface
term which was neglected above, so that §Q) = eg:;ﬁ [d*T, tr (6A, F,p5), where the surface
integral is over the sphere at (spacetime) infinity, or in other words the R — oo limit of the
integral over a 3-sphere of radius R, whose surface area grows as R>. But if F () vanishes
faster than 1/|z|? and 64, (z) vanishes faster than 1/|z| as # — oo, then the integrand falls
faster than 1/|z|%, so this R — oo limit vanishes. So, under the stated conditions, any
continuous variation of the gauge field leaves the value of the topological charge () unchanged.
Which means its value can only depend on topological properties of the gauge field — hence
the name ‘topological charge’.

If —ﬁ tr WF m = 9, j* for some current j#, then this current must be a pseudo-vector with
dimension three constructed from the (dimension one) gauge field and derivatives. Possible
terms are e/ tr (A,0,A5) and P tr (A, AnAg). (Any term with two derivatives would

vanish upon contraction with the € tensor.) The first term has the right structure so that its



divergence can generate the (9A)(9A) part of tr F,,, F*, while the second term has right struc-
ture to generate the (0A)AA pieces of tr FWF‘“’. But what about parts of tr FWFW which
are quartic in the gauge field, namely %e‘“’aﬂ tr[A,, A)][Aa, Ag]? Such quartic terms cannot
be generated by the divergence of a current, and therefore tr F; WZ*:' #¥ could not equal 9,,5# for
any current j* — unless these quartic terms are actually absent. To see if they do vanish,
expand the commutators, consider any of the resulting terms such as %e’“’ B tr (A A, Ay Ap),
and note that the epsilon tensor changes sign under a cyclic permutation of all four indices,
while the trace is symmetric. [E.g., tr (A, A, Ay Ag) = tr (A, Ay Az A,).] Hence tr F,, F*
does not, in fact, contain any terms quartic in the gauge field.

Let j# = et {Cytr (A,00Ap) + Cotr (A, AaAg)} and note that

Ot = ol {C1tr (0,A4,)(0aAg) +3Catr (0,A,)AcAg}
=0 {3 Crtr (9,40 —00A) (D Ag—034a) + § Catr (0, Av—0yAu) [ Aa, Agl}

while tr F,, F* = 36 °P {tr (8, A, —0,A,) (00 Ap—08Aa) + 2tr (9, A,—8,A)[Aa, Agl}. So
— iy tr Fly PP will equal 9,5 if Cy = —2/(167%) and C = —4/(167%). Hence
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3 = 1o e’ {m (A,0aAs) + 311 (4,4 Aﬁ)} S Bt (A, Fag — 2 A AnAg).

If A,(z) — g(2)0u9(z) ™! as & — oo, then this means that 4, becomes a gauge transformation
of zero as  — oo. And that implies that the field strength F},,, vanishes as z — oo. Conversely,
if the gauge field did not approach a pure gauge for large x, then the field strength wouldn’t

vanish as x — oo, contrary to the stated assumptions.

Combine the results of the previous two parts to find:

Q:/d4:z: Ouj*(x) = lim /d ¥, 54 ( A>3, P tr (A, AL Ap)
1
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P2, P tr {90,979 0ag]lg 859—1]} :

where the surface integral is over the sphere at spacetime infinity. Since F,g falls faster than
1/2? and A, will fall like 1/|z|, the e#*Ftr (A, F,5) part of j# cannot contribute to the
surface integral, and hence was dropped. [This asymptotic behavior for A, assumes that g(z)
approaches some element of the gauge group g(#) depending only on direction as x — 00.]

If g(x) — go as © — oo, then its angular derivatives will vanish and hence, from the above
formula, so will the topological charge Q.

Define 7, such that 7; is the usual ¢’th Pauli matrix, while 7p = —i. And define 7, such
that 79 = +¢ while 7; are again the usual Pauli matrices. Note that 7, = (fu)T- And
also observe that (7,2%)(m,2") = (—iz® + 7-2)(ia° + 7 - 2) = (2°)? + (2)* = 2?. Hence,
if g(x) — ir,a"/|z| at large x, then g(z)~! — —i7,z*/|z|. And therefore, gd,g~' —
(T 270 — 24)/2? (with 7 - 2 = 7327). The formula for topological charge thus gives Q =
ﬁ [d3%, e Pty (1 27, 7 2701 x75) /2% The x4 /22 part of g o9~ ! doesn’t contribute
since the normal to the surface is purely radial and hence the epsilon tensor ensures that only
angular components of g dg~! contribute to the integrand.

To simplify the trace, notice that 7,73 + 73 7q = 2043. Hence tr (727, 7 - 277 -273) =
tr (- T -24+22,)7 - 2T,T 078 = —z2tr (T, Ta T - x7g)+2x, tr (7-x 74T - x7g), and once
again, the second term proportional to x, will vanish when contracted with d32 " So now
Q= 247r2 [d3%, VPt (1,70 T x75) [zt = [d3%, = 2L eweB tr (1, 7o T, 75). At this

247r2



point, it is convenient to do the surface integral. By O(4) rotational invariance, the integral

Ik d32“ i—: must be proportional to &;. Contracting the integral with 4, gives [d°%, i—i =

limp_ 00 f a3y - z/ R? = 272 since the surface area of a three-sphere is 272 R3. Hence the
original integral [ d®%, ;—Z equals %7‘(‘2 65, and this gives us Q = —% B tr (1, Ty T, 73). If

prof equals 0123, then the epsilon tensor is +1 and the trace is tr (io10203) = tr(—1) =
—2. If praf is any even permutation of 0123, the result is exactly the same, while for odd
permutations the epsilon tensor is —1 while the trace is +2. Hence @ = — 7 4! (—=2) = +1.

The space of finite action field configurations may be partitioned into distinct topological
categories. We have shown that at least two such categories exist — those in which Q = 0
and @ = +1. If we had considered configurations with g(x) — —ir,2"/|x| as * — oo (which
is the inverse of i7, 2" /|x|) then we would have found a third category of configurations with
Q=-1

The gauge transformation g(z) characterizing the asymptotic behavior of the gauge field gives
a mapping from the sphere at infinity into the gauge group. The group SU(2) is topologically
a three-sphere, and hence the relevant topological classification is w3(S?), the homotopy group
of mappings of three-spheres into three-spheres. [To see that SU(2) has the topology of S3,
note that any 2 x 2 unitary matrix with determinant one may be written as i7,n* with n a
unit length four-vector.] One may show that @) can take on arbitrary integer values and that
73(S3) = Z, the set of integers. The existence of configurations for which @ is an arbitrary
integer follows from what we have already shown, plus the fact that homotopy groups are
truly groups, since one may compose two mappings to obtain a third and the topological
classification must preserve this group structure.

Since the topological charge () is the spacetime integral of pseudoscalar field, it is invariant
under proper Lorentz transformations, but changes sign under improper transformations such
as parity or time-reversal. Therefore, if the term 0@ is added to the Euclidean action then,
for non-zero values of #, parity and time-reversal will not be symmetries of the action. But
because @) is quantized (i.e., it only takes on integer values), at § = +7 the change in the
action under an improper Lorentz transformation, for any field configuration, will be an integer
multiple of 27i. Since the integrand of the functional integral is the exponential of the action,
e~5el4ul | this means that the theory (as defined by this functional integral) is parity and
time-reversal invariant at either § = 0 or 6 = 7.

Equations of motion are conditions for stationarity of the action under infinitesimal variations
of the fields. We showed in part (b) that @ is unchanged under infinitesimal variations. Hence,
adding 70(Q) to the action has no effect on the classical equations of motion. Perturbation theory
is equivalent to a saddle-point expansion of the functional integral about classical vacuum
configurations. Since vacuum configurations are gauge-equivalent to A, = 0, these minima
of the action lie in the ) = 0 sector of the theory. The existence of topologically disjoint
sectors of configuration space (in which @ is non-zero) has no effect whatsoever on the saddle-
point expansion about vacuum configurations. Hence perturbation theory cannot depend on
0. But the complete functional integral includes the topologically non-trivial sectors, whose
contributions will be weighted by the phase factor e???. Therefore, changing the value of 6 will
effect the value of the partition function, and hence will effect the ground state energy. Because
@ only takes on integer values, the phase factor %9 is periodic in 6 with period 27. Hence,
the theta dependence of the ground state energy must also be periodic with period 27. Since
the integrand of the functional integral is strictly positive at § = 0, introducing a non-zero 6,
which gives a non-zero phase to contributions of topologically non-trivial configurations, can
only decrease the total partition function. Since Fgs o< —In Z, this means that the ground
state energy, as a function of 6, must be minimized at 8 = 0.



