Lecture 14 — Appendix B: Some sample problems from Boas
Here are some solutions to the sample problems assigned for Chapter 8.
88.2: 6

Solution: We want to find the solution to the following first order equation using
separation of variables. We find

dx x
X —1)

. 2xy° + X

Zy_y :>y’y(x2—1)=x(2y2+1):>J’< dyy _I(

2y2+1)_
:%In(Zy2 +1):%In(x2 ~1)+c=2y* +1=C(x’ —1)2

\/C(xz—l)z—ll

2

= y(x)==%

We can check by taking a derivative and substituting back into the original equation.

To match the boundary condition, y(v2)=0, wefind

y(\/i):i\/c(z_—l)z_lzi CT_1=0:>C=1.

2
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88.2: 9

Solution: Now for aslightly different equation we find

(L+y)y=y=] —dy(l; .

=S y+Iiny=x+c=ye' =

j dy(l+%j _ j dx

Here check use implicit differentiation. For the particular solution satisfying y(1)=1

we require

1e'=Ce' = C=1.

Using Mathematica we find the figure to the
right indicating the slope field and curves for

C =1 (solid, red curve), C =10 (long dashed,

blue curve), C =-0.1 (short dashed, green
curve) and C =-3 (dot-dashed, yellow-green
curve). In each case both branches of the
squareroot are plotted. The solid curve goes
through (11) asdesired. Notethat y(X) is

double valued for C < 0 and care must be
taking to plot the function, e.g., evaluate x(y)
Instead.

88.2: 13
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Solution: We want to study the equation given in exercise 8.2:2. First wefind the
standard solution found by separation of variables. We have

X1— y?dx+ yv1-x°dy=0= J

—1-% + \/1— y°
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Since we have divided by the square roots, this general form for the solution misses
the singular solutions given by y =+1 x = +1, where the square roots both vanish.

88.3:3

Solution: We start with thisfirst order linear differential equation in standard form

dy + (2xy— xe ¥ )dx:> y +(2x)y= xe X

:>P:2X,Q=xe‘XZ:>I =dex:x2.

2
2 2 2 X

= y(x)e* =|dxxe e +c=—+c
2

N y(x):(§+c)exz.

If we use Mathematica to solve the equation, we find

DSol ve[y" [ x] +2x*y[ x] =x*Exp[-x"2] , y[X] , X]
{{yx - % 2. Ci1) i}

S0 in this case we get the same result as via the analytic approach above.

§8.3: 15

Solution: We want to study the salt flow problem defined by this exercise. We
define S(t) asthe salt content (in pounds) in the lake at time t hours ( S(0) =10"1b).

We also define the volume of the lake at timet as V (t) (V(0)=10°gd). The

description of flow of water in and out yields the following pair of first order
differential equations
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V(t)=4x10° (%)—105 (%) =V (t)=V(0)+3x10° (%)t

=V(t)= {109 +3x10° (hiﬂ gd =10° {1+ 3x10™ (iﬂ o,

r hr

S(t):4x105(galjx( S1b j_ S(t) xlos(@j

hr 1000ga ) V(t) hr

a1
— $(t)+S(1) 1+i1£hr8t) _ 2410° (%j

hr ) |

The second, nontrivial equation we solve as in the previous exercise. Wefind
(ignoring the units until the end)

4
P:{L},Q: 2x10°

1+3x10™"t
ot In(1+3x10"t)
| =107 — ' _ 31 107
= 0 1132101 3 —e =41+3x10"t
(1+3x101)"
= S(t) ¥1+3x10°*t = [ 2x10°dt 1+ 3x 10"t + ¢ = 2x10°
4/3(3x10™)
= S(t) = 0.5x107 (1+3x107t ) + ——=
(=080 {130 g o
= S(t)=0.5x10" Ib (1+ 3><10_4LJ+ ! .
§/14—3><10_4;r

The last step made use of theinitial condition on the amount of salt in the lake.
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88.3: 17

Solution: Here we want to consider an RC circuit described by the first order
eguation

RI'+|—:d—V:—a)VOsina)t:> |'+'—=—a>vosina>t.
C dt RC

In terms of the methods used here we have
1 V, .
P=—,Q=-0-2snet
RC R
t/RC Vo ; t/RC
= 1(t)€ =—coEIdtsma>te +A

The challenging bit here is performing the integral, which we accomplish with a
double integration by parts and then recombining and solving,

_[dtsina)t e/F¢ = RCsin wte"° —_[dta)RC coswte’
= RCsinwte’™ — wR?*C? coswte’™ — _[ dt w*R?’C? sin wte!' ™
= (1+ R°C%0” ) [ dtsinwt €™ = RC[sin ot - @RC cost |6/

RC[sinwt — @RC coswt]e'"®
1+ R°C?0® '

:>_[dtsina)te‘/RC:

So finaly we have

R oV,C [Si Nt —o®RC COSa)t]
1+ R*C’0®

1(t)=A

where the first term is the solution to the homogeneous equations and the second isa
particular solution.

88.5:5
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Solution: We consider the homogenous linear 2™ order differential equation

(D*-2D +1)y=(D-1)"y=0.
With our usuad Ansatz y = Y, we quickly find

(a1 ye*=0=a, =a, =1[y, #0]
= y(x)=(Ax+ B)e".
Using Mathematica we find easily

DSol ve[y' ' [ x] -2*y' [ x] +y[x] =0, y[ X], X]
{{y[x] » e*C[1] + e*x C[2]}}

which differsonly in the labels for the constants of integration.

88.5: 20
Solution: Here we consider a homogeneous linear 2™ order differential equation with

complex coefficients, where we can proceed as above but with complex results. With
the same Ansatz we have

y"+(1—i)y’—iy=0:>[a2+(1—i)a—i}y0e‘“:0
=a’+(1-i)a-i=0

(1—i)+ (1-i)° ___(1—i)+ i (1—i)+1+i__ i
2‘\/4“_2‘2 > Ty =t
y(X)= Ae™* + Be™.

:>a1’2 - —

In doing the complex arithmetic we used that fact that Ji =g = +(1+i) / J2.

§8.6: 13
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Solution: Now we consider the inhomogeneous linear 2™ order differential equation
(D*-2D +1)y = 2cosx.

We have already obtained the complementary solution to the homogenous equation in
Exercise 8.5:5. We need only find a particular solution. To that end we consider the

complex equation (D2 -2D +1) z=2€" and try the Ansatz z= z,€*. Thuswefind,
taking the real part in the end,
2

| e 2 .
i—1)°ze*=2e"= 7 = =——=]|

= Y,(x)=Re|i¢" | =-sinx

It is easy to verify that this result solves the original equation,
(D2 -2D +1)(—sin X) = 2cosx. Thusthe general solution to the equation is

y(x)

Using Mathematica we find the same result,

(Ax+B)e*—sinx.

DSol ve[y' ' [ x] -2*y' [ X] +y[ X] =2* Cos[ X] , Y[ X] , X]
({YIX] » € C[1] + "X C[2] -Sin[x]}}

88.6: 26

Solution: Now consider the equation
(D2 +1)y:8xsinx.

With the usual Ansatz we find the complementary solution from (a2 + l) =0,

a,, =%i or y, = Asinx+ Bcosx. Since the complementary solution has the same
structure as the inhomogeneous term, to find the particular solution we try a complex
Ansatz of theform z= (21x2 + zzx) e” and solve (looking for the imaginary part)
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(D2 +1)z: zl(izx2 +4iX+ 2+ xz)eiX - 22(i2x+ 2i +x)eiX = 8xe”
= 7, (4ix+2)+z,(2)=8x=>2z=-2i,2,=2

=y, = Im[(—Zix2 + 2x)e‘x] = —2X?COSX + 2XSiN X,

Thus the general solution is given by

y(x)= Asinx+ Bcosx— 2x(xcosx—sinx).

88.6: 33
Solution: Now we consider a case with several terms on the right-hand-side of the
linear 2™ order inhomogeneous differential equation and make more explicit use of

linear superposition. First consider the homogenous equation where our previous
experience yields

y'+y=0= Yy, = Asinx+ Bcosx or Asin(X+ 7/)-

Now we address each term on the right-hand-side separately using the usual
techniques to find the corresponding particular solutions:

y'+y=x-1=y, =ax +bx* +cx+d
= a(6x+ x3)+b(2+ x2)+cx+d =x’ -1
—a=1b=0,c=-6,d=-1

= Yy = X3 —6x—1
y'+y=2C0SX=>z=2xe":2"+z2=2¢€"
= 7,(-X+2 + X)&* =26" = 7, =i

= Yy = Re[—ixe‘X] = Xsinx;
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y'+y=(2-4x)e" =y, =(ax+b)e"
= a(2+ X+ X)€" +b(1+1)e* =(2—-4x)e
—a=-2,b=3

= Y, =(3-2x)€".

Pulling it all together we have the general solution in the form
y(X)=Asinx+ Bcosx+ X° —6x—1+ xsinx+ (3—2x)e"

As usual thisresult can be checked by substituting into the original equation.

88.6: 34

Solution: Again we use linear superposition, here on the equation
y" -5y +6y=2€"+6x-5. First consider the homogeneous equation and the
complementary solution. We have

5+\/25 24

2

y' -5y +6y=0=y « e =a =23

=y =A™ +Be’
Now we find the particular solutions from
y'-5y' +6y=2e"=y, =ae"
= ae*(1-5+6)=2ae" =2¢" = a=1
=Yy =€,
y' -5y +6y=6x-5=y ,=ax+b
= (-5+6x)a+6b=6x-5=a=1b=0

= Yy = X
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Thus, vialinear superposition, the full solutionis,

y=Ae™+Be™ +e +x.

88.6: 37

Solution: Finally one more exam of an inhomogeneous linear 2™ order differential
equation, but now with some degeneracy. First the complementary solution is (note
the form of the second solution in this degenerate case)

(D-1)y=0=y, ce” =(a-1) =0=a, =1

= Yy, = Ae” + Bxe".

Now we find the particular solutions, where we have one driving function that is
identical to a complementary solution (see Eq. 6.24 in Boas). We have

(D-1)"y=(D*-2D+1)y=4¢" =y, = ax’e’

= a€"(2+4x+ X —4x -2 +X°) = 2a¢" = 4 = a=2

=y, = 2X°€",

(D—l)2 y=(1-x)e* =y, =(ax+b)e™

= e[ (4x+4-4x—-2+X)a+b|=€e*[(x+2)a+b|=(1-x)e*
—a=-1b=3

= Y,, =(3-x)€™,

(D-1)’ y=x-1= Vo5 =ax+b

= -2a+ax+b=x-1=a=1b=1

= Yp3 =X+1.

Thus the full solution isthe sum
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y = A€+ Bxe" + 2x°€" +(3—- x) ™ + x+1.

88.13: 3

Solution: We start with the equation y” + 2y” + 2y’ = 0, which we identify asa 2™
order linear homogeneous differential equation for y'. We can solvefor y' inthe

usual way with an exponential Ansatz, y' = A",

y"+2y"+2y =(0o® + 20 + 2) A& =0

S a=-1tvy1-2=-1+i

= y'(x)=€e"( Asinx+ Bcosx).

To find the original function we integrate one more which allows also a constant
solution (note the 3 constants of integration),

y(x)=C+e*Dcos(x+¢).

§8.13: 13

Solution: We have the equation y” + 4y’ + 5y = 26>, which we identify as a 2™

order linear inhomogeneous differential equation for y. Asin the earlier exercises we
start with the complementary solution and then proceed to find appropriate particular
solutions with aform suggested by the inhomogeneous term. We have

Yy +4y +5y=0=Yy c e = a’+4a+5=0

—4++16-20

=, = =-2+2
: 2

=y, = Ae ? cos(2x+¢),

and
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y'+4y +5y=26e™ =y =ae™

= ae™(9+12+5) = 26ae™ = 26e™ = a=1

=y, =¢€"

= y=Ae?cos(2x+¢)+e™ = Be**sin(2x+y)+e™.

8§8.13: 26

Solution: Here we want to solve an equation and find a particular solution satisfying
aboundary condition. The equation is 1% order and separable with an integrating
factor. We find by the standard techniques

Xyr_y:Xij/_X: —~P= 1 Q:X
X X
1
= | :—.[—z—lnx:>e ==
X
_y(x)= dxxi+c:x+c

(X)=x*+cx:| y(2)=6=c=1]

b Ul

y
Y, (X) =X +Xx
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