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Lecture 15 ï Appendix B:  Some sample problems from Boas 

 

Here are some solutions to the sample problems assigned for Chapter 7. 

 

§7.5: 2 

 

Solution:  We want to find the Fourier expansion of the periodic ( 2T p= ) function 

 

 
()

0, 0

1, 0 .
2

0,
2

x

f x x

x

p

p

p p

ë - < <
î
î
= < <ì
î

< <î
í

 

 

We can find the Fourier components by direct computation.  We find 
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So the challenging bit is to express all the possibilities.  Thus the desired expansion is 

given by  

 



Physics 228    Lecture 15 Appendix B 2 Winter 2008 

-3p-2p-p p 2p 3p
x

0.2

0.4

0.6

0.8

1
f

 

()
( ) ( )( )

( )

( )( )
( )

( )( )
( )

0

0 0

1 cos 2 11

4 2 1

sin 2 1 sin 2 2 1
.

2 1 2 1

n

n

n n

n x
f x

n

n x n x

n n

p

p p

¤

=

¤ ¤

= =

- +
= +

+

+ +
+ +

+ +

ä

ä ä
 

 

 

§7.5: 3 

 

Solution:   Now consider the similar function  
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This is just like the previous exercise but shifted to the right by 2p .  So the Fourier 

expansion is the same but with the substitution 2x x p­ - .  To use this we need 

the following properties of the sines and cosines  
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Thus the desired expansion can be found by substituting in the previous result.  We 

find 
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§7.5: 7 

 

Solution:  Finally we consider some x dependence.  

We want the function 
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The issue here is to perform the integrals with integrand x times a sine or cosine. To 

that end we use integration by parts.  We find   

 

()

( )

00 0

2 2

0

2

1 1 1
cos cos sin sin

1 1
cos 1 1

: 0
2

0 :  even ,

2
:  odd

n

n

x
a f x nxdx x nxdx nx nxdx

n n

nx
n n

n

n

n
n

pp p p

p

p

p p p p

p p

p

p

-

= = = -

è ø= = - -
ê ú

ë
=î

î
=ì
î
î-
í

ñ ñ ñ

 

 

()

( )
( )

00 0

2 0

1 1 1
sin sin cos cos

11 1
cos sin .

n

n

x
b f x nxdx x nxdx nx nxdx

n n

n nx
n n n

pp p p

p

p

p p p p

p
p

-

= = =- +

-
=- - =-

ñ ñ ñ
 

 

Thus the desired expansion is  



Physics 228    Lecture 15 Appendix B 4 Winter 2008 

-3p-2p-p p 2p 3p
x

p
¡¡¡¡¡
2

p
f

-3p-2p-p p 2p 3p
x

0.2

0.4

0.6

0.8

1
f

-3p-2p-p p 2p 3p
x

0.2

0.4

0.6

0.8

1
f

 

 ()
( )( )
( )

( )
1

2
0 1

cos 2 1 1 sin2
.

4 2 1

n

n n

n x nx
f x

nn

p

p

+
¤ ¤

= =

+ -
= - +

+
ä ä  

 

 

§7.5: 9 

 

Solution:  Finally consider the triangle function with 

the minimum at the origin,  
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This just the function of the previous exercise plus its reflection about the origin, 

() () ( )9 7 7f x f x f x= + -.  So using our previous result we have 
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As expected, since the function is even, we have only cosine terms. 

 

 

§7.7: 2 

 

Solution:  We want to find the complex Fourier 

expansion of the periodic ( 2T p= ) function (as in 

§7.5: 2) 
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We can find the complex Fourier components by direct computation.  We find 
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Note that, as expected for a real initial function, n nc c*-= .  As before the challenging 

bit is to express all the possibilities.  Thus the desired expansion is given by  
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We can simplify this expression and obtain the previous Fourier result by combining 

the sums pair wise and replacing the exponentials with sines and cosines.  We find 
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which we recognize from §7.5: 2. 

 

 

§7.7: 3 

 

Solution:   Now consider the similar function  
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This is just like the previous exercise but shifted to the right by 2p .  So the complex 

Fourier expansion is the same but with the substitution 2x x p­ - .  To use this we 

need  
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Thus the complex expansion is now 
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So finally the real version is  
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This is what we expect. 

 

 

§7.7: 7 

 

Solution:  Finally we consider some x dependence in 

complex form.  We want the function 
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The issue here is to perform the integrals with integrand x times an exponential. To 

that end we use integration by parts.  We find   
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Thus the desired expansion is  
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§7.7: 9 

 

Solution:  Finally consider the triangle function with 

the minimum at the origin,  

 

 ()
, 0

.
, 0

x x
f x

x x

p

p

- - < <ë
=ì

< <í
 



Physics 228    Lecture 15 Appendix B 9 Winter 2008 

This just the function of the previous exercise plus its reflection about the origin, 

() () ( )9 7 7f x f x f x= + -.  So using our previous result we have  
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§7.8: 2 

 

Solution:   Now we want to change the period from 2p to 2l in the problem defined in 

§7.5: 2,  
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The solution is as earlier but with x replaced by x lp  is the various functions.  Note 

that the value of the function does not change, only the period.  To see that this is the 

only change consider the evaluation of the coefficient on the complex exponential 

expansion, which now looks like 
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Thus the coefficients are just as before and we have only the change in the arguments 
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§7.8: 3 

 

Solution:  :   Now we want to change the period from 2p to 2l in the problem defined 

in §7.5: 3,  
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The solution is as earlier but with x replaced by x lp  is the various functions.  Note 

that the value of the function does not change, only the period.  We find 
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§7.8: 7 

 

Solution:   Next consider the solution of §7.5: 7 but periodic on the interval 2l, i.e., 

the function 
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In this case (unlike the previous ones) both the period and the value of the function 

are changed, e.g., now the peak value is l and the average value is l/4.  To see the 

change in the coefficients consider the complex exponential case.  We have 
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which is a factor l p times our previous result.  This factor accounts for the change in 

the magnitude of the function.  Thus the expansions look like  
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§7.8: 9 

 

Solution:  Finally consider the solution of §7.5: 9 but periodic on the interval 2l, i.e., 

the function 
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Again in this case (like the previous ones) both the period and the value of the 

function are changed.  As before, this just the function of the previous exercise plus 

its reflection about the origin, () () ( )9 7 7f x f x f x= + -, to yield an even function.  

Using the result of the previous exercise we have  
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§7.9: 2 

 

Solution:  We want to think about splitting specific functions into their even and odd 

components.  a) For the function () ln 1f x x= - we want to compare the function to 

its reflected version ( ) ln 1f x x- = + and then construct symmetrized and anti-

symmetrized versions as in 
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We can perform the same exercise for function b), but in this case we can perform the 

separation by inspection (just think about the power series expansions, even functions 

have even powers and odd functions have odd powers) 
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§7.9: 5 

 

Solution:  We want to consider the function in the 

figure defined, over 1 period, by  
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This is clearly an odd with a Sine expansion and we have 
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§7.9: 6 

 

Solution:  Next consider the a function like the previous one but periodic on the 

interval 2l, i.e., the function 
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As above we simply change the argument of the Sine functions (it is still odd) to find 
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§7.9: 9 

 

Solution:  Next we consider the ñparabolicò function 

in the figure (period 1) defined by 
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This is an even function and we have 
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§7.9: 15 

 

Solution:  The even function in this case is just the function of §7.8: 9 with l = 1 and 

we can ñbuildò both the even and the odd functions out of the result for Ä7.8: 7 (with l 

= 1).  The two functions look like  

 

 

  

The corresponding series can be found by adding and subtracting the result from 

§7.8: 7 with x x­- .  We find 
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§7.11: 5 

 

Solution:  We want to use our (new) knowledge of 

Fourier series expansion and Parsevalôs theorem to 

sum series.  We know from exercise §7.9: 6 that the 

odd step function (with l = 1), as in the figure, has a 

Fourier series expansion given by 
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Thus, by Parsevalôs theorem we have  
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This illustrates a very general way of ñbootstrappingò our knowledge using a 

combination of techniques ï we are lazy but smart! 

 

 

§7.11: 9 

 

Solution:  Here we want to use exercise 7.5:11 to sum the series 
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From 7.5:11 we have the result 
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which you will want to verify.  Using Parsevalôs theorem we have 
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§7.13: 2 

 

Solution:  Here we define a periodic function 

(period = 1) using the [x] function, which is the 

function Floor[x] in Mathematica (largest integer 

less than or equal to x).  Thus the function 
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() [ ] 1 2f x x x= - - looks as in the figure.  It jumps from +1 to -1 at all the integers 

and goes through zero at all the ½ integers.  The coefficients in the exponential 

Fourier expansion are given by   
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For fun letôs plot the sum of the first N terms in this last sum for N = 1, 10, 100 and 

1000.  We have 

 

 

-3 -2 -1 1 2 3
x

-0.3

-0.2

-0.1

0.1

0.2

0.3

fs,N=1

-3 -2 -1 1 2 3
x

-0.4

-0.2

0.2

0.4

fs,N=10

-3 -2 -1 1 2 3
x

-0.4

-0.2

0.2

0.4

fs,N=100

-3 -2 -1 1 2 3
x

-0.4

-0.2

0.2

0.4

fs,N=1000



Physics 228    Lecture 15 Appendix B 19 Winter 2008 

-3p-2p-p p 2p 3p
x

p
¡¡¡¡¡
2

p
f

We clearly see the region around the discontinuity cleaning up (looking more like the 

desired function) as we include more terms. 

 

 

§7.13: 3 

 

Solution:  As suggested we want to reorganize the sine series in exercise 7.9:5 in a 

power series in x, where the coefficient of each power is itself a (divergent) series.  

This indicates the power of the Fourier series (over just a power series).  We have   
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Thus the coefficient of the power 
2 1nx +

 is proportional to a series whose convergence 

we can test.  We have  
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Noting the sign of the 1 m term (positive) we see by the usual ratio text that these 

series, thus the coefficients, diverge for all values of n, including n = 0.  Thus it is 

simply not useful to reorganize and think about this Fourier expansion as a power 

series expansion. 

 

 

§7.13: 7 

 

Solution:  We want to consider the function 

()f x x=  on the interval (-p,p) and then make a 

periodic extension.  This is just the function in the 

figure on the right that we studied first in exercise 

§7.5: 9.  Its Fourier expansion is  
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§7.13: 10 

 

Solution:  a) Here we first consider the cosine series 

(even) expansion of the function in exercise 7.13:10 

with period 4, 

 

 

 

This even function looks like the first figure at the 

right.  

 

b) The original function with period 2 looks as in the 

second figure.  

 

c) From the theorem of Dirichlet we know that the 

cosine series will convergent to the function where it is continuous and to the 

midpoint at all discontinuities.  Thus we have 

 

  

 

d) Now consider the original function expressed as an exponential series where again 

Dirichlet holds.  We have 

 

 

 

 

 

 


