Lecture 13 — Appendix B: Some sample problems from Boas
Here are some solutions to the sample problems assigned for Chapter 6.8 to 6.11.
86.8: 2

Solution: We want to practice doing closed line integrals of the form
cJS(x+ 2y)dx—2xdy = <J5 F-df clockwise along aset of curves. Let usfirst check the

curl of the vector in the integrand. We have

X Y V4
VxF=| £ 2 i=2(—2—2)=—42¢o.
OX oy 0z
X+2y -2x O L5
Thus we expect nonzero (path-dependent) closed path integrals ﬁ \
a) Onadcircleof radius 1. here we can use cylindrical T\ 'o-sJ |
coordinates (see example 2) and find -

2z
<'f>(x+ 2y) dx— 2xdy = I d6/| (cosd +2sin6)(-sing)—2cose coso |
0

:Td@[—sin@cos@—2(sin20+00320)] :—zfdQBSinZQ+2}:—4n.

0

b) On the square of side 2 with sides aligned with axes and
starting at (1,1): writing out the contributions from the 4 1.5
sides (only x or y varies on each side), we find

[¢;]

©
o B

-1.5-1-0.5 0.5 1 1.5

(&)] Ll [¢)]
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1 -1

-1 1

cﬁ(x+ 2y)dx—2xdy:_[ldx(x+ 2)+_[ldy(2)+Idx(x—2)+_[dy(—2)

X2 - -1 X
= —+2 2
{2+ xl +[ y]1 7{2

c) On the square of side /2, rotated by 45° with respect to the /
axis and starting at (0,1). With constant slope on each side we

2

1
__2X:| +[_2y]i1:_4_4_4_4:_16'
-1 1. 5y

can express both dx and dy in terms of asingle variable, say RN 5571 1§

dt, dr =xXdt=+ ydt. Thuswe have

<ﬁ(x+ 2y) dx— 2xdy = .lfdt[—(x+ 2y)+2x:|

+.1[dt[(x+ 2y)—2x|

(x=t,y=t-1)

-1.5

+_[dt[ X+ 2y +2x]

(x=—t,y=1-t) (x=t-1,y=-t)

+Idt[ X+2y) 2x:|

x=1-t, y—t

:Jl.dt[(t—2)+(t—3)+(t—2)+(t—3)1:jdt[4t—10]:[2tz—10t]z -8

86.8: 4

Solution: Now we want to perform a(n open) line integral,
I y*dx+2xdy +dz = I F-dr aong 2 different paths. Again we check the curl to see
C

if thereis path dependence expected. We find a non-zero curl and expect path

dependence
Xy
TxE=| 2 2
OX 8y
y>  2X
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O 025 05 075 1

a) First we consider a path composed of straight line segments
parallel to the axes. Thuswe have

1 1

+ j dz+ j dy[2x] ., o °

0 0

1
2dx+ 2xdy +dz = | dx| y°
E[y X+ 2xdy + dz .([x[y ]y \

=0+1+2=3. 1

b) Now along a path composed of an arc of acirclein the x-y
plane ()¢ +y? -2y =0=> (x—0)" +(y-1)" =1) and then
parallel to the z-axis. Using cylindrical coordinates on the
former (x=sin0, y=1-cosf ) we have

m/2 1

J'yzdx+ 2xdy + dz = I dt9[cos¢9(1—cos€)2 +sin9(25in0)}+fdz
C 0

0

/2

= [ do :cose(1+ cos’ 0)—2(cos* 0 —sin’ 9)] +1

= | do :cos,9(2—sin2 9) - 2(c0329)] +1

. 3 /2
SN0 _gnog| 41-2-1.1-8
3 3

0

={2§n9—

86.8: 8

Solution: We want to verify a conservative force and find the potential for
F =X-2Zy-yZ. Wetakethe curl and find that it vanishes,
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5y 2
VxF = aax ;y aaz — %(~1+1)+ 9(0) + 2(0) =O.
1 -z -y

Next we want to find a potentia ¢ such that (i.e., we perform sometrivial integrals)

_9% _4
OX
L L o¢
F=-V¢=- —5:—Z:¢:—x+ yz + constant.
a¢__
oz y

86.8: 11

Solution: Now the same game as in the previous exercise except that now
F = ysin2xk+sin® Xy . So the curl again vanishes,

R g 2
ixE-| £ 2 9
OX oy 0z

ysin2x sin°x 0O

= %(0)+ §(0)+ z(2cosxsinx—sin2x) =0.

We find the potential from
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-

0

——L =ysin2x
OX y

0

F=-V¢={ ——L=sn’x = ¢ =—-ysin? x+constant.

_9% _,
L 0z

86.8: 14

Solution: Finally for F =Xy/\1=X°y? + %/ 1= X’y wefind

% g 5
IxE-| 2 o 2
OX oy 0z
y/\/l—xzy2 x/ 1-x°y* 0

2.,2 2.,2

~%(0)+ 9(0) - - XY oXY

+2 — + 3
JI-XY* 1-xXy? (\/1— xzyz)
and (this requires recognizing the derivatives of the arcsine function)

-

—%= y/ 1~y
F=-V¢=1 _%: x/«/l— X°y* = ¢ =—sin"" xy + constant.
_9% _g
\ 0z
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86.9: 4

Solution: We want to practice using the 2D Green’s theorem to perform the indicated
contour integral. We have

_[ e* cosydx —e" sin ydy
C=ADB

<_[> e* cosydx—e*sin ydy — j e‘ cosydx —e" sin ydy

C'=ADBA C"=BA
In2

- CP P‘ P=e*cosy ax + Q‘Q:_exsiny dy_ J‘ €’ cos y‘ y=0 dx

C'=ADBA -In2
B P d X In2
- CP ‘P:excosy X+Q‘ —e*siny y_e -In2
C'=ADBA
3
CJS Pdx+ Qdy ——.
C'=ADBA 2

Thus applying Green’s theorem we find

RCa e

Area=ADBA
: : 3 3 3
_efsiny—(—€ dxdy—>=0->=_2,
Arm.[.,[DBA( = ( © Smy)) d 2 2 2

86.9: 7

Solution: We want to use the result in exercise 6.9:6 to calculate the area of an
elipsedefined by x=acosf, y=bsind, with 0<6 <2z . Theresultin 6.9:6 is based

on the 2-D Green’s theorem with the special choices P=-y/2, Q=x/2. With our
choices to parameterize the ellipse we have dx=-asin6dé and dy =bcosfdo toyield
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A:dee(abcoszmabs:nze)=7zab.
2

0
86.9: 10

Solution: For the path in the (x,y) plane defined by the 4 points (3,1), (5,1), (5,3),
(3,3), we want to evauate the line integral

<j>(2ydx —3xdy).

This expression suggests that we define P=2y and Q=-3x and consider the
expression in the 2D Green’s theorem, 6Q/ox—oP/oy=-3-2=-5. Sincethisisa
constant, Green’ s theorem tells us that we need only the area of the square defined by

the 4 points (with sides of length 2), which isjust 4. Thus the easy approach, use
Green, is

ch(Zydx —3xdy)=-5 j j dxdy =-20

square

On the other hand proceeding directly (and laborioudly) we find

CJS( 2ydx — 3xdy)

3 1
- jdx 2y),.,+ Idy (-3) . + [x(2y), , + [dy(-3%),,
5 3

= 2jdx—15jdy—6jdx+9jdy:4—30—12+18:—20.
3 1 3 1

§6.9: 11 y
0.5

Solution: Here is one more contour integral over the 85 8

indicated triangle in the clockwise direction. Using 0.2

X
Green’ s theorem we have 0.5 0.511.5°2
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| = 95 (xsinx—y)dx+(x—y2)dy

C=triangle

_ ” 6(xsmx—y) dxdy
triangle ay

= ” dxdy 2area = 2g =2.
triangle 2

86.10: 4

Solution: Now we want to practice using the divergence theorem to relate surface

and volume integrals. In this case the vector field is V = xcos® yX + xzj + zsin® y2
and the boundary surface is a sphere of radius 3. Thuswe find

@V-d&:mvvdf :jﬁ(cos2 y+sin’y)de =H dr
r=3 r=3 r=3 r=3

3
_A s

r=3

This approach is clearly ssmpler than during the surface integral directly!

86.10: 7

Solution: Next we consider asimilar problem where the surface is a cone of height 3

and a base of radius 4, and the vector fieldis V = = xX+ y§+ z2. Thuswe find
(again this the smpler approach)

{pr-dé =|[[V-rde = [[[(3)dr =3[[[ dr
IPLALL P
3 h=3,r=4 |
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86.10: 9

Solution: Now we want to use the divergence theorem to evaluate the surface
integral of F = XX+ ¥ =/ on the surface defined by z=4-x?—y? =4 p?,

do - F.

z:4—x2—y2 =4— p2

Note the explicit forms for the surface and the function suggest the use of cylindrical
coordinates. First check the divergence to seeif isusefully simple. Since

V-F =p-(0p/op) =2 (recal the previous appendix or proceed in rectangular
coordinates), i.e., a constant, the divergence theorem will be useful. We can closethe
surface by adding the disk in the x,y plane where the outward normal isjust A=-2

- A = —-F-2=0. Thisthe desired surface integral isjust the volume integral of

the divergence,

[[ ds-F= || dvol(vlf) 2jpdpfd¢4] dz

7=4— x2_y :4—p O<z<4-p

2 47?
=4x[pdp(4-p°)= 47{2,)2—%} =167.

0 0

It isinformative, if challenging, to also try evaluating the origina surface integral
directly. We know that the normal to the surface is given by the (normalized)
gradient of the function defining the surface,

V(z+p") 2pp+2

| 4?41

do =don, fi=

<\

—
N
+
ho

N

N —

E.ds=—2P" 4o

Jap®+1
p

So the remaining challenge isto usefully express the differential areado. To thisend
it is helpful to read Section 5.5 in Boas where it is pointed out that, for the area of a
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surface above the x,y plane, we can express the local differential area as
do =secydxdy = secypd pd¢ , where the angle y is the angle between the local
normal to the surface (as worked out above) and the z direction,

secy =1/|A- 2 =y4p*+1. Thisfactor, whichis >1, just accounts for how much larger

the area of the true surface is compared to its projection onto the x,y plane. Thuswe
have in our case

(I d&-ﬁ:fdgb!pdp{%]( 4p2+1)

7=4-X*—y?=4—p?

- 4ﬂip3dp = 7rp4‘(2) =167.
0

Again we see that the actual integration is much simpler using the divergence
theorem.

86.10: 12

Solution: This exercise concerns an electrostati cs problem with concentric charged
cylindrical conductors, with radii R and R,, and with k coulombs per meter and —k
coulombs per meter, respectively. We can use Gauss's law applied (per unit [ength)
to find the electric field as function of the radius and then, by integration, the
corresponding potential. Clearly we want to use cylindrical coordinates, p,4,z inmy
notation. We begin by using the trandational symmetry in the z direction (the axis of
the cylinders and the cylinders are “very long”) to argue that the electric field has no
variation with the z coordinate. Likewise the rotational symmetry about the z axis
means there is no dependence on the azimuthal angle ¢. Since we are assuming that
thisis a static situation with no moving charges, there can be no nonzero components
of the electric field in the surface of the conductors (otherwise charges would move).
Hence, by general arguments, we have only a p component and it varies only with p,
E(F)=E(p)p. Sonow we apply Gauss for thethreecases: p<R, R<p<R,, and
p>R,. Inthefirst and last cases thereis no net charge per unit length and thus the
electric field must vanish,
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p<R:[[ E-d5=E(p) ﬂdgbdz E(p)2mp| jdz
p<Ry

_mdvol jpdpjdqudz— Ox[dz=E(p<R)=0

p<Ry
p>R,:E(p) jjdqsdz E(p)2mp| jdz

_jjjdVOI j PdPId¢IdZ (k;k)XIdz: E(p>R)=

In the interesting region where the charge inside the surface of integration is nonzero
we have

R<p<R: [[ E-d6=E(p)2p|, . [dz
Ri<p<R
= [ dvoI j pdpjdqudz— _xjdz
Ri<p<Ry
= E(R<p<R)=— L.

2re, P

Finally to write the electric as the gradient of a potential, E=-V¢ , we can simply

integrate. For the inner and outer regions where the electric field vanishes the
potentia is a constant, and, for ssimplicity we take the potential to vanish at the center.
In the interesting region we need only observe that —jdp/p =In(Yp)-const. Thus

with the given boundary conditionat p=R, ¢(R)=0, wefind
p<R:E=0,0=0

R<p<R:E= K Bgo: K In[ij
27r50p 2ney,  \ P

R
27‘[80 (RZJ
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To describe the electric field and the potential right at the surface of the conductor,
we should be careful about the (true) thickness of the conductor. Here we take the
idealized limit that the conducting cylindrical tubeis of zero thickness. Thus the
potentia is smooth at the conductors, but its gradient, the electric field, changes
discontinuously in thislimit. We should really be careful about how we define the
electric field at the conductors; we must specify whether we are approaching the
conductor frominside or outside.

86.11: 4

Solution: Here we want to practice using curls and Stokes' theorem. We have the

vector field V = y&+ 2y and a surface composed of the indicated 3 triangles, i.e., the

boundary is the remaining triangle in the x-y plane. To use Stokes' theorem we need
to specify the vertices of thistriangle. For z= 0 the plane defines 2x + 3y = 12 and
the vertices are (6,0,0) and (0,4,0). Thuswe have

[[Vx(yr+29)-ds= ¢ (yx+29)-dF

o triangle

6 0 0 ) A 3% 2%
- I Myo dx+j 2dy+j (YR+29), 62 ( yjdx
0 4 6

3

= 0—8+E[@—ﬂ]dx:—8+z@—2—;jdx

3

0

=-8-16+12=-12.

§6.11: 7
Solution: Now consider the vector field V = (x—X°2) %+ (yZ° - y*) +(X*y - xz) 2

with the integral of its curl being over any surface with its boundary in the (x,y) plane
(z=0). Thus, using Stokes' theorem, we find
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<l

~[(9xV)d- § Ve [ (vx9)do

c do(z=0)

Thus using Stokes' twice we can write the desired integral as asurface integral in the
(x,y) planewhere dé o« 2. Thislast result suggests that we evaluate the curl of the
vector field in the (x,y) plane. We have

% g 5
z=0 OX oy 0z
X-Xz yZ’-y* Xy-xz_
= %(x?
z=0

—3y22)+ 9(—x2 —2Xy + z)+ 2(0-0)
)

So we find that (VxV )-
surface with aboundary in the (x,y) plane we have

I:”(ﬁx\7)-d5= ” (§X\7)-d5:0.
o o'(2=0)

5 = O (the curl as no zcomponent) and thus for any

86.11: 10

Solution: Here we again want to practice using Stokes' theorem. We have a vector
field V = 2xyx+(x* - 2x) §—x°*z°2 and asurface defined by z=9-x*-9y*. Notethat
In this exercise we do not have cylindrical symmetry. Instead the intersection of the
surface with the x,y plane (z= 0) isan elipse, (x/3)° +y*>=1. So first we test for
simplifications by evaluating the curl,
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|Q) <>
Q» N

X
0
ox oy oz
2xy X°—2x —-X7°

<!
X
<
[l

=(0)%+(+2x2%) Y +(2x—2—-2x) 2 = 2x2*y - 22

We a so see that the local normal to the specified surfaceis

Ao @(z+x2+9y2) _ 2XX+18yy + 2
‘?(z+x2+9y2)‘ \/4x2+324y2+1'

Thus doing the surface integral directly is going to be abit messy. So instead we use
Stokes' theorem on the boundary, which isthe ellipse above. On the ellipse we can
define the parameterization X=3c0s¢, y=sin¢g and write

[[ (VxV)-ds= ¢ \7-d§=Td¢[\7-(—3$in¢>?+cos¢§/)]

7=9-x?-9y? X2 +9y?=9 0

- Td¢[—33in¢(2)(3cos¢)(sin¢)+cos¢(9c032 $—6c0sp) |
_ 32f dg| -6sin® ¢ cosg +cos’ ¢ (3cosg - 2) |

= szf d¢| —6cos¢ +9cos’ ¢ —2cos’ ¢ |

= 3Zf dg[-1-cos2¢]=—6x.

In obtaining the last line we used the fact that the integral of any odd power of the
cosine over afull cycleyields zero, plus the double angle formulafor the even power,

i.e., the average value of cos’¢ is1/2. We will have more to say about this when we
study Fourier series.

To complete this discussion let us try to perform the surface integral directly. We
have
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(W\?).ﬁsec;y:(2xzz§,_zz).{\/if;:if;flj(\mxz+324y2+1)
= 36xyZ — 2= 36xy(9- X2 ~9y?) -
= 36(81xy —18x°y —162xy° +18X°y° + X°y + 81xy" ) - 2

This looks pretty ugly (with many placesto make an arithmetic error). On the other
hand, the actual integral expressed in the x,y plane,

—1-(x/3)°

” dxdy = jdx j dy,

9=x2+9y? -3 _ - (x/3)

Is clearly symmetric in both coordinates. Hence all of the terms with odd powers of x
and/or y (everything but the -2) integrate to zero. So finally we have (recall exercise
6.9:7 above)

(03
[ (vxV)- da_—zjdx jsdy_ 2(areaof dlipse)
7=9-x%-9y? -3 _\/1(73)
:_4jdxw/1 (%/3)" — 4j3sin29d9
:4[3Md9=69|j=—

So we obtained the same answer as above, but we had to work much harder and know
more tricks. Clearly using Stokes' theorem is appropriate for smart but lazy
physicists.

86.11: 15

Solution: Asafina example consider the contour integral
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| = cJS(ydx+ zdy + xdz),
C

with the contour C defined by the intersection of the surfaces X+ Yy =2 and
X*+y?+2° =2(x+Yy). Alittlethought yields the result that the second surfaceis a
sphere of radius ~/2 centered on the point (1,1,0), (x—l)2 +(y—1)2 +7°=2. Thus
the intersection with the first surface (aflat surface paralel to the z-axis) isacircle of

radius v/2 centered on the point (1,1,0). To smplify things we evaluate the curl of
the corresponding vector field, V = y&+ 29+ x2 to find

8§y 2
wm% % %:(—1)$<+(—1)§/+(—1)2=—(§<+y+2)
y z X

Thus the curl is asimple, constant vector and we should be able to Stokes' theorem.
We find

I :qi(ydx+ zdy + xdz) = <J5\7-dF :H(ﬁx\7)-d&
oo o

C

=—(X+y+2)-NA =—(X+Y+2)-0(27).

So the final question is to find the normal to the plane of the contour. Thisisjust the
normal to the plane x+y=2, A=(X+¥)/v2, where we have used our previous
knowledge that the equation of aplaneisgiven by (F—F,)-A=0 (with F; =X+ ).

So finally we have (note that the sign here is actually ambiguous since the text does
not specify the sense of the original contour)

| =—(X+9+2)- ()A(jzy)(Zn) = -22x.
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