Lecture 16: Inhomogeneous 2nd order, linear, ordinary differential equations with
non-periodic driving functions i Fourier Integral Transform (See Section 7.12 in
Boas)

As in the last lecture we want to consider equations with the general form
ak+bx +tx ), where we start by thinking of the right-hand-side as periodic,

F(t)=F(t ) (and typically satisfying the smoothness constraints of Dirichlet). In
this lecture we want to extend this discussion to include the case where the period
becomes arbitrarily long, T - @, i.e., where the function is not actually periodic.
The resulting analysis will follow directly from our previous one. The major change
will be that, instead of expressing F (t) in terms of a infinite sum of discreteFourier
components, we will need to consider an integral over an infinite number of
continuously related components.

We start with the usual exponential expansion of Eq. (15.16) written in symmetric
form,

( ) a cé Zp/T)
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Now we want to carefully take the T - @ limit while identifying a new (continuous
instead of discrete) variable w=n2 gT, which becomes continuous in this limit, i.e.,

Dw =2 gT Y% . Thus we make the identifications (with a symmetric
choice of normalization)
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i.e.. the basis functions are now €™, €' ™ . Note that we have chosen the

normalization of the Fourier transform function G(w) so that a factor of 1/\/2p
appears (symmetrically) in both the transform and the inverse transform,
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This is clearly just one possible choice. In Boas the other simple choice is made
where there is a factor of 1/2p in the first equation and a factor of 1 in the second

equation (see Eq. 7.12.2 in Boas). You will see both choices in the literature.
Clearly, in practice, either choice will result in the same solution to the initial
differential equation.

The properties of the Fourier integral expansion, i.e., the Fourier transform, include
the following.

1 Inthis formalism orthogonality is expressed by
1 o it w :
5 POtET =l e i (16.5)

1 Completeness is expressed by the very similar expression

ol

1

5_ we ) = ('t -g). (16.6)

9 Special cases:
F (t) is an odd function - F(t)= +( tJ, as in the periodic case only the sine
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contributes and we have

o]
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These results suggest that for odd functions we define the Fourier sine transform,

G.(W)EEiGy, (W & E}‘ﬁt F(Dsin &
(16.8)

Fou (t) = n:IWG( wsin

1 F(t) is an even function - F(t)=F( %), only the cosine contributes and we
have
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Thus we define the Fourier cosine transform,

( )_ —I‘P“ even()cosw’

(16.10)
Foen (1) :\/:ﬁjWGC( uycos b
Po
F As an example consider the (non-periodic) function in the figure
t defined by
0.8}
o Lt K
02! =1 051 (16.12)
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The function is non-zero only in the interval of length 2 symmetric about the origin.
Substituting into Eq. (16.4) we find the Fourier transform to be

1 ° . 1 ! .
G(w)=——= pdtF(t)e™ = v
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The inverse transform looks like

(16.12)
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This leads us to the interesting result for the last integral

e li|<1
S, sinwcos w1
pv—"—=I 0t 4, (16.14)
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where the last result follows from the fact that the expansion converges to the
midpoint of any jump discontinuity.

Next we will list and briefly discuss further special relations for the Fourier

transform. First recall that the Fourier transform is a linear operation. Thus it
follows that (introducing the symbol F &= (t) for the transform)

S0 R() e e {R() B} o) ety
Lo e (16.15)
F &cF (1) ng_r"jdté‘m{cF( )} =cqw).

1 If two functions of time are just translations (in time by t,) of each other,

E(t)=F(t +),
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then the Fourier transforms are simply related by a (complex) exponential factor

i 1 7
G =— Qdte™ E(1) =— "YH t
(W) 2 I'J e" F(9 20 u(ﬁe Ht )
rinty (16.16)
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9 If two functions of time are related by a (real) exponential factor,

F(t)=e2F(1), (16.17)
then the Fourier transforms are simply related by a (complex) translation (in w
space)
G. (W) == ke B() = qfe* eV K )
20 2 P,
1 a _ (1618)
=— pdte" E(t 7 woi-
@r!d 1()lemg:GI( ') €'1’( b
1 If two functions of time are related by a factor of time,
R, (t) =tF(t), (16.19)
then the Fourier transforms are simply related by a derivative
G, (W)= —— Fdte™ B () == qse* tF( )
V2o V2p
. (16.20)
1 1d o, . d
= — te F(t) a— w).
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Physics 228 Lecture 16 6 Winter 2008



9 Finally consider a function of time defined as a convolutionof two other
functions of time (this idea of a convolution will have many uses),

F()* fotiR(t) R (t t). (16.21)

The corresponding Fourier transform is just a product,

1

GS(W):TPEdtem E(Y 7%) :ﬁngtﬁw HOiF(t

:%p}ldm:g(t)e'i”“i\t‘i:” icﬁe*’”” B t) i (16.22)
=V20G( WG ( W

Thus, modulo the constant factor \/ﬂ , the Fourier transform of a convolution
(often writtenas K * F, (t)) is the product of the individual transforms. This
result is symmetrical in the sense that if the Fourier transform of some function
can be expressed as the convolution (in w space) of 2 known Fourier transforms,

the inverse transform is just the (ordinary) product of the corresponding
functions of time,

G.(w)= i G ( HB( w Jw
(16.23)

Y OR(t)= J—nd we" G (W =/2 (1) B(9).

We can use this last result to obtain ¢t}
Theorem. We start by noting that simple substitution says that (note no change in the
exponential)

*

1% i
G (-w) =5 fidte g (. (16.24)
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We can use this result to derive the conclusion that the Fourier transform of the
product of a function (of time) with its complex conjugate is the convolution of the
Fourier transform with the conjugate transform with a minus sign in the argument

(and with no «/2p factors). Starting with Eq. (16.23) and making the indicated
substitutions and taking the limit w- 0 we find

e ™ R (9= die'*(v20 E() £ ()

- o

=G,(w) :_rjd wG( WG ( w-)wi
substitute F, (t) - F(1).G,(w- W) -G({ w-W (1625
\ _F!dte'im|ﬁ(t)|2 = _:ﬁ"@( m)iG({ w-Wi

v RO = oG ( wf

In words, the power (~ ‘F ‘ ) integrated over all time is equal to the energy

spectrum versus frequency (~ ‘Gl W‘ ) integrated over all frequencies. The total
energy is the total energy.

So now we can apply this expansion to the original differential equation,
aXx+ bx +tx £( D where we expect to again turn the differential equation into an

algebraic equation. We label the Fourier transform of the variable x(t) by %(w),

Fex(t) g X(w) —J=ﬁ t( 1) e™. (16.26)

Next we need the transform of the derivative,
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“(1) = @};dwk( &

% R(t)—%p Adwx( i 18"

i = : (16.27)
Y (e = g
v Fpﬁdt&('t)e‘”‘ =(w)’ X W.
So transforming the original differential equation yields
a, ' by, ey, ()
ﬁndt{ i+ by, oy I} &
(-aW2 Wb w e)xo (v Gt )
TP (/U
Y X (W) (-an? 4bw o) aliw- g)(i w &
(16.28)
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This last expression is the particular solution for a general time dependent (but
integrable) driving function. The remaining, perhaps challenging, step in this
analysis is to learn how to perform the inverse transform, i.e., evaluate the above
integral. We turn to that subject next as it allows us to discuss the especially
interesting subject of analytic functions of complex variables.

Physics 228 Lecture 16 9 Winter 2008



