Physics 571 Assignment #4 Solutions March 17, 2009

1. The Z° resonance.

(a)

Label the diagram as: so that p; is the momentum of the incoming

ut

electron, po that of the incoming posfcron P} the momentum of the outgomg antimuon, and p},
that of the outgoing muon. (Using p} for the outgoing muon, and p} for the antimuon might
seem more natural, but for no particular reason, I used the above labeling.) The corresponding

amplitude is —iM = @ﬁ? (p2)7*(a + b'y5)ug? (p1) Dap(q) ﬂgg) (Do) (a + bys) v, (s )(pl) where

q=p1+p2=p)+phand Das(q) = —i(gap + qoéq;;/M%)/(q2 + M2% — ie).

The second part of D,g(g) involving gngg gives a term involving @gi) (p2)d(a + bys) uﬁ? (p1)
(times a similar second factor involving the muon spinors). Using ¢ = p; + pa2, together with
the defining relations for massless free-particle spinors, pus(p) = 0 = v5(p) p, gives

08 (p2)d(a + bys) ul? (p1) = 089 (p2)p2(a + bys) ul? (p1) + 0L (p2) (@ — bys)pr ul (p1) = 0,

where the anti-commutativity of v5 with v* was used in the second term. Therefore, the
longitudinal g,qs piece of Dyg(q) does not contribute.

The differential cross-section is
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In the center-of-mass frame, py = —ps =p and E1 = By = E = |p| Similarly, p; = —py = p

3 ~
and B} = By = E' = [p/|. And v = |5~ 5| = 2. Thus do = AEE? \M\2(5(2E 2F") é iR

Integrating over |p'| = E' eats the delta function setting E' = E to give g = |M|?/(167E)>.

(2m)*6* (p1+pa—p—1h)

/

Squaring the amplitude, summing over final spins, and averaging over initial spins gives
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where v*1(i7") = —(i7°)y* was used (and the —ie in the denominator is suppressed). Per-
forming the spin sums using (for massless fermions) Y us(p)us(p) = >, vs(p)vs(p) = —ip
converts this to a product of two traces,

AME — AP TMP =t (% (a + bys ) (a—b3s) 7o) 1 (vl + b15) B (a—bys) )
= (@ + ) tr (12517 782) — (2ab) tr (151757 $2) | %
[(a® +b?) tr (va 1 75 #2) — (2ab) tr (a1 5 75 5)] -

Now tr (Y*$177p2) = 4(p9p5 + pps — g°Pp1 - pa) and tr (v*h1ys7 o) = —4ie® (p1)u(p2),



[using tr (Y2 yHy") = 4ie®PH]. Therefore
§ME — 4B IMP = [ (a2 + 1) (6595 + p{p§ — %7 p1 - pa) + (20ab) €7 py o, |
{(GQ +0%) (P oPog + PhgP2e — Gap P - Ph) + (2iab) €apon p’{’p’ﬂ
= {2(a® + %)% [(p1-P1) (p2 - P5) + (p1 - %) (P2 - 1))
_ (2ab)2 eaﬁuu €afion plupzyp/f plz)\}
=2{(a®+6%)? [(p1 - 1) (p2 - P5) + (p1 - P) (p2 - PY)]
+ (2ab)* [(p1 - ) (p2 - ) — (p1- 1) (P2 - )] }
where 81 €agor = —2(850% — 04'6) was used.
In the center of mass frame, p; = (E,EZ), po = (E,—-EZ), py = (E',E'n), and p), =
(E',—E'n), where % is the direction of the incoming electron and 7 is the direction of the

outgoing muon. Therefore, p; - p} = pa - ph = —(1 — cosO) EE" and py - ph = p2 - p) =
—(1 + cosf) EE" where cos = n - 2. Inserting this gives

MP=|

_ sbkE 2 P22 (1 20y _ 94212
‘M%—4E2—ie [0+ 07 (1 + cos™ ) — 8a°)” cos 0]

or

do 1 E Zr9 1202 2 2,9
a0 = b%)* (1 0) — 8a%b cos b .

aQ  (4m)? ‘ M2 — 4E? — ie‘ [(a® 4+ b%)* (1 + cos® ) — 8a*b* cos 0]

The cos 8 term generates a scattering asymmetry, so that the probability for a 4~ to emerge

in some direction 7 is different than the probability for a u* to emerge in the direction 7.
(d) If one defines the asymmetry A(0) = [%(9) - %(ﬂ'—@)] / [%(9) + %(w—@)}, then this
depends on a and b only through their ratio,

—8a?b? cos ) —8(b/a)? cos

Al) = TR+ o) ~ T (/)P (1 + ol f)

Given a measurement of A(6) at any value of § (other than 7/2), one may convert this relation
to a quadratic equation in (b/a)? whose solution gives (b/a)? in terms of A(#). Measuring the
asymmetry at a variety of angles will allow one to verify that the above functional form fits
the data. There is a residual four-fold ambiguity: the asymmetry is independent of the sign
of b/a, and is also unchanged if @ and b are interchanged.

2. Bhabba Scattering.

(a) Let the incoming electron and positron momenta be p; and ps, respectively, and the outgoing
electron and positron momenta pj and p5. At lowest order, there are two diagrams:
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Note that the positron lines have been labeled so that the arrows follow the charge (i.e.,
backwards relative to the electron lines), which is why the momenta (flowing in the direction
of the arrows) is minus the physical 4-momenta of the positrons. Applying the usual Feynman
rules, these diagrams generate the covariant amplitude:

—idl = (—e)? ﬂsg(p’l)v“usl(pl)} (m__;lg)‘;”_i [vsz(m)v Uy, (pz)}

= (=0 a2 s (1)) (85— [ ()"0 ()]

where, as always, the covariant amplitude omits the overall momentum conserving delta func-
tion, (27)40%(p1 + p2 — P} — ph). One tricky point is the relative minus sign between the two
contributions. To determine this sign, one needs to consider the specific Wick contractions
in the free fermion correlator (0[1)(2")y(1") ¥(z)y () ¥ (y)v* b (y) (1)1 (2)]0) which lead to
contributions represented by these diagrams. An even number of interchanges occur in con-
tractions which give the s-channel diagram (on the right), while an odd number of interchanges
occur in contractions which lead to the ¢-channel diagram (on the left).

Squaring the amplitude, averaging over initial spins and summing over final spins gives

A2 = e tr [Ay (D) Ay (p)7 ] tr [A (p2) A ()] / [(0) — p1)* — ie]?
+ e tr [A (p2) V" Ap (p1)y”] tr [Ar (p)) v A (P2) V] / [(Pl +P2) ]2
— et [AL (P Ay (p1)V A (p2) Y- pg )l / [(p — i€](p1 + p2)*
— e tr [Ay (pO)V AL (D) A (Ph)vu A (p2)7"] / (p 2 +i€l(p1 + p2)?,

with Ay (p) = —ip+m and A_(p) = ip + m.
Evaluating the traces gives
tr [Ay (p)Y Ay (p1)Y"] =
tr [A—(p2)yuA—(py) 0] =
tr [A—(p2)v" At (p1)7"] =
tr [A4 (p1) A - (o) w] =

Py p1+m?)g" — pipt — phpt]
(P2 - Py + 1°) gy — P25, — pzyp’z#}
—pa2 - p1 +m?)g" + pal'pY + pa”pl]
(=P} P+ 102) g + P by, + 2,0,
and

tr [Ay (p)y" At (p1)7" A= (p2) 7 A= (P2) 7]
=16 [~2(p1 - p5) (P} - p2) +m*(p2 - pr — Dy - p1+ D2 - Py + Py Py Py p1— Py p2) — 2m]
= tr [Ap (p1)y" Ay (1) A= (p2) v A= (p2)7"] -

To see that these two traces are the same, note that they differ by interchanging primed and
unprimed momenta, but that the result is symmetric under this interchange. Or alternatively,
note that these two traces must be complex conjugates of each other, but the answer is real.
This trace evaluation is easiest if you first use the identities y*dv, = =24, v dlvy, = 4a - b,
and Y*dlh¢y, = —2¢P¢, to get rid of the contracted v*’s and "’s.

When inserting these traces into the expression for |.Z|?, one may simplify the results by
using overall momentum conservation, p; + pa = p} + p), plus the fact that all 4-momentum
are on-shell, so that p? = p3 = p’12 = p’22 = —m?2. By squaring the momentum conservation
equation (or squaring it after moving terms from one side to the other) this implies that

pL-p2=D1 Dy,  p1L-Ph=p1-D2,  PL-DL=D2 Ph.



One can also ignore the i€’s in the denominators, since the momentum transfer pj —p; cannot
be null if both p; and p) are on-shell (and p; # p}, so that some scattering occurs). A little
plugging and chugging produces

EARE <[(p’ — p1)?]? * [(p1 + p2)?]? " (P} —p)*(m +p2)2> 7

with
A=(p1-p2)*+ (p1 - Ph)* + 2m? py1 - p) +2m*,
B=(p1-py)* + (p1-p))* — 2m*p1 - po + 2m*
C=2(p1-ph)* —2m* (p1 - pa +p1 - Py —p1 - p) +2m*,

The differential cross section is
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In the c.m. frame, By = Ey = Ef = E} and vy = 2\]31\/]51. Therefore,

21)6(2F} —2E))

using [ dpy 6(E}—E1) = (0E;/9p1)~" = E1/|pi].
In the c.m. frame, we have
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=—Ef —|pi* = ~E{(1 + %),

b1-p2
p1-p)=—E} + [p1|*cos0 = —E} (1 — 3*cos ),
pr-py=—Ef — |pi1* cos§ = —EF(1 + 57 cos ),
(p1 +p2)* =—4E7,
(p1 — p})? =2E23%*(1 — cosb),

where g = L% =,/1-— gf Putting everything together yields

E*B34(1 — cos0)?
E*(1+ Bcos?0) + E2m2(1 + 5%) + m*
24

B E4(1+ B2 cos0)? + E?m?[1 + 32(1 + 2cos 0)] + m*
E*32(1 — cos ) ’

o? { Y1+ 822+ EY(1 + B%cos0)? — 2E2m?(1 — 32 cos 0) + 2m*
+

were B = By and (as always) o = e?/(4w). Judiciously using |p| = SE and half angle trig
formulas allows one to write this a little nicer as
d06+e_

dQ
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20 :
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In the ultra-relativistic limit, this becomes

do®te ™
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c.m.

which can be further simplified to obtain

dUeJre*

o a? (34 cos? 6)?
aQ '

B (8E)? sin* g

c.m.
The non-relativistic limit is just

n.r. 2 2

+_
do€ € a‘m

dsg

o 16|p|* sin* §

The differential cross-section is highly peaked at # = 0 (growing like 1/6* for small angles),
and falls monotonically with increasing 6 in both the ultra-relativistic and non-relativistic
limits. Because of this small-angle divergence, the total cross-section is infinite. This is not
a failure of the theory — asking about the total cross section is a bad question which is not
experimentally meaningful. Any experiment attempting to measure the total cross section will
necessarily have some finite angular resolution (i.e. a smallest angle for which scattered and
unscattered particles can be distinguished), coming from the finite size of the experiment and
imperfect collimation of the incident beam. What is measurable, and theoretically calculable,
is the finite but resolution dependent cross section for scattering by more than some minimal
angle.



