Lecture 18 — Appendix B: Some sample problems from Boas

Here are some solutions to the sample problems using Laplace transforms (Chapter
8).

§8.9: 12
Solution: We want to use the Laplace Transform to solve the following differential

equation and boundary conditions (here I will consistently use dots to signify time
derivatives, unlike Boas)
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Transforming the various elements of the equation we find
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So, as usual, the transform process has turned the differential equation into an
algebraic equation for the transform of the solution. Now we must invert the
transform. To simplify this last process we partial fractionate and identify Laplace
transform in the table (page 469-471) to find
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So the primary challenge is to find the residue in the third terms that starts as a triple
pole and requires that we appropriately expand the exponential about p=-1.

§8.9: 27

Solution: Now consider solving a pair of equations using Laplace,
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We proceed in the usual way to transform these equations into algebraic equations we
can solve. We have
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Next we algebraically eliminate L [ y] and solve for L [z] to find
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Having solved the algebraic equations and partial fractionated, we can easily invert
the transforms to find
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§8.10: 5

Solution: Consider the Laplace transform p/ ( p+ a)( P +l:)2 , which we recognize

as the product of 1/ ( p+ a) Ye* and p/ ( p+ b)2 Y e (1 - bb whose individual
inverse transforms we know from the table on pages 469-470, L2 and L18. Thus the
inverse of the product is the convolution of these two inverses,
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§8.10: 15

Solution: Now consider applying convolution techniques to the differential equation
y+3y 4y &, y0) 0)"o.

We proceed by taking transforms (but not explicitly for the driving function) to find
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Having written the transform as a product of transforms we can proceed to expression
the answer as a convolution,
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§8.10: 17
Solution: Here is one more differential equation to solve using the Laplace transform

and then invert using the convolution technique. Starting with the equation and
transforming we find
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This product form we can again invert using the convolution form

Y L[y]=

y() I_le esinhat g, 7]

¢'% 2 Hgf() &y

. , s1nhal‘

~ sinh af >0
= e £ (t - ) L

0 a 1

L 0,t<0

?coshaz‘ _coshat- 1
1 > = > , 0 0
=1 a | a :

1 0,t<0

The primary challenge is to keep track of the impact of the step function driving
force, i.e., that the response vanishes before t = 0. Recall that when we inverted using
the contour integral formalism, this happened automatically.
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