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Lecture 13:  Vector Analysis II - Integrals (See Chapter 6, Sections 8 ï 11 in Boas) 

 

We now want to turn to the question of ñundoingò derivatives in more than one 

dimension, i.e., performing integrals in multiple dimensions, especially in the case of 

vector-valued functions in the integrand.  As a first, 1-D example consider the 

physical question of the work performed by a (vector) force ( ), ,F x y z
d

 on a particle 

as it moves along a specific path, not necessarily a straight line.  In an infinitesimal 

step along that path, Ĕ Ĕ Ĕds xdx ydy zdz= + +
d

, the infinitesimal amount of work done is  

 

 .x y zdW F ds F dx F dy F dz= Ö = + +
d d

 (13.1) 

 

To evaluate the work done along a finite segment of the path we must be able to more 

explicitly describe the path, i.e., characterize the relative sizes of the steps in the 

various directions as we move along the path.  Since the path is a 1-D line in 3-D 

space, the path must be parameterized in terms a single (scalar) coordinate, telling us 

where we are along the line, plus a vector direction at each point along the path.  If 

we label the single coordinate as s (which we may choose to be one of the usual 

coordinates), we can write 

 

 Ĕ Ĕ Ĕ ,
dx dy dz

ds ds x y z
ds ds ds

å õ
= + +æ ö
ç ÷

d
 (13.2) 

 

where the 3 functions dx ds, dy ds and dz ds serve to define the path.  Then at 

least implicitly we can express the work in going from point A to point B along a path 

P as (let point A be 0s=  and point B be 1s= , and for now we do not worry about the 

units) 
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 (13.3) 

 

Such an expression is called a line or path integral.  In general the result of this 

integration, i.e., the work done, will depend on the specific path, i.e., depend on the 

specific functions dx ds, dy ds and dz ds.  To see this we consider some examples 

of motion in 2-D from Boas (but using the above notation ï it will be informative to 

compare what you see here with the expressions in the text).  Let ( )0,0A=  and 
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( )2,1B=  while 2

1
Ĕ ĔF xyx y y= -

d
.  For a straight line 

path, 
1P , we take 2x s=  and y s=  so that 

2dx ds=  and 1dy ds= .  Thus we have the next 

figure and equation, 
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 (13.4) 

 

For the second path, 
2P , we take a parabola, 

2 4y x= , which we parameterize as 2x s=  and 
2y s=  so that 2dx ds=  and 2dy ds s= as in the 

figure.  For this path we find  
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 (13.5) 

 

As advertised the result (the work) is different!  Finally consider the broken straight 

line path, 
3P , ( ) ( ) ( )0,0 0,1 2,1­ ­ .  In this case the path integral breaks into 2 

segments.  Along the first segment 
3aP  we take 0 1 2s¢ ¢ , 0x= , 2y s=  so that 

0dx ds=  and 2dy ds= .  Along the second segment 
3bP  we take 1 2 1s¢ ¢, 

4 2x s= -, 1y=  so that 4dx ds=  and 0dy ds= .  Thus the work done is 
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 (13.6) 

 

Again the result differs with the path.  Clearly in this example the work depends on 

the path (but our results do agree with those found in Boas with a somewhat different 

parameterization). 

 

A less common (but more interesting) situation is when the result of the path integral 

does not depend on the path, but instead is determined entirely by the end points.  For 

example, consider the force 2
Ĕ ĔF yx xy= +

d
.  The work done by this force on the 3 paths 

above is given by  
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This feature of being path independent has very important physical consequences.  

We can easily see that the integral around a closed path for such a force must vanish.  

For example, such a path is composed of 
1P  followed by 

2P- , i.e., ( ) ( )0,0 2,1­  

along 
1P  and then ( ) ( )2,1 0,0­  along 

2P-  (
2P  in the opposite direction).  Since the 

path integral is a ñdirectedò integral (i.e., it knows about vector directions), we have 

the total work 
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 (13.8) 

 

(Note that we have introduced the symbol ñ́for a closed path integral).  Thus such a 

force does no net work on the particle when the particle returns to its starting point.  

The energy of the particle is unchanged after a complete cycle and we say that the 

force is conservative in the sense that the overall energy is conserved.  Forces that 

yield path dependent integrals (e.g., the first force above) are labeled as 

nonconservative and generally involve friction in real life. 

 

It would clearly be useful for us to have some simple way to characterize 

conservative forces.  The relevant property is to be curl free.  0FÐ³ =
dd d

 means that 

F
d

 is conservative and 0FÐ³ ¸
dd d

 means that F
d

 is nonconservative (i.e., being curl 

free is a necessary and sufficient condition to be conservative).  For example, we 

have for the forces above that 
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 (13.9) 
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As we saw in the previous lecture vector fields that are curl free can be represented as 

the gradient of a scalar field.  In mechanics this leads to the familiar situation that 

conservative forces can be obtained from a scalar potential energy, F j=-Ð
d d

, where 

the choice of sign is convention.  (Note that this relationship defines the potential 

only up to an additive constant.  This choice of where the potential is zero plays no 

physical role.)  Then it follows from our starting point in Eq. (13.1) that 
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 (13.10) 

 

where the second line tells us that the amount of work done by the conservative force 

in moving from point A to point B is minus the change in the potential energy, i.e., if 

the potential is smaller at B, the corresponding force has done positive work on the 

particle.  This expression makes clear that the work is independent of the actual path 

and depends only on the endpoints of the path.  From a mathematical standpoint we 

see this result from that fact that, for a conservative force, Eq. (13.1) now defines an 

exact differential, 
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 (13.11) 

 

which we recognize from Eq. (12.19) as the exact differential of W (or j- ) with 

respect to the parameter s along the path.  In this case the path integral is an ordinary 

1-D integral of an exact differential yielding the function evaluated at the endpoints, 

 

 
() ()

() (){ }

conservative

.

B B

A A

ds F dW W B W A W

B Aj j j

Ö = = - =D

=- - =-D

ñ ñ
dd

 (13.12) 

 

Finally we note that, since the work done on a particle gives the change in its kinetic 

energy, we have the usual statement of energy conservation (kinetic plus potential) 

for a conservative force 
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Now we want to consider 2-D, i.e., surface, integrals.  In particular, we want to 

consider integrals that involve areas treated as ñvectorsò.  As we have seen 2-D 

surfaces in 3 dimensions define a direction via the local normal vector to the surface 

(e.g., provided by the gradient of the function defining the surface).  Thus it is not an 

enormous step to consider the ñscalarò integral of a vector field over a 2-D surface 

where the differential element of area is treated as a vector with magnitude provided 

by the usual (scalar) size of the area and with the vector direction provided by the 

local normal direction.  If the surface is a closed surface (i.e., no boundary) the sense 

of the normal direction is the ñoutwardò direction.  For an open surface with a 

boundary the sense of the normal is less clear, but it can unambiguously be correlated 

with a right-hand-rule defined direction for the boundary.  The boundary is a closed 

path and we can assign a direction in which we move along that path.  With the 

fingers of our right hand encircling the boundary in that direction, our thumb defines 

the normal to the surface.  For example, consider a square in the x-y plane as an 

element of a surface.  If the boundary is defined in the counter-clockwise sense, the 

vector area element points in the Ĕz+  direction.  Now let us apply this definition to the 

following integral defined on an open surface S with boundary C 

 

 ( ) .
S

I V ds= Ð³ Öññ
d d d

 (13.14) 

 

We can always think of the surface S is being made up a sum of tiny square and 

planar area elements, i.e., we just have to take the elements small enough so that this 

is true.  Consider such a square planar element of S with side Dthat lies in the x-y 

plane (i.e., we choose our coordinate axes so this is the case) so that we can easily 

write out its contribution to the integral explicitly.  Performing the relevant integral to 

ñundueò one of the derivatives in each term (leaving a 1-D integral), we have 
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 (13.15) 

 

In the last expression the minus signs have been included in the definitions of the 

directions of the integrations and we recognize that we have obtained simply the path 

integral of the vector field along the boundary of the element of area, or 
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,

I dxdy V z ds V
DÖD
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Ý ¬+ +® +
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d d dd

egg

ggd

´
 (13.16) 

 

where the second line is an effort to represent this line integral pictorially.  When we 

construct the full integral from the sum of all this little square elements, the line 

integrals along contiguous sides are always in opposite directions and cancel leaving 

only the line integral along the boundary of the full open surface in the appropriate 

right-hand sense, 

 

 .® ¬+® ¬=® ¬
egg egg egggg

ggd ggd ggggd 

 

If the full surface is not planar, we can still think of it as a sum of tiny elements, each 

of which is planar (because they are so small), and the full 3-D result is (see (6.11.9) 

in Boas) 

 

 ( ) .
S C

V d ds VsÐ³ Ö = Öññ ñ
d d dd d

´  (13.17) 
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This result is called Stokesô Theorem and states that the (scalar-valued) directed 

surface integral of a curl on an open surface S is the (right-hand sense) line integral 

around the boundary C of the original vector field.  Note that the integral of a curl 

over a closed surface must then vanish, since there is no boundary. 

 

A 2-D application of Eq. (13.17) is the so-called ñGreenôs Theorem in 2-Dò.  Define 

the component 
xV  to be the function ( ),P x y  and 

yV  to be ( ),Q x y .  Then Eq. (13.17) 

applied to an open surface A in 2-D with boundary C denoted by Aµ  (the place where 

the area can change, hence its derivative) becomes (see (6.9.7) in Boas) 

 

 ( ),
A A

Q P
dxdy Pdx Qdy

x y
µ

å õµ µ
- = +æ ö

µ µç ÷
ññ ñ´  (13.18) 

 

 where the line integral is in the counter-clockwise direction. 

 

Returning to 3-D an application of Stokes is familiar from E&M (electricity and 

magnetism).  Start with Ampereôs law 

 

 ,
C S

ds H I d JsÖ = = Öñ ññ
d dd d

´  (13.19) 

 

where H
d

 is the magnetic intensity, J
d

 is the electric current density and I is the 

electric current flowing through the region with boundary C (S is a surface with 

boundary C).  Applying Stokes we learn that 

 

 ( ) .
C S S

ds H H d d Js sÖ = Ð³ Ö = Öñ ññ ññ
d d d dd d d

´  (13.20) 

 

The integral of the magnetic intensity around the boundary is equal to the total 

current through the surface.  Since this result must be true for any boundary C and 

corresponding surface S, we must be able to eliminate the integrals (i.e., integrate 

over an infinitesimal area and boundary) and write the local (i.e., true at every point 

in space-time) equation 

 

 ( ) ( ), , , , , , ,H x y z t J x y z tÐ³ =
d d d

 (13.21) 
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which is one of Maxwellôs (Differential) Equations if we include the displacement 

current, D tµ µ
d

, on the right-hand side.  Similarly, Faradayôs Law for the electric and 

magnetic fields, E
d

 and B
d

, 

 

 ,
C S

B
ds E d

t
s
µ

Ö =- Ö
µñ ññ

d
dd d

´  (13.22) 

 

combined with Stokes, yields another of Maxwellôs Equations  

 

 ( )
( ), , ,

, , , .
B x y z t

E x y z t
t

µ
Ð³ =-

µ

d
d d

 (13.23) 

 

Note that in going from the Laws expressed in terms of integrals (Ampere and 

Faraday) to the local, differential Laws of Maxwell we explicitly assumed that we 

could shrink any boundary C (and surface S) to an infinitesimal size.  This property of 

space, that all closed paths in the space can be shrunk to zero, carries the label of 

being a simply connected space.  An example of where this is not true is the interior 

of a donut or torus.  A path that is inside the donut but loops around the ñholeò in the 

donut cannot be shrunk to zero without leaving the donut (and going through the 

hole).  Thus, such a space is not simply connected.   

 

We can use the techniques above to connect back to the earlier discussion of curl-

free, conservative forces.  If a vector field F
d

 has continuous first partial derivatives 

in a simply connected region of space, we can show (but not here) that the following 

statements are all equivalent (if one is true, they are all true and, if one is false, they 

are all false) 

 

a) 0FÐ³ =
d d

 at every point in the region, 

b) 0
C

ds FÖ =ñ
dd

´  around every closed contour C in the region, 

c) F
d

 is conservative and every path integral of F
d

 along a path (entirely) in 

the region depends only on the endpoints and is independent of the path, 

d) F dsÖ
d d

 is an exact differential, 

e) F W=Ð
d d

, where W is a single-valued (scalar) function in the region (recall 

the discussion of multi-valued functions earlier in the quarter).  
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Finally consider integrals in 3-D.  For example, consider a vector-valued function 

( ), ,V x y z
d

 describing a flux (say electric flux or field) or flow of something (V vr=
d d

 

where r is a number or mass density and v
d

 is a velocity).  Next consider the volume 

integral of the divergence of such a vector field.  As we did with the area integral in 

Eq, (13.14), we can split a volume into infinitesimal elements, in this case cubes.  

After writing out the divergence in rectangular coordinates aligned with the edges of 

the cube we can (as we did in the 2-D case above) integrate out one of the derivatives 

in each term (leaving a 2-D integral).  Thus the volume integral of a divergence over 

such a cube (of sideD) can be expressed as 
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 (13.24) 

 

Similarly to the identification we made in the planar example, we can identify this 

last expression as the oriented surface integral over the surface of the cube.  On each 

face of the cube the direction of the normal is the outward directed unit vector, e.g., 
Ĕx+  on the y-z face at 2x=+D and Ĕx-  on the y-z face at 2x=-D.  By summing 

over all such cubes in the volume and noting that contiguous sides of neighboring 
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cubes cancel (because they have oppositely oriented normal vectors), we are left with 

only the integral over the surface of the volume, or 

 

 
volume surface

vol .I Vd d Vs= ÐÖ = Öñññ ññ
d d dd

 (13.25) 

 

This relationship between the volume integral of a divergence and the surface integral 

of the original vector field is called the Divergence Theorem (see (6.10.17) in Boas).  

If we think of V
d

 as a flow or flux as defined above, this result tells us that the net 

flow out of the volume (the surface integral of the flux) is equal to the volume 

integral (inside the surface) of the divergence of the flux.  If there are no sources or 

sinks of the ñstuffò flowing (described by the densityr), the flow out must be minus 

the time rate of change of the ñstuffò inside the surface and we have  
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If this true for all volumes (away from sinks and sources), we obtain the local version 

of the Continuity Equation, 
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µ
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If there are sources present, the right-hand side of Eq. (13.27) is nonzero.  Applied to 

electrostatics (no explicit time derivatives) this result is just Maxwellôs equation for 

the connection between the electric displacement vector D
d

 and the electric charge 

density q (the source), 

 

 ,D qÐÖ =
d d

 (13.28) 

 

while the integral version (Eq. (13.26)) is Gaussôs Law,  
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The electric flux through the surface gives (modulo multiplicative constants) the total 

charge inside the volume. 


