Lecture 19: Green Function Techniques (See Section 8.12 in Boas)

Recall that for some time our goal has been to solve 2™ order linear inhomogeneous
differential equations of the general form akx+ bx +tx :F( § Let us take a moment

to review our previous discussions. The underlying technique has been to expand the
right-hand-side of this equation in terms of a sum of functions for which we know the
particular solutions. Then we use linear superposition to find the overall particular
solution in terms of a sum over the individual particular solutions. For a periodic
driving function, F(t)=F(t ), we can expand F(t) in terms of a sum of sines

and cosines with arguments w;t =2 mt/T. We are encouraged to think of the sines

and cosines as fibasis vectorsoThisn t he f
expansion is the Fourier series expansion discussed in Lecture 11 and is always

possible if the periodic function F(t) obeys goedbdhazioron diondi ti ons
Dirichlet conditions (which guarantee integrability). In particular, the driving

function is allowed to have a finite number of points where it is discontinuous, and at

those points the Fourier series expansion converges to the average value at the

discontinuity. We also know that for a driving function of the form sin w/t or

cos Wt the resulting particular solution will be of the general form d COS(Wnt+ l) :

I.e., with the same frequency as the driving term (assuming it is not identical to the
natural frequency of the system) but with a different magnitude and phase. Under the

o . it .
same conditions we can as well use the complex exponentials € (recall that via
Euler this exponential is just a linear combination of cosine and i times sine). In this
complex exponential expansion the separate sums over sines and cosines are replaced

. . °imt
by a sum over plus and minus values of n (i.e., € ).

Our next step was to drop the requirement of periodicity, i.e., allow
T- o, Dv 24T 0. Inthis case the sum over the discrete index n is replaced

by an integration over the continuous frequency variable w. The corresponding
Fourier integral transform is discussed in Lecture 16. The use of linear superposition
to sum all of the individual particular solutions is now an integral and is interpreted as
the inverse Fourier transform. Our desire to be able to perform this inverse integral
transform led us to learn about the properties of analytic functions, especially the
Residue Theorem as applied to integration along closed contours (see Lecture 17).
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Finally, in Lecture 18, we considered driving functions that are not (guaranteed to be)
i nt egr abloen,0 baut af tfu rimbed = 0t butmeould beahydised n
time t,),

F(t)=0,t 9,

. 19.1
O -

To address this situation we replaced the (oscillating) complex exponentials of the

Fourier transform with real damping exponentials for time >0, € ™ - €™ (p>0),
recognizing that this only works because the driving function vanishes for negative
time. This serves to define the Laplace transform of Lecture 18. In this case taking
the Laplace transform of the left-hand-side of the initial differential equation, i.e.,
finding the corresponding particular solution, directly involves the boundary

conditions (initial conditions) X(O), 5((0) , because we are doing an integral that

includes the boundary as a limit. Thus instead of finding a particular solution for
each Laplace component of F (t) , we find the full solution (matching the boundary
conditions). Summing up the components, i.e., integrating over p along a contour
parallel to the imaginary axis, serves to invert the Laplace transform and provides us
with the solution, x(t), including the boundary conditions.

The final, and in some sense ultimate, way to expand F (t) is in terms of the Dirac
delta function (see the discussion in Boas Section 8.11).

ASIDE: Section 8.11 in Boas reviews many of the properties of the Dirac delta
function, many of which are illustrated in the worked sample problems in Appendix
B to this Lecture. The general point in using the delta

function is that it is defined in terms of its integrals and s
one can often simplify by integrating by parts. Here we 0.8
make one further point that is implied by exercise 0.6
8.12.16. Start by considering the unit step function or 8"2‘
theta function defined by '
1 -05 0.5
el,0<Xx
u(x)= @x 1|,'0 0> % (19.2)
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The Dirac delta function is the derivative of the theta function,

d
d(x) = x X), (19.3)

which clearly vanishes except at x = 0 (i.e., the only point where the theta function
IS not a constant). The remaining properties of the delta function are found by
integrating (by parts) and using the properties of the theta function,

i f(9a(x %) = FH ¥ ©x ¥

St(x) @x %) FdxA( (R b

ol

=f(x) @x %) #(x) (R ¥} Xﬁdxi(i (x

W)

ef(x)- f(x) -T(H], &% x x<

:{ f(x,) -f(x): £(%): % X %<

i 0-0 B:x % X<

=f(%) @x %) (@ x) (194)

When evaluating integrals containing delta functions, it is important to recall the
implicit presence of the theta functions in the results, which make clear that a
nonzero result is obtained iff the argument of the delta function vanishes somewhere
in the range of integration.

Returning to the central issue of expanding functions we note that for any (reasonably
behaved) function we can always (formally) write

F(t) :}"jdtid(t t)F(t), (19.5)
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which follows from the definition of the delta function. Thus analogously to the way
we proceeded in the previous lectures, i.e., now considering a’(t - ti) as our basis

function, we are led to consider finding the solution of the differential equation
aG(tti)+bG(tt)i+cq tt) #(t t), (19.6)

wher e the fidot sswithrespedtitoe (aot tg. Tlok éunciiorn G(tt) iv e

calledthe Green(orGr eend6s) funct i onHakimgfoundthee gi ven
Green functionnwecan t hen Asumo up altheequatioe i ndi v
ak+ bx +tx # jand find

x(t) = fdti G(t t) iF(t). (19.7)

To verify this result we can simply plug back into the original equation to find

axctbx #x gal b cB gy )
Edrz dt )
= fdti gaG(1 t)i+G(tt) eq t1) @it

(19.8)

:_}jdu ot 1)ig(t) E().

The implicit plan is then to find a Green function for all 2nd order differential
equations (i.e., all physical systems) of interest. Before proceeding down that path,
we must recognize that in order to fully specify the problem, i.e., ensure a unique
solution to the above equation, we must also specify the boundary conditions. Thus
we want to find the Green function for each differential equation and each type of
boundary condition. Typically we take vanishing (null) boundary conditions,
knowing that we can always add a solution to the homogenous equation (the
complementary solution) to obtain non-zero boundary conditions.

Note that, since the Green function is the response to a delta function driving force
(i.e, put F(t))=d(t it ) inthe integrand of Eq. (19.7) and the LHS becomes
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x(t)=G(t 1)), the Green function defines the response functioof the system with
the specified boundary conditions.

As a first example consider the case of vanishing Laplace style boundary conditions,
G(tt)=G(tt)i®,t &t i0,i.e, nothing happens beforeweihi t 0 t he syst e
t =ti, and we do not hit the system before tj=0. Then we can use Laplace techniques

to find the Laplace transform of G(t ti) (recall Eq. (18.16)),

. g M ePi e 1 1 {
L t,tj = 2 i
) B a) (o a) A2 lp Jalp 24
ai(t-t) L3t )i 19.9
_Iee € 0<tj ¢ ( )

L8 LgG(tt) ggG(tt)id a(a,- a)

0: otherwise

——

Now, with care, we can apply this approach to the familiar equation X+2x 4 t
Since in this case a, = @ = 1, we must take this limit (carefully) in Eq. (19.9). We
find

. _B(t-t)et 0 < ¢
Lim, .. _.. .G(tt) =] _ 19.10
e e G(U1) = 1  0:otherwise (19:10)

Thus the (particular) solution to this equation with vanishing initial conditions is
given by (from Eq. (19.7))

t

%(t)= ;’]dtiG(t,t)iF(t) 4 op(t it)et o
(tt &g i #Ht2)-e

(1 2t|)é" antéi 7 e%t‘e t 2 ‘e 1)}
y
=(t 2)e :
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We recognize this result in the form of a complementary solution plus the familiar
particular solution matched to initial conditions X(0)=X(0) #. To obtain the

solution for nonzero initial conditions, e.g, x(0) =1, %(0) =0, we add an
appropriate complementary solution, (a+ bt) e’ - =(1 1} €', to obtain the

desired result X(t)=X % (B 2#e' t 2. Alternatively we could add an
appropriate initial value fixing term to the Green function.

Another particularly interesting example is the harmonic oscillator (wi s t he A nat
frequency of the un-damped system, a=1,b %, ¢ &) with a Green function
described by the equation

S(Lt)+ 2 G(Lt)i=dt t) i

’I:e'eimx(t-ti) _ ery(t t-)i_ sin l/l_/(t _ ti)
Y G(Lt)=1 2w w

1 0: otherwise

0 ¢ K (19.12)

A related problem is the Ahype&rbolico v

G(tt)- FG(Lt)i=t ) |
t-ti) - @ t)i i _ ot
gl e smhg(t tl):O 4
29 g : (19.13)
0: otherwise

Y G(tti)=

—) —==>0D

As a final example we return to the harmonic oscillator above but with periodic
boundary conditions, G(0,ti)=G(T,t)i#®, and w, 2 gyT. The orthogonal basis

functions with these boundary conditions are sin (npt/ T) (note there isno 2 in the
argument) and the completeness of these function takes the form (recall Lecture 15)

o(t- ti) -—asm%tsm—t [0 &t Tk

=1

(19.14)
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i.e., in the expected form of & f,(t) f. (ti). Using the periodic properties of the sine

functions we note that the LHS of Eq. (19.14) isreally § d(t- ti +T) (as we saw

n=- o

earlier in Eq. 15.17). Thus the corresponding Green function (with these boundary
conditions) is
5 @ sin % tsin
G(tt)==3 —T -
T n=1 ,/_Vz _ én,U 6
e 9

A

(19.15)

From our discussion of the orthogonality and completeness of eigenvectors in Lecture
9, it should not be surprising that such Green functions are intimately related to the
solutions of eigenvalue problems with the same boundary conditions. Here the

eigenvalue equation is f,(t)=w?f,(t), ,(0) =F.(T) & The eigenvalues are
w, =n g T, the normalized eigenfunctions are f,(t)= («/Z/T)sin (npyT), and these

functions constitute an orthonormal, complete set on the interval 0<t g (i.e., we
can express the delta function as the sum above).
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