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Lecture 20: ï The Calculus of Variations and the Methods of Lagrange  [See Chapter 

9 in Boas] 

 

We are most familiar with Newtonôs laws expressed in terms of vector forces.  As 

was suggested in Lecture 9, we can often analyze systems, especially mechanical 

systems, entirely in terms of scalar quantities.  In this case it is typically easier to 

choose the appropriate coordinates and see the relevant underlying symmetries.  The 

basic techniques involve the concepts of partial derivatives, path integrals, and 

finding extremal paths.  In the classical mechanics application of these ideas the basic 

idea is that, instead of thinking simply in terms of finding the trajectory of a particle 

(or system of particles) by solving certain differential equations, we focus instead on 

the trajectory as the extremal path in phase space (phase space = the combination of 

configuration space, r
d

, and momentum space, r
d") with respect to variations of a 

quantity called the action.  These techniques serve not only to facilitate both changes 

of reference frame (i.e., changes of coordinates)  and the studies of symmetries, but 

they also transcend classical mechanics and provide a basis for the study of quantum 

mechanics.  They will also allow us to systematically include the effects of 

constraints with the Lagrange multiplier technique we studied in Lecture 9.  In this 

Lecture we will develop these new techniques in more detail. 

 

An important concept for the studies of extremal solutions is that of a functional.  Up 

to now we have been largely discussing ordinary functions, e.g., y = f(x), which yield 

a value for y that depends only on the specific point x, not the path followed to reach 

x (y is the dependent variable, while x is the independent variable).  If instead the 

quantity of interest depends on the path followed to reach a given point, then the 

quantity is a functional of that path, i.e., of the function that defines that path.  This 

concept typically arises from definitions in terms of integrals,  

 

  (20.1) 

 

The value of this expression will in general depend on the details of the function f 

(i.e., the path followed in the integral), unless  is a perfect differential, in 

which case , I = F(x2) ï F (x1).   In this latter case, I depends only on 

the values of F at the endpoints of the integral.  Another label for this distinction is 

provided by the term holonomic.  Holonomic variables (functions) are independent of 

the underlying paths, while nonholonomic variables depend on the paths. 
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In the applications to classical mechanics we will be interested in (nonlinear) 

functionals of both the path and its derivative.  To this end we define 

 

  (20.2) 

 

Our challenge will be to determine the path, ()n ny f x= that yields an extremum of I, 

typically with the endpoints of the integral fixed and perhaps with other constraints 

on the possible functions.  The corresponding mathematics is called the calculus of 

variations (Section 9.1 in Boas). The concept of finding the extrema of an ordinary 

function of several variables is familiarly found at the so-called stationary points of 

the function where all of the partial derivatives vanish, j = 1 to m, 
 

  (20.3) 

 

The limit  brings us to the idea of a ñfunctional derivativeò, the derivative of 

a functional with respect to the functions that constitute its domain of definition. 

 

Consider the space of all allowed functions  with the same values at the 

endpoints  and .  Define a ñvirtual variationò as arising from taking the 

difference between two such nearby functions (and their slopes ï we assume that 

functions are differentiable in the region of interest), , 

at a fixed value of x.  Due to this latter feature of the definition, the operation of 

taking the functional variation commutes with the ordinary derivative, 

.  The corresponding variation in the integral is given 

by (i.e., the difference in the integrals evaluated along the two different paths is) 
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Using the fact that the variation operation and the derivative operation commute, we 

can perform an integration by parts of the second term to yield 
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where the second step (i.e., the vanishing of the first term) arises from the fact that, 

by our definition of fixed (no variation) endpoints, () ( )1 2 0y x y xd d= =.  Thinking 

of the right-hand-side as a (Riemann) sum over variations at each x value, we can 

identify the corresponding (local) functional derivative (the final expression is also 

sometimes labeled as yd dF ), 
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 (20.6) 

 

To see this explicitly (as described in Boas) define the general path as 

() () ()Y x y x xeh= + , where ()y x  is the desired extremal function, e is a small 

parameter and ()xh  is an arbitrary differentiable function except that 

() ( )1 2 0x xh h= =.  Thus () ()y x x dd h e­  and we can rewrite Eq. (20.6) in terms of 

an ordinary derivative 
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Since this quantity must vanish by definition for a given y(x) at the extremum, and 

this must be true for any ()xh  that satisfies the boundary conditions, it follows (you 

should convince yourself of this result) that the coefficient of ()xh  in the integrand 

must vanish at every x value,  
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We can now generalize the stationary point result for the extremum of an ordinary 

function, Eq. (20.3), to the form in Eq. (20.8) applied to the extremum of a functional 

(thus 0Id=  for arbitrary ()y xd  (at each value of x)).  Eq. (20.8) is called the Euler-

Lagrange (or simply Euler) equation.  The essential feature is that it is equivalent to 

the original variational problem (when boundary conditions are included).  Note also 

that in this formalism it is essential that the variations in the path, represented by the 

function ()xh , are unconstrained except at the endpoints.  Only in this case to we 

obtain the local differential equation of Eq. (20.8). 

 

First we consider certain situations in which we can integrate the Euler-Lagrange 

equation once trivially.  For example, consider the case when F is independent of y, 

i.e., 0yµF µ =.  Then it follows that 
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Thus, if  F is independent of y, it will be invariant under transformations in y.  And, if 

this is true, there is a conserved (constant) quantity as in Eq. (20.9).  This is just the 

theorem of Noether that we have mentioned earlier where the existence of an 

invariance guarantees the existence of a conserved (constant) quantity. 
 

As a trivial example of this situation consider the problem of determining the shortest 

distance between two points in 2 dimensions.  The corresponding functional and 

Euler-Lagrange equation are  
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It follows that the quantity 
21y y¡ ¡+  is a constant, which is possible if and only if 

y¡ itself is a constant.  If 
21y y c¡ ¡+ =, then 

21y a c c¡= = - and 

 

 ,y ax b= +  (20.11) 

 

the expected straight line.   

 

A second case with simple properties is when F has no explicit x dependence.  Again 

we can reduce the E-L equation to a first-order equation and determine a conserved 

(constant) quantity a la Noether.  In this case we have (by the now familiar chain rule 

where the first terms accounts for the explicit x dependence, which vanishes in the 

present case)  

 

 
.

d
y y

dx x y y

y y
y y

F µF µF µF
¡ ¡¡= + +

¡µ µ µ

µF µF
¡ ¡¡= +

¡µ µ

 (20.12) 

 

We can use this expression in the E-L equation after multiplying through by y¡ and 

adding and subtracting ( )y y¡¡ ¡µF µ.  These manipulations yield 
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This approach can be applied to the ñfoundingò problem of the calculation of 

variations (analyzed by Bernoulli), the brachistochrone problem (Greek for ñshortest 

timeò).  If a particle is released from rest in a uniform gravitational field and travels 

along a frictionless wire that connects two (fixed) points (in the xy plane, where the y-

direction is the local ñdownò direction), what shape for the wire yields the minimum 

time of descent?  In this case we want to find the extremal time, 
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 with respect to variations in the function y(x), where ()v x  is the speed along the 

path.  We can use the conservation of energy to express the velocity in terms of the 

path ( ()0 0y = , the point of release is the origin), 
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This yields 
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Using Eq. (20.13) we have (dropping the common factor of 1 2g ) 
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ASIDE:  We can simplify this analysis by noting that, since the function F in Eq. 

(20.16) is independent of x, it may be useful to make y the independent variable and 

think instead about ()x y .  The new integrand (for an integral over y) is 

( ) ( )2, , 1 2x x y x gy¡ ¡ ¡F = +  (recall 1x y¡ ¡= , dx x dy¡= ) and the new Euler equation is 

(again dropping the 2g factor) 
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In the last step we switched back to x as the independent variable.  Thus we are 

back to Eq. (20.17) with 1c C= . 

 

We can simplify the final expression in Eq. (20.17) using the substitution coty q¡=  

to obtain 
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Thus we can integrate this last expression to finally obtain, 

 

 () ( )2 sin 2 ,
2

C
x q q q= -  (20.19) 

 

with the choice of initial condition 0x y= = at 0q= .  To make this trajectory more 

familiar we change to 2C A=  and 2q f=  to yield the parametric forms 
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which the learned student will recognize as the 

parametric equations for a cycloid, the curve traced 

by a point on the rim of a wheel of radius A rolling 

along the x-axis.    This is illustrated in the figure 

above for A = 1. 

 

 

 

So how is this discussion related to Newtonôs laws?  To make the connection (recall 

Lecture 9) we introduce physics in terms of the action functional relevant to 

mechanics, 
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where T and V are the kinetic energy and potential energy (we assume conservative 

forces for now) of a general mechanical system.  The integrand in this equation is 
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called the Lagrangian (the new function F), where generally (for a single particle in 

3-D ï note that the independent variable is now t, with r
d

 as the dependent 

variable(s)) 

 

 ( ) () ( ), , , .L r r t T r V r t= -
d d d d" "

 (20.22) 

 

The claim is that the actual evolution of the system described by this Lagrangian 

corresponds to the extremal, i.e., minimal, value of the action (the Principle of Least 

Action, or Hamiltonôs principle).  From our earlier discussion we know that this 

extremal problem is equivalent to the Euler-Lagrange equations (Eq. (20.8)), which in 

3-D rectangular coordinates take the form  
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which are often called Lagrangeôs equations of the second kind or Lagrangeôs 

equations of motion.   

 

Let us consider a simple example to see how the connection to Newtonôs equations 

arises.  Take a single particle acted on by gravity near the surface of the earth.  We 

have in 3-D with the z direction ñupò, 
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Thus we see that Lagrangeôs equations are just the components of Newtonôs vector 

equation. 

 

The interesting situation, of course, is when we have constraints, e.g., that a block 

must move on an inclined plane ( tany x q= ) described by a constraint function 

( ), tan 0x y y xf q= - = or on a sphere, ( ) 2 2 2, , 0x y z x y z Rf = + + - =.  The 

corresponding constraint forces are typically normal to the surface of motion, 

F f´Ð
d d

.  In the presence of constraints, the variations, which we employ in the 

Calculus of Variations, are no longer independent and life is more complicated.  One 

can try to proceed by choosing a coordinate system with axes that are either parallel 

or perpendicular to the constraint surface and then eliminate the perpendicular 

variables.  But this is practical in only a small number of cases.  The variational 

approach, on the other hand, allows us to include the constraints in a systematic 

fashion (for any geometry), and learn about the constraint forces at the same time.  As 

in our earlier discussion of Lagrange multipliers, we can treat the variations as free if 

we add an extra term in the integrand of the integral we are attempting to find the 

extremal value of.  Let us focus first on the case where there is one constraint 

expressed (holonomically) in terms of a constraint function, 

 

 ( ), 0.r tf =
d

 (20.25) 

 

Introducing a single Lagrange multiplier, the integrand in Eq. (20.2) now has the 

form lfF­F+ .  In the case of a mechanical system described by a Lagrangian we 

have L L lf­ + .  Making this replacement in the Lagrange equations, Eqs. (20.23), 

we solve for ( ),r t l
d

 and then use the constraint, 0f= , to eliminate (or solve for) l. 

 



Physics 228   Lecture 20 11 Winter 2008 

To think again how the magic of the Lagrange multiplier works, consider a related 

problem from function space, rather than functional space.  Suppose we wish to 

maximize a function of 2 variables, ( ),f x y  subject to a constraint expressed by 

another function ( ), 0g x y = .   Without the constraint we have the extremal value 

defined by  
 

 0 0
f f f f

df dx dy
dx dy dx dy

µ µ µ µ
= + = Ý = = (20.26) 

 

for arbitrary dx and dy, i.e., Eq. (20.3).  With the constraint we want two expressions 

to vanish, 
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We can then use the two equations to eliminate the differentials and find 
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The last line indicates that we would end up at the same point if we simply tried to 

find the extremum of the combination ( )f gl+  with l a constant and no constraint.  

After solving that problem, i.e., after finding the solution to the second part of Eq. 

(20.28) (as functions of l), we simply choose the value of l so that g vanishes (or 

equals any other necessarily fixed value).  We are thus left with the extreme value of f 

subject to the vanishing of g.  This is the logic of Lagrange multipliers. 

 

As a simple example (from Boas) consider the 2-D geometric problem of maximizing 

the area enclosed by the x-axis and a curve of fixed length l.  In particular consider 
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the segment of the x-axis between 
1x  and 

2x  and the line element of length l with 

2 1l x x> -.  We want to find the curve ()y x  that maximizes the area ()
2

1

x

x
I y x dx=ñ  

with the constraint 
2 2

1 1

21
x x

x x
l ds y dx¡= = +ñ ñ .  Thus we define yF=  and  

21 yf ¡= + .  The Euler equation applied to lfF+  yields 
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Integrating we find (c  and c¡ are both constants of integration) 
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Thus the desired curve is a circle of radius l about the point 

( ),c c¡- - .  Plane (2-D) geometry tells us that 

( )1 2 2c x x- = +  and ( )
22 2

2 1 4c x xl ¡= + -  or 

( )
22

2 1 4c x xl¡- =° - - .  The constraint equation tells us 

that l is the (implicit) solution of ( )( )2 1sin 2 2l x xl l= - .  

To see this relation we consider the geometry in the figure.  

Clearly the arc-length l  is given by 02l lf=  while the chord 

or distance along the x-axis is given 2 1 02 sinx x l f- = .  Eliminating the angle 0f in 

these two expressions yields the above relation.  We can also obtain this result by 

explicitly integrating the constraint, 
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To perform the integral we change variables, using the figure again, to write 
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Finally note that the y coordinate of the centre of the circle is given by 

0 0cosy c l f¡=- =- , i.e., the center of the circle is below the x-axis for 0 2f p<  and 

above it for 0 2f p> .  As ( )2 1l x x­ -  the circle becomes very large, 

( )2 1x xl - ­¤, with c l¡- -.  and 0 0f­ , while for ( )2 1l x x-2  we have 

( )2 1x xl - ­¤ but with c l¡- .  and 0f p­ .  

 

As a nontrivial example in classical mechanics consider a uniform hoop of radius r 

and mass M rolling without slipping on an inclined plane.  If x is the distance the 

point of contact is from the top of the inclined plane and q is the angle through which 

the hoop has rolled, the equation describing the ñrolling without slippingò constraint 

is  

 

 ( ), 0.rd dx x x rq f q q= Ý = - = (20.33) 

 

Note that the separate constraint that we are on an inclined plane has been explicitly 

satisfied by our choice of x and q as the free variables (no motion normal to the 

plane).  The kinetic energy of the hoop has two pieces, one from the motion of the 

CM and one from the angular motion about the CM (
2I Mr= ),  
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The (gravitational) potential energy is (choose V = 0 at the top of the plane) 

 

 sin ,V Mgx b=-  (20.35) 

 

where b is the incline angle of the plane.  The Lagrangian for this system is thus  
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With x and q as the two (generalized) degrees of freedom, the two Euler-Lagrange 

equations are (i.e., finding the extreme value of L lf+ ) 
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From the first equation we have (assuming that we start at rest at the top of the 

inclined plane, () ()0 0 0x x= =" ) 
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The second equation yields (with () ()0 0 0q q= =" ) 
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Finally we consider the constraint equation in Eq. (20.33) 

 



Physics 228   Lecture 20 15 Winter 2008 

 

2 2

2 2

1
sin

2 2

sin

2

sin sin
, .

4 4

r t x g t
M M

Mg

g g
x t t

r

l l
q b

b
l

b b
q

å õ
=- = = +æ ö

ç ÷

Ý =-

Ý = =

 (20.40) 

 

Thus the physics conclusion is that, due to the non-slip constrain, the hoop rolls at 

one half the speed it would exhibit if it could slip freely, i.e., if none of the potential 

energy went into the rolling kinetic energy the 4 in the denominator of Eq. (20.40)  

for x would be a 2.  (You can test this result at home by rolling both a can of (thin) 

broth and a can of (thick) concentrated mushroom soup down your driveway.  The 

broth will roll more quickly.)  We also learn that the frictional constrain force 

between the plane and the hoop has magnitude ( )sin 2Mgl b= , which explains 

the angular acceleration in terms of the torque this force generates. 


