Lecture 207 TheCalculus of Variations and tidethods of Lagrang¢See Chapter
9in Boag

We are most familiar witiN e wt o n @wpredsat w serms gectorforces As

was suggested in Lecturewe can often analyze systems, especially mechanical
systems, entirely in terms e€alarquantities. In this case itigpically easier to

choose the appropriate coordinates and see the relevderlying symmetriesThe

basic techniques involve the concepts of partial derivatives, path integrals, and
finding extremal paths. In the classical mechanics applicatioresétideas the basic
idea is that, instead of thinking simply in terms of finding the trajectory of a particle
(or system of particles) by solving certain differential equations, we focus instead on
the trajectory as the extremal path in phase space (ppase = the combination of

configuration space; , and momentum spaceu) with respect to variationsf a

guantity called the actionThese techniques serve not only to facilitate both changes
of referencdrame(i.e., changes of coordinateghd the studies of symmetries, but

they also transcend classical mechanics and provide a basis for the study of quantum
mechanics Theywill also allow us to systematically include the effects of
constraintsvith the Lagrange multiplier technigue we studied_ecture 9 In this

Lecture we will develop these new techniquresiore detail

An important concept for the studies of extremal sohgiis that of a functional. Up
to now we have been largely discussing ordinary functegs,y = f(x), which yield
avalue fory that depends only on the specific poinhot the path followed to reach
X (y is the dependent variable, whies the independent variablelf instead the
guantity of interest depends on the path followed to reach a given theinthe
guantity is a functional of that patke., of the function that defines that path. This
concept typically arises from definitions in terms of integrals,

I[F]=ff (x)dx (20.1)
X

The value of this expression will in general depend on the details of the fuhction
(i.e., the path followed in the integral)nless f (x) dx is a perfect differentiain
which casef (x)dx= dF( ¥, 1 =F(x) i F (x;). In this latter casd,dependsnlyon

the values of at the endpoints of the integral. Another label for this distinction is
provided bythe termholonomic. Holonomic variables (functions) are independent of
the underlying paths, while nonholonomiaiables depend on the paths.
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In the applications to classical mechanics we will be interested in (nonlinear)
functionals of lath the path and its derivative. To this end we define

[F] =fi Ky, yix)dx (202)
X

Our challenge will be to determine the pagh= f,(X)that yields an extremum of

typically with the endpoints of the integral fixed and perhajpis other constraints

on the possible functions. The corresponding mathematics is called the calculus of
variations Section 9.1 in Boas).he concept of finding the extrema of an ordinary
function of several variables is familiarly found at #uecalled stationary points of

the function where all of the partial derivatives vanjshl tom,

uf(Xl’>’)§“):o 20.3
™ (203)
Thelimtm- @ brings us to the idea of a Afunc

a functional with respect to tenctions that constitutés domain of definition.

Consider the space of all allowed functions f (X) with the samealues at the
endpoings X, and X,. Definea fAvi rt ual variationo as ar
difference between two such nearby functions (and their slopesassume that

functions are differentiable in the region of intefesty = d(Xx) 1f,(x) (X,

at afixedvalue ofx. Due to this lattefeature of the definitiorthe operation of
taking the functional variation commutes with the ordinary derivative

dyi= §dy/dX =d ¢/ d. The corresponding variation in the integral is given
by (i.e., the difference in the integrals evaluated along the two different paths is

_IBUF uFE G
A=Q— § +— wykx
Xll’ll Ly M ¢ (20.4)

Using the facthatthe variation operation and therivative operation commute/e
can perform an integration by paafthe second terrto yield
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euF , B 8 uFd A&u®o
d=¢—§ y N— —ee, diYdx
Gvi 7 T e o
“6UF d& p Rl (20.5)
SRF A8 WRE

where the second stépe., the vanishing of the first termayises from the fact that,
by our definition of fixed (no variation) endpoint@’}/(xl) = 0/’( >$) © . Thinking

of the righthandside as a (Riemann) sum over variations at gactue, we can
identify the corresponding (local) functional derivat(tiee final expression is also

sometimes labeled a& / &),

e dl f
alt X) dx
dl B PFda pi (206)

(N g wy oy

To see this explicitly (as described in Boas) define the general path as
Y(X =y X + £%, wherey(x) is the desired extremal functioa,is a small

parameteandh(x) Is an arbitrary differentiable function except that

h(x)= fx) H. Thusdy(x)- £x) d and we can rewrite E¢20.6) in terms of
an ordinary derivative

di| _Z8pF da p
— dx & 20.7
deél.-, Xfl. Hy dx@ ¥ Fg (207)

Since this quantity must vanish by definitifam a giveny(x) at the extremurand
this must be true fcmnyh(x) that satisfies the boundary conditions, it follows (you

should convince yourself of this result) that the coefficient (of) in the integrand
must vanish a¢veryx value,
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We can now generalize the stationary point result for the extremum of an ordinary
function, Eq. (20.3), to the form in Eq(20.8) applied to the extremum of a functional

(thus a =0 for arbitrary dy(x) (at each value of)). Eq.(20.8) is called the Euler
Lagranggor simply Euler)equation. The essentidieature is that its equivalent to
the original variational problerfwhen boundary conditions are includetjote also
that in this formalism it is essential that the variations in the papinesented bthe
functionh(x), areunconstrained except at the endpoinBnly in this case to we

obtain the local differential equation of £&0.8).

First we considecertain situations;n whichwe can integrate the Eulelcagrange
equation once trivially. For example, consider the case Wwhisnndependent of,
i.e., M F yu 0. Then it follows that

dapF

dx%

Thus, if F is independent of, it will be invariant under transformationsyn And, if
this is true, there is a conserved (constant) quantity as if2&8§). This is just the
theorem of Noether that we have mentioned easliere the existenasf an
invariance guarantees the existence of a conserved (constant) quantity

oY

-Ai

HFE
—— =constant
v i (20.9)

As a trivial exampl@f this situationconsider the problem of determining the shortest
distance between two points in 2 dimensions. The corresponding funetiwhal
EulerLagrange equation are

S,=fids = JIX € <1 AR
1 1 X
F(y,vi,X) =J1 %%

UF_, ME i

Ly Mo ity
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It follows that the quantitWi/«/1+ y? is a constant, which is possiblearid only if

Yi itself is a constant. Hyi/x/l+ y?i = thenyi=a :C/\ll € and

y=ax 4 (20.11)

vy HF d
[9\% ng

‘E?ﬁt

(20.10)

[o}
T“S
00: O
@

the expected straight line.

A second case with simppgoperties is whef has no explicik dependence. Again
we can reduce the-Eequation to a firsbrder equatiomnd determine a conserved
(constant) quantitg la Noether In this case we ha\by the now familiar chain rule
wherethe first terms accounts for tlegplicit x dependencewhich vanishes in the
present cage

dF F
daF _uF, mE .
dx ppux N W
F F (20.12)
SRRV 3
Ly W

We can use this expression in th& Equation after multiplying through byi and
adding and subtractinyi (|i1 i yu) Thesamanipulations yield

MF da umk

Y|uy ya;(ﬁ 9=O
! HF HEda  @f

Y yi—+ -y — il S0
T W T Tl oy
dF F_di ub

y Oy BF, di uBg
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(20.13)
Y F y.u—F =constant

HYi

This approach can be appliedtoth¢ oundi ngo prolmiodm of t he
variations (analyzed bydsnoulli), the wachistochrone probletn Gr ee k f or fis |
t i médf@ particle is released from rest in a uniform gravitational field and travels

along a frictionless wire that connects two (fixed) po{imghexy plane where the y
directionisthd o c a | A d o W what sllaperfae thet wireyrelds the minimum

time d descent? In this case we want to find the extremal time,

T _Zds _%/gx%dy? %
2~ N — A v

\Y

(20.14)

1 1

X
S
2L
N
o
X

with respect to variations in the functig(x), wherev(x) is the speed along the

path We can use the conservation of energy to express the velocity inotetimes
path(y(0) =0, the point of release is the origin)

1 ,
Smv=mgy Y { X 3/2 of k (20.15)

This yields

1+ yi2

F(y.viX =

H_: _1 1 ’y| (20.16)
Ky 2\/29}’3 M a/1+y| Zgy

Using Eq. (20.13) we have (dropping the common factor]ﬁt/ZQ )

MFg
UX
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1 yl Y O: constan
IJYI y e
’l+ y|
1+ y|

a’ l+ y|

(20.17)

ASIDE: We can simplify this analysis by noting that, since the funddon Eq.
(20.16) is independent of, it may be useful to makethe independent variable and

think insteadaboutx(y). The new integrand (for an integral over y) is

Fi(x, %) :ﬂ/(l Mz)/ng (recall xi=1y , dx= xdy) and the new Euler equation is
(again dropping thed@factor)

LY ,1,*3/ ‘() 21 ()
nJ— o Xi(y)dy—yl By dy

Ydéul-'rgdge X i 830 T
——a&e - 0 N, ——
dycux = dy(; y(1+xiz) Q X

X 1

Y 1+X2: _l 2.

| AN

In the last step we switched backxtas the independent variable. Thus ave
back to Eq(20.17) with c=1/C.

We can simpfy thefinal expressionn Eq.(20.17) using the substitutioryi = COtg
to obtain
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C . C
- Csing =(1 ces2y ,
dx 1 dy : -
—=="7 Ctangsin2g Z siA
40 vida q q (20.18)
=C(1 -cos %)

Thus we can integratehts last expressioto finally obtain
_C .
x(q) —5(2 g-sin2 )g (20.19)

with the choice of initial conditiorX=Y 9 at g=0. To make this trajectory more
familiar we change t&€C =2A and 2g = ito yield the parametric forms

x(f)=A( f=sin )f

y(f)=A(1 -cos § (20.20)
which the learned student wiktcognize as the

parametric equations for a cycloid, the curve traced y

by a point on the rim of a wheef radiusA rolling 2

along thex-axis This is illustratel in the figure 15

abovefor A= 1. .

05

So how is this di scus d0makethe eohredtignetallt o Ne
Lecture 9)we introducephysics in terms of the action functiomalevant to
mechanics

SIAT-V)dt (2021)

whereT andV are the kinetic energy and potential energy (we assume conservative
forces for now) of a generalechanicabystem. The integrand in this equation is
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called the Lagrangiafthe new functiorF ), where generall{for a single particlén

3-D i note that the independent variable is rtpwith " asthedependent
variablgs))

LFE)=T (1Y (1) (2022)

The claim is that the actual evolution of the system described by this Lagrangian
corresponds to the extremaé., minimal value of the action (the Principle of Least
Action, or Hamiltondés principle). From
extremal problem is equivalent tioe EulerLagrange equati@(Eq. (20.8)), whichin
3-D rectangular coordinateakethe form

dul b4
dt px M
dapt b
dtpy m (20.23)
duL p
dtpz @
which are often called Lagrangebd6s equat

equations of motion.

Llet us consider a simple example to see

arises. Take a single particle acted on by gravigar the surface of tlearth. We
have in 3D withthezd i r ect i on fupo,
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EUL__IJ- :rT]IS(HQ:
dt px
y AW E e

dtpuy o ' (20.24)
dEL B v g o
dtuyz g

Thus we see t hat L athecampgnenissif eewgtueadtorso ns a
equation

The interesting situation, of course, is when we have constraigtghat a block
must move on an inclined plagy = Xtang) described by a constraint function

f(X, y)= y -Xtan g @oronaspheref(K Y, Z):xl X +y £ RO. The

corresponding constraifidrces are typically normal to the surface of motion,
u u

F~ £ . Inthepresence of constrainthe variationswhichwe employ in the
Calculus of Variationsare no longer independent and life is more complicatue
can try to proceed by choosing a coordinate systgimaxes that are eithgarallel

or perpendicular tohe constraint surface atiteneliminate the perpendicular
variables. But this is practical in only a small number of cashs.variational
approachon the other han@llows usto include the constraints in a systematic
fashion(for any geometry)andlearn about the constraint forces at the same tiise
in our earlier discussion of Lagrange multipliers, we can treat the variations as free if
we add an extra term in the integrand of the integral we are attempting to find the
extremal value ofLet us focudirst on the case where thaseone constraint
expressed (holonomically) in terms of@nstraintfunction,

u
f(r ,t) =0. (20.25)

Introducing a single Lagrange multiplj¢ne integrand in Eq20.2) now has tke

form F - F + i Inthe case of a mechanical system described by a Lagrangian we

haveL- L+/ i. Making this replacement in the Lagrange equations,(E§2.3),
we solve for?"(t,/) and then use the constrairit= 0, to eliminate (or solve forj .
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To think again how the magic of the Lagrange multiplier wockssider aelated
problem from function space, rathbah functional space. Supposewish to

maximize a function of 2 variablesf,(X, y) subject to a constraint expressed by

another functiorQ(X, y) =0. Without the constintwe have the extremal value
defined by

df zﬁdX -Iildy G iu — lJ.O (20.26)
dx dy dx dy '

for arbitrarydx anddy, i.e., EQ.(20.3). With the constrainive wanttwo expressions
to vanish,

df :de +—dy &
dx dy
20.2
dg:“—gdx +B dy & (2027
dx dy

We can then use the two equations to eliminate the differentials and find

My L
U%X yﬂ (20.28)
Y w/uxﬂ %ﬂ :f/yu *"% O

The last line indicates thate would end up at the same pointié simply tried to

find the extremum of the combinaih (f +/g) with / a constant and no constraint.

After solving that problem,e., after finding the solution to the second part of Eq.
(20.28) (as functions of ), we simply choosehe value of/ so thatg vanisheqor
equals any other necessaifixed value) We arethus left with the extreme value df
subject to the vanishing of g-his is the logic of Lagrange multipliers.

As asimpleexample(from Boas)considerthe 2D geometric problemof maximizing
the area enclosed by thkexis and a curve of fixed length In particular consider
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the segment of the-axis betweerx, and x, and the line element of lengthwvith

| >x, -x. We want tdind the curvey(x) thatmaximizesthe areal = fizy(x) dx
. . AR _ % 2 . —
with the constraint = N ds = ﬁ ¥~ dx. Thus we defind= =y and

f :«/1 4i’ . The Euler equation applied B +/ Jyields

F o+ : F A7 a
u( Jj dé (u ’)*8:10' /'y

— 7
Wy dxc B = d «/1+ yi°

Integrating we find ¢ andcj are both constants of integration)

- OO= ot

0= (2029

Vi e

d i 0
Y—ae— 81 Y
dx 2 0

, (x+¢)” . X+C
i Ydy =dx

/%-(x ) J17- (x (2030

Y y+ci :\//2 (x 9+ (X9 +y ®i +~

Thus the desired curve is a circle of radiusbout the point Y
(-c, <i). Plane (2D) geometry tells us that

-c £x %)/2and/2=ci? {x, x)*/4or
- Cj :\flz (% x)?/4. The constraint equation tells us YT TN
that/ is the (implicit) solution ofsin(l/2/ ) =(x, -x)/2 . | '

To seedhisrelationwe consider thegeometry in thdigure.
Clearly the ardengthl is given byl =2/ f while the chord (e -e)

or distance along theaxis is givenx, - X =2/ sin {. Eliminating the anglé, in

these two expressions yields the above relation. We can also obtain this result by
explicitly integrating the constraint,
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- X2 X %o 2031
lefjds: ﬁl ¥i© dx & / dx ( :

To perform the integral we change variables, using the figure again, to write

+c = /-
X+c 7 sin l‘exl ¢ sin ¢
,x2+c = sin {
. fo 20.32
_ / dX:/.:/COSf f-/an—( )

Ij \//2- (x € » \ﬂ Fsin?

Finally note that thg coordinate of the centre of the circle is given by

Y, = €i = eos{ i.e., the center of the circle is below tkaxis for f, < g2 and
above it forf, > p2. Asl- (x,- x) the circle becomes very large,

1/(%- %) - & with-ci. 4 and7,- 0,whileforl2 (x,- %) we have
1/(%- %) - cbutwith-ci. / andf,- ¢

As a nontrivial example in classical mechanics conadaniform hoop of radius

and mas$/ rolling without slipping on an inclined plane. Afs the distance the

point of contact is from the top of the inclined plane amglthe angle through which

the hoop has rolled, the equatidre s ¢ r i kradllimggvi tt the ufi candtraim pi n g o
is

rdg=dx Y { ,q) =< ¢ ©: (20.33)

Note that the separate constraint that we are on an inclinesl ldarbeen explicitly
satisfied by our choice ofandgas the free variabldsao motion normal to the
plane) The kinetic energy of the hoop has tpieces one from the motion of the

CM and one from thangular motion about the CM =Mr ?),
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T= MY Mrg?

> > (20.34)

The (gravitational) potential ergy is(chooseV = 0 at the top of the plane)
V = Mgxsinb, (20.35)

wherebis the incline anglef the plane The Lagrangiaior this systenis thus

12 2.2

Mr :
L = MX g X¥Mgsinb.
2 2

(20.36)

With x andgas the two (generalized) degrees of freedbmtwo EulerLagrange
equations are.g., finding the extreme value df +/ /)

- Mx "Mgsinb  H 0;
MGt e (2037

From the first equation we have (assumihgt we start at rest at the top of the
inclined plane %(0) = x(0) =0)

8 . / B 1 4. /
X=ggsinb +— §x = g§n b —+
& L Y (2039
The second equation yiel@sith ¢(0)= §0) =0)
n / / 2
= —1, =-—1t°.
7= e 7 Towr (2039

Finally we consider the constraint equation in £§.33)
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/., 14 . / B
rg= —t° x =3gsin b —+F
77 oM 22 M g
v /= Mgsinb
2 (20.40)
v x:gS|nbt2,q _gsin btz.
4 4r

Thus the physics conclusion is that, due to thesiipnconstrain, the hoop rolls at

one half the speed it would exhibit if it could slip freelg,, if none of the potential
energy went into the rolling kinetic enerthe 4 in the denominator of E(0.40)

for xwould be a 2 (You can test this result at home by rolling both a can of (thin)
broth and a can of (thick) concentrated mushroom soup down your driveway. The
broth will roll more quickly.) We also learn that the frictional constrain force

between the plane and the hoop has magnwdé(Mg sin b/Z which explains
the angular acceleration in terms of the torque this force generates.
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