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Lecture 15:  Inhomogeneous 2nd order, linear, ordinary differential equations with 

periodic driving functions ï Fourier Series (Chapter 7 in Boas) 

 

Our goal is to be able to solve differential equations with the general form 

()ax bx cx F t+ + ="" " , which appear so often in physics.  In this lecture, as in Lecture 5, 

we will focus on the (special) case where the right-hand-side is periodic, 

() ( )F t F t T= +  (and typically satisfies the smoothness constraints of Dirichlet, see 

below and Section 7.6 in Boas).  Our approach is to find a ñbasis setò of periodic 

functions (the analogue in function space of basis vectors in the usual vector space) 

such that we can expand any periodic function in terms of this basis set as a linear 

combination with constant coefficients.  If we know the particular solutions 

corresponding to these basis functions, we can use linear superposition to write down 

the particular solution to the general problem as the corresponding linear combination 

of the individual basis function particular solutions (this feature is a major reason 

why linear equations are so much easier to analyze than nonlinear equations).  While 

we will use the language of periodic in time, there is nothing special about time as the 

independent (periodic) variable.  We could as well think about x as the independent 

periodic variable, as in Boas. 

 

We require two general properties of these periodic basis functions: orthonormality 

and completeness (in complete analogy with what we required of unit basis vectors).  

These properties are expressed in terms of integrals, which replace the more familiar 

scalar products of vectors as a sum over products of components.  If we label the 

basis functions as ()nf t , n an integer, the orthonormal property is typically expressed 

as (note the complex conjugate) 
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where the symbol on right-hand-side is the Kronecker delta function.  Completeness 

is often expressed in terms of the Dirac delta function (see Chapter 8.11 in Boas) 
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or in terms of the average modulus squared of a function being the sum of the squares 

of the individual components ï Parsevalôs theorem (see Section 7.11 in Boas). 
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ASIDE:  The Dirac delta function (see Section 8.11 in Boas) is an especially 

important function, and concept, that we will touch on several times in this course.  

It is a singular (highly peaked) function defined by the integral relations 
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The integral returns the function ()f x evaluated at the argument of the delta 

function as long as the range of integration includes the point 
0x , 

1 0 2x x x< < , and 

the function ()f x is defined at 
0x .  If the point 

0x is not in the range of integration, 

the integral vanishes. 

 

We assume that the periodic functions of interest are ñwell behavedò as defined by 

Dirichlet (Section 7.6): 

 

a) ()F t  is single valued, 0 t T¢ <; 

b) ()F t  has a finite number of maxima and minima, 0 t T¢ <; 

c) ()F t  has a finite number of discontinuities (where it exhibits jumps), 0 t T¢ <; 

d) ()F t  is absolutely integrable, ()
0

T

dt F t <¤ñ . 

 

If these properties hold, the expansion of ()F t  in terms of the basis functions, i.e., 

the Fourier series, will converge to ()F t  at all points where the function is 

continuous and converge to the midpoint at points where ()F t displays a 

discontinuous jump.  Note that on either side of such a jump, there is an unavoidable 

amount of ñovershootò ï the series always over-estimates the magnitude of the jump 

by about 9% (on both sides).  This result is called the Gibbs phenomenon and we will 

study it in detail in an Extra Credit HW exercise. 

 

Returning to the question of the periodic basis functions, we note that they can be 

expressed in two ways: real sines and cosines or complex exponentials.  We will 

discuss these cases in order. 
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Sine and Cosine Series:   

 

The basis functions 
2 2

sin ,cosn t n t
T T
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 (usually for real functions of t) are 

clearly periodic.  Using the combined angle formulae  
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and 
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we can easily verify periodicity,  
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We also need the integral properties of these periodic functions (integer m) 
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With Eqs. (15.4) and (15.6) we can easily obtain the other desired properties.    

 

¶ The sinusoidal basis functions are orthonormal ï for any integers m and n (note 

the factor of 2) 
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Note, as we have discussed earlier, that these results tell us that the average 

value of ( )2sin 2 nt Tp  is equal to the average value of  ( )2cos 2 nt Tp  is 

equal to 1 2 , averaged over a full period (or many full periods). 

 

¶ We can expand any sufficiently smooth (Dirichlet) function ()F t  as  
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The integrals for the coefficients follow directly from substituting the series in 

the integral and applying the orthonormality conditions of Eq. (15.7) - (15.9).  

Note the (conventional) factor of ½ in the first term of the expansion so that 0a  

is defined like the other coefficients.  

 

¶ Completeness can be expressed most easily in terms of Parsevalôs Theorem ï 

(assuming ()F t  is real) 
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which is the analogue of the familiar statement that the square of the length of 

a vector is the sum of the squares of the individual components (along a 

complete set of orthonormal basis vectors).  Thus there is no extra length along 

any other, not included, direction.  Eq. (15.11) (like its vector analogue) 

follows simply from substituting the series in the integral, writing out the terms 

in ()2F t , and using the orthonormal properties of the sines and cosines. 

 

It is useful (for lazy and smart people) to recognize some special cases:   

 

¶ ()oddF t  is an odd function - () ( )odd oddF t F t=- - - since the sine function is odd 

and the cosine is even, only the sine series contributes and 0na =  for all n.  

 

¶ ()evenF t  is an even function - () ( )even evenF t F t= -, now only the cosine series 

contributes and 0nb =  for all n.   

 

¶ Also the integrals for the nonzero coefficients can usually be simplified, 

 



Physics 228   Lecture 15 6 Winter 2008 

 

()

()

2

0

2

0

4 2
sin ,

4 2
cos .

T

n odd

T

n even

b F t n t
T T

a F t n t
T T

p

p

å õ
= æ ö

ç ÷

å õ
= æ ö

ç ÷

ñ

ñ

 (15.12) 

 

Now consider the alternative expansion more natural for complex functions, but 

recall we can always take real or imaginary parts at the end. 

 

Complex Exponential Series:  

Now the basis functions are 
( )2in T t

e
p

.  Due to the simple properties of the 

exponential function the analogue of Eqs. (15.3) and (15.4) is trivial, 

 

 
[ ]( ) ( ) ( )2 2 2

.
i m n T t im T t in T t

e e e
p p p+
=  (15.13) 

 

We also have  
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Thus we can readily derive the following desired properties (be sure to note the 

complex conjugates). 

 

¶ The exponential basis functions are orthonormal, where in this case the 

relevant integral involves a function times the complex conjugate function ï  
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for any integers m and n. 

 

¶ Again we can expand any sufficiently smooth (Dirichlet) function ()F t  as 
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where the expression for the coefficient follows from the definition of the 

expansion and Eq. (15.15). 

 

¶ In this case the completeness can be expressed in terms of the Dirac delta 

function  
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where the second sum guarantees the periodic structure.  If we know the form 

of a function ()F t  on the interval 0 t T¢ <, then we can always construct a 

periodic version from  
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The student is encouraged to think about what this result means. 

 

¶ Completeness can also be expressed in terms of Parsevalôs Theorem - 
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¶ Special case ï If ()F t  is a real valued function, then n nc c*- = . 

 

 

As an example consider the function in Exercise 7.5.1, 
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In this case the period is 2T p=  and we use x as the independent variable.  We have 

coefficients  
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and 
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Thus the function can be expanded as 
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Note that we have expressed the sum over all odd integers as a sum over 2 1n+ , all n.  

This is a useful way to proceed and has an analogue in using 2n, all n, to sum over the 

even integers.  

 

It is illustrative to also try expanding this function in terms of the complex 

exponential series.  We have 
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Hence we have the following expansion  
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The last 2 steps make clear that we have obtained the same result as above. 

 

ASIDE:  It is informative to consider why the sine and cosine (or the complex 

exponential) have these properties of orthonormality and completeness, i.e., why are 

they so useful?  As we will study in more detail, the answer is that they are 

solutions of an eigenvalue/eigenvector problem.  These functions are the 

eigenfunctions of the eigenvalue problem defined by the equation 
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with eigenvalue 2w , and the boundary condition specified by periodicity, 
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The eigenfunction solutions have the expected orthonormality and completeness 
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properties just as in the finite dimensional case with matrices.  This will be a 

common theme in our search for useful functions. 

 

Now we can return to the starting point of differential equations and write 
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where the 
ka are either both real or complex conjugates of each other.  As usual we 

try () ( )2
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If the original ()F t  is real valued, so that n nc c*- = , then it follows that particular 

solution is real and of the form 
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i.e., the term for , 0n m m=- > is the complex conjugate of the n m=  term. 

 

In the above example we (implicitly) assumed that the parameter b in the original 

equation, the damping, is nonzero and that the 1,2ka=  have a nonzero real part.  Thus 

the factors in the denominator of Eqns. (15.27) and (15.28) cannot vanish.  If this is 

not the case, it is possible that a term in the Fourier expansion of the right-hand-side 

matches the natural frequency of the original equation, i.e., of the complementary 

solution.  We should briefly recall (from the previous lecture) how to proceed in this 

case.  As an example, consider sample Exercise 8.6:33, which is included in Lecture 
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14 Appendix B, rewritten to match the notation here.  The homogeneous equation is 

0x x+ =""  with complementary solution () sin coscx t A t B t= + .  If we drive this 

system with a periodic function ()F t  (period 2p) whose Fourier expansion contains 

an n = 1 term, e.g., 
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we must be careful with this specific term.  If we naively try a particular solution of 

the form 1 1 cospx d t= , we find 1 1 10 cosp px x a t+ = ¸"" .  Instead, as suggested in the 

previous lecture, we must include an extra factor of the independent variable t.  

Further in this real notation we need to use 1 1 sinpx d t t=  for it to match.  It is simpler 

(i.e., smarter and lazier) to employ complex notation and take the real part at the end.  

We find 
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Thus a complete particular solution of the equation ()x x F t+ ="" , based on Eqn. 

(15.29), is given by 
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The reader is encouraged to verify that this result satisfies the original 

inhomogeneous equation. 


