Interpretations and Models

An interpretation provides a specific domain of quantification (the umverse) and
- assigns to the predicates specific relational properties over that domain; thus an
interpretation gives us the extensions of our terms and provides truth conditions for all
the closed formulas (sentences). A model is an interpretation that makes all our sentences
true. o

Formally, let X be a set of sentences of predicate logic (i.e., closed formulas -- no
free variables). By the vocabulary of ¥ we mean all the name letters (NL), sentence
letters (SL) and predicate letters (PL) occurring in any of the sentence in X, plus any
variable. We assume that the universe U of an interpretation is never empty.

An interpretation I of X in universe U is a function on the vocabulary of X
(excluding the variables) whose values are called "extensions", defined as follows.

- I(NL in vocab X) is an element in the universe U.
I(SL in vocab %) is either U or the empty set .

I(n-place PL in vocab X) is a subset of the n-fold Cartesian product of U, U".

Truth relative to an interpretation.
We want to define truth values (i.e., a valuation function val, ) relatlve to an interpretation

I. So proceed as follows.

_J True, if {SL) =
L. valh (SL)= {False, if (SL)=®

2. val[F'(A,A,,....,A))]=Tiff (I(A,),I(Az),. I(A, )) e I(F") for any n-place predicate
F" and name letters A A,....,A,.

3. val (~ ) = {T if val (p)= F

F, ifval (p) =T
4. val(p—->y)=T iff val(fp)-F or val (y/)

To get to quantlﬁcatlon we extend the vocabulary of Z by adding a new name letter 't' not
occurring in any sentence of X. For ue U, by I}, we mean an interpretation that agrees

with I on the vocabulary of X, and assigns to the new name letter 't' the element u of U:
I.(t)=uand I} () = () for ye vocabulary X and yt.

If ¢(or) is a formula with at most the one free variable o and 't' is the new name letter,
then write ¢(ov't) for the result of replacing all free occurrences (if any) of the variable o.
in (o) with the name letter 't
Examples. If §(x) is '(Anyy — AxGx)', then ¢(x/t) 1s 'AyFty - AxGx)'. If ¢(x)
is 'AXFAX', then ¢(x/t) is '"AXFAX' [note here that 'x' is not free in §(x)].



Then we deﬁne val [Ao@(a)] as follows:

leff Yue U, \iaw(a/t)- [

ExamPles '
1. val [AxFx]=T 1ff Vue U, vlal Ft =T,

iff ,VueU, It®el (F),
iff VueU, uel (P).

2. val [AXAy G(IY)] =T iff VueU, vlal Ay G(t y) =T,

iff VueU&Vu' e, ifalG(tt')-T

iff Vue U &Wu' eU, <L), LLt) >ell (GY)

iff VueU&Vu'eU, <u,u'>e I(G?)
Problems: L
_ [T iff HueU,VEIMa/ t)=T
1. Prove that val [Vo(e)] = {lF iff VueU,valf(a/)=F

2. Show that (a) val [Vxe] =T iff JueU such that uel(F);
(b) val [VxVy G(xy)] =T iff Jue U&de U such that <u, u>€ I(GZ)

3. Write out the truth conditions for AxVyAz F(xyx)

_ Modeh, Satisfiability and Semantic Comnenee
An interpretation I of a set X of sentences is a model for I just in case

val()=T,VpeZ.

We say that X is satisfiable iff ¥, has a model.

We write X = @ iff every mterpretatmn of Tu {tp} that is a model of X is also model
of {p}.





