Lecture 51 AppendixB: Some sample problems from Boas
Here are some solutions to the sample problems assigned for Chapter
87.5: 2

Solution We want to find thd-ourier expansion of the periodi¢ & 20) function
f
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We canfind the Fourier components by direct computation. We find
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So the challenging bit is to express all the possibilitiHsus the desired expansion is
given by
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Solution Now consider the similar function — 1f. _
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-3p-2D -D p 2p 3

This is just like the previous exercise but shifto the right byo/2. So the Fourier
expansion is the same but with the substitution X- p/2. To use this we need
the following properties of the sines and cosines

Thus thedesied expansion can be found by substituting in the previous result. We
find
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Solution Finally we consider somedependence.
We want the function

f(x)=t0 P = @
i X,0<x P

-3p-2p -Dp p 2p 3

The issue here is to perform théeigrals with integrand x times a sine or cosine. To
that end we use integration by parts. We find
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Thus the desired expansion is
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Solution Finally consder the triangle functiomwith [
the minimum at the origin,

e-X, 0 X Os<

f(x) =1
i X,0<x
-3p-2p -D p 2p 3

This just the function of the previous exercise plus its reflection about the origin,
f,(x)=f,(x) +f,( %). So using our previous result we have

et 2 e
P2 co{( M+ 3( %)) (-1 sinn( ¥
4 P s (2n+1)2 < n
_ 4 COS((Z1+f)x)
_% _/Enazo (2n+2)°

As expected, since the function is even, we have only cosine.terms

87.7: 2 ¢
. . . 1 u
Solution We want to find the complex Fourier 0.8l
expansion of the periodicl(= 2p) function(as in 0.6l
§75 2) 0.4}
0.2}
-3p-2D -D p 2p 3

Physics228 Lecture B Appendix B 4 Winter 2008



We can find theomplexFourier components by direct computation. We find
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Note that, as expected for a real initial functions=c .. As beforethe challenging
bit is to express all the possibilisie Thus the desired expansion is given by
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X)=3 Ao mrdp 2T m .
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We can simplify this expression and obtain the previous Fourier result by combining
the sums pair wise and replacing the exponentials with sines and cosines. We find
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which we recognize from 87.5: 2.

8§7.7: 3
f
Solution Now consider the similar function — 1t u —
0.8}
€0 - 0.6}
f(X)=l|O’ o % 0.4|
i 1,%<x D 0.2}
-3p-2p -p p 2p 3

This is just like the previous exercise but shifted to the righvf8. So the complex
Fourier expansion is the same but with the substitwien x- p/2. To use this we

need

g™ &t =( ) e,
2i(2n+1x (_ i)2(2n+1) e2i(2n Ax

A x

e( = e )
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Thus the complex expansion is now
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So finally the real version is

1 = e2i(2n+])x_ e-Z'(Zh ¥x
— +
n=0 2(21+])p
o e( ) e4(2n Hx 13.( 1)n é'(m )% _l_ei(m Ix-
- | - -
A 2 )p 27 T a9
1 2 sin(3(2+9x)
== -
4 n=0 (n+]),0
2 osin(( 2n+ S co$l A +
(1+9%) 5y cof( 2 )5

+ .
nao (2n+1),0 no (2n 'EI) P

i(2n+1)x

This is what we expect.

8§7.7: 7

Solution Finally we consider somedependence in
complex form. We want the function

e0p<x@£

f(x)=i

i X,0<x

-3p-2p -D b 2p 3

The issue here is to perform the integrals with integrand x times an exponential. To
that end we use integration by parts. We find
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87.7:9

Solution Finally consider the triangle function with
the minimum at the origin,

)_g-x, © X O

f(X I .
i X,0<x o

-3p-2p -D p 2p 3
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This just the function of the previous exercise plus its reflection about the origin,
f,(x)=f,(x) +f,( %). So using our presis result we have

f(X) :B +|_ o (_ 1)” (einx +e—inx) 1+ an( ]9n( énx e]i_nx)
2 2.4 n 2, -1 n
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2 pro (2n+1)°

§7.8: 2

Solution Now we want to change the period fromt@ 2 in the problem defined in
87.5: 2,

The solution is as earlier but widreplaced bypx/I is the various functionsNote

that the value of the function does not change, only the pefiodee that this is the

only change consider the evaluation of the coefficient on the complex exponential
expansion, which now looks like
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Thusthe coefficients are just as before amel haveonly the change in the arguments
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§7.8: 3

Solutionn : Now we want to change the period fromt2 2 in the problem defined

in 87.5: 3,
Pl
T1/2<x 4

The solution is as earlier but wigreplaced bypox/I is the various functions. Note
that the value of the function does not change, only the period. We find

1 = Sin((m+ ])p)¢|)

f(x)=

=24 (2n+)p
4 (D cod(D Hpxl) sipea Bl
(2n+1)p e (A p
8§7.8: 7

Solution Next consider the solution of 87.Bbut periodic on the interval 2.e.,
the function

I<x@t

_ €0,
f(x)—:, X,0<x <

In this casgunlike the previous orge both the period and thealueof the function
are changec.g, nowthe peak value isand theaveragevalue isl/4. To see the
change in the coefficients consider the complex exponential case. We have
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1 - 1 X 1 '
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which is a facton/p times our previous result. This factor accounts for the change in
the magnitude of the function. Thus the expansions look like

I 2 (-1)"sin(npx/1) 2 s.cof( D+ Ipxl)
P =1 n B .o (2n+1)2

_i g (-1)"e™ i o( )" e™
4 20 = n 2021 n
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87.8:9

Solution Finally consider the solution of 87.5: 9 but periodic on the interfvale2,
the function

_é-x 1 x 0«
f(x)—:, x,0<x 4
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Again in this case (likéhe previous ones) both the period and the value of the
function are changed. As beforbistjust the function of the previous exercise plus

its reflection about the originf, (x) = f,(x) +f,( %), to yield an even function.
Using the result of #hprevious exercise we have

s cos( h+ 1),0>¢I)

| 4
o2 (2n+1)

f(x):E

87.9: 2

Solution We want to think about splitting specific functions irfteit even and odd
components. )aFor the functionf (x) =In|1 -X we want to compare the function to

its reflected versiorf (- x) #n[l % and then construct symmetrized and -anti
symmetrized versions as in

F0)= Tun(®) *oul ) 2(F() H# Q) 2(HY H 9) -

1-x ¢
IER

(|n|1 « 1 %} (+n|1 X 4n|1-A) %n‘l X Inm—

We can perform th same exercise for function b), but in this case we can perform the
separation by inspectio(just think about the power series expansions, even functions
have even powers and odd functions have odd powers)

f(X)= fuen(X) Hoao(X) Esinx cesy ( sinx xcosk

87.9:5 f

1

Solution We want to consider the function in the

figure defined, over 1 period, by 0.5¢
e-1, v X O -3p-2p -p | p 2p

f(x)=3 P . - 0.5

i LO<x N
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This is clearly an odd with a Sine expansion and we have

p p ei
b, —Ensmnxdx = —2—cosn% _Zzggl( ;L”) !|np n odd
P ne o T 0,n even
4 Sin((2m+ ]) x)
f = _
(X) pma:.o 2m+1

8§7.9: 6

Solution Next consider the a function like the previous one but periodic on the
interval 2, i.e., the function

| g4
b, =2 fpin e = 2 ﬁ (1) Tppt ™"
0 f 0,n even
(=4 e
P m=0 2m+1 .
§7.9:9 0 5f

Solution Next we consider the dAplara®ol i
in the figure (period 1) defined by 0/15

This isan even function and we have
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4 1
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A (et R N
12 2 Y2 y»2
~ 4x° . 45 .
a_, =4fx cos 2P xdx = smmp+< - sin2n xd
o~ 2np o oMb
12
12
=0 %cosmp% 2 > COS B /xdx
(no) o o(nA
()

: 2
S G M S 2np><{

§7.9: 15

Solution The even function in this case is just the function of §7.8: 9 lwith and

we can nHbuil do both the even and tHe od:«
=1). The two functions look like

f even f odd
1} 1t
0.8} 0.5;
.6 i
U 3 /2 1 /]
0. - /5
3 -2 -1 _1k

The corresponding series can be found by adding and subtracting the result from
87.8:7 with x- -x. We find
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1 1z (-1)'sin(npx) 2 cod( 2+ Jpx)
4 pm N Bos (2n+1)

14 cof(@+ 9oy
2 PP (2n+1)
f (X

foaa(X)= f(x1 4) f( x4 1=
_ 22 (-1)" sin(npx)
P n= n |
§7.11:5 STEP_odd
1t
Solution We want tause our (new) knowledge of sl
Fourier series expansion and| Pariseval 0s
sum series. We know from exercise 87.9: 6 that the 3 1 F 1 2
odd step function (with= 1), as in the figure, has a - 0.5}
Fourier series expansion given by of
foen o X) = 5 Si”((z‘”)/”‘).gb _ 4 !
Step_Odd 0 S, on+1 .é A+ 1 ,[(ZH +]) :
Thus, by Parseveal 6s theorem we ha
O e (Gt Vo N N S
Step_Odd Py on+l .é p+ 1 :022” +]) H
1 2 _1° 12 8 . 1
= Adx| f X) == 4 =3 8., = 4
2 ¥ [ o cud 2 AT 38 % 57 GGy
o 2
v a—t =P 12337.
=o(2n+1)° 8
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This i1l lustrates a very general way of i
combination of techniquédswe are lazy but smart!

§7.11: 9

Solution Here we want to use exercigé:11 to sum the series

S—i -|i AL >+ é— L
¥ 157 35 =1 Q(Zn) )

From 7.5:11 we have the result

€0,-p «x €&
:'sinx,0<x D’

f(x)=

f(x):1 ésmx Eé—coshx
p 2 P (2n)°- 1

which you will wantto verifyUsi ng Par seval 6s theorem we

P P 9 129
iﬁfz(x)dx:i sy’ ( X dx =iax Sin X 8 R
20, 2 b, 4 & 2 2 4
1 1 2. 1 1 1 2
=% *'73 NSV —3p§+—zf;
1Y n=1 g(Zn) -1 8
2 9 ~
ys=Fa b 1 08 1 511685
2¢4 8 p° x16 2
f
§7.13: 2
Solution Here we define a periodic function O/Z / /
(period = 1) using the [Xjunction, which is the STBTR 1773
function Floor[x] inMathematicalargest integer - 0.2 /T
less than or equal &). Thus the function 0.4
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f(x)=x {X 172 looks as in the figure. It jumps from +1-bat all the integers

and goes through zero at all the %2 integelhe coefficients in the exponential
Fourier expansion are given by

1 o

C —ndxf() g2 = q% % Q2
. =
]é _Oé,XZ-Xlg
A e U
. ¢ 2 I
’l‘ eXelz,unx 1 e4'2,zmx 1@ 1 ei-2|p<
in. ~—— |u fiox
T e|2pn 2*2'“&10 12 1p
é n=0,0
_1 "
=1 .1 e 1
TnbO,l2 + 5 |=2—
T no (an) . np
. | n ei2,0nx | n ei2,1mx_e-i2pnx l "Sln ZOHX
Y f(x)=— @& =23 = — & ( )
2pn=-ﬂ n anzl n pn.ﬂ. n
n,0
For fun |l etds plot the sum of the first

1000. We have

VAN A4,
TVRITT TVRIVV
AN AL
TRy TTRyT
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We clearly see the region around the digrarity cleaning up (looking more like the
desired function) as we include more terms.

§7.13: 3
Solution As suggested we want to reorganize the sine series in exercise 7.9:5ina

power series ix, where the coefficient of each power is itself a (dyemt) series.
This indicates the power of the Fourier series (over just a power series). We have

f(x)= 4 2 sin((2m+1)x) 4 a )(2m+:)>)n+

,02‘0 2m+1 pm©2m +, (2n 3!
4 .[i X2n+l o on
= _1 -

Thus the coefficient of the powe™" is proportional to a series whose convergence
we can test. Whave

o]

S2n+1 (2m -H')
m—O
a2m+3 9 . A& 2 2n

Y r = 5 =1at—— 1/21/211{24=
" Om+1 2 T 8ma On’% m

Noting the sign of thd/m term (positive) we see by the usual ratio text thase

series, thus the coefficientdiverge for all values af, includingn=0. Thus it is
simply not useful taeorganize anthink about this Fourier expansion as a power
series expansion.

2n

87.13: 7 f

Solution We want to consider the function
f (x) =|¥ on the interval{p,p) and then make a
periodic extension. This is just the function ie th

figure on the righthat we studied first in exercise
87.5: 9. Its Fourier expansion is -3p-2D - D

p 2p 3
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§7.13: 10

Solution a)Here wefirst consider the cosine series
(even) expansion of the function in exercise 7.13:10
with period 4

This even function looks like tHest figure at the
right.

b) The original function with period 2 looks as in the
second figure.

c) From the theorem of Dirichlet we know that the

cosine series will convergent to thenfition where it is continuous and to the
midpoint at all discontinuities. Thus we have

d) Now consider the original function expressed as an exponential series where again
Dirichlet holds. We have
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