Lecture 24 Solving 2° OrderPartialDifferential Equations + Homogeneous
Equationswith No Time DependencéChapter 13 in Boas)

Our goalin the finalLecturesis to review and synthesize what we have learned about
solving the 2 orderpartial differential equatioscharacteristic ofost of physics
including satisfying the associated boundary conditioks outlined in previous

lectures we start witl{the simple forms ofl. a p| a c e 0 with modimeat i o n
dependence

P%Y 9, (24.1)

which applies to temperatures, potentials (gravitational and electatalin regions
without sources. The specific form of the solution depends on the number of
(relevant) dimensions and the geometric structureeoptbblends boundary

conditions. We proceed by separating variables in the appropriate number of
dimensions and the required geomedtiry particular, we want to choose the

coordinate system (typically rectangular, cylindrical or spherical) so that the
boundaries corresponds to one of the coordinates being corestart= z, orr = R,.
Then we pick a representation of the so
complete/orthogonal functions (solutions of a Stliouville problem) that vary
alongtheboundary.We then use tiseappropriate special functions to match the
boundary conditionsThe essential feature of all such problems is that the solution to
the differential equation that matches the (fully specified) boundary conditions is
unigue Orce we find one such solution, by any method, we are done!

1-D: First consider the ordimensional probler(the trivial case where the
boundaries are pointsy - y(x) (or Y - x(t)),

d? P B
d—xzy(x)—o Yy(X =a b (24.2)

The constanta andb are chosen to fit boundary conditions of the foeng,
y(0)=c, yi(0) =0, which yieldsa=c, b 0.

2-D: More interesting is the-B problem, where we can choose either rectangular

coordinatesy, y, or polar coordinates;, i. Separation of variables in thericer
caseyieldsY - X(x)Y(y)and Lapl aceds equation can I
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1% (%)= %_ Y(y =k (243)

As usual this makes sense only if both sides of the above equation are (the same)

constant, written here ak®. From experience with the relevant special functions
we know that the explicit forms of the soluticar®

o acoskx Gcastky . §
Y ekl 2 -- Rld o
E%inkx gsﬁhlq SI‘% 8
or (24.4)
. . Aacoshkx gcaky . &
y e kxgiky & 2 a1 &
Finhkx Osffiky 8

Note that the behavior in each case is sinus¢atathplee/orthogonal)n one
direction and hyperbolihot complete/orthogonaii the other. The specific choice
depends on the boundary conditions to be matcAsdcan example consider2aD
space defined b9¢ x ¢, ,0 ¢ L¢gand assume that the balamy condition is

Y =0 except on the boundaryyt L, where we requir& = Y(x), which as

noted,may be a function of. This problem might describe the temperature
distribution in a thin plat with 3 edges held & and the % edge held aT = Y.

This lastboundary condition demands that we choose the kas® with the sine
functions inthex coordinate. It is in this codimate,i.e., the coordinatalongthe
boundary withthe nontrivial boundary condition, that we find an
eigenvalue/eigenvector problem and a complete set of orthogonal functions. This is
just where we need theamd this feature will remain true in all ofir examples

Overall the logic proceeds as follows. As noted above we cHdosé(the upper
line in EQ.(24.4)) in order to obtain complete fumatbs inx. The boundary condition

aty=0,Y (x, 0) =0, means select tl@nh kyform (and notosh ky. The boundary
condition atx=0, Y (0,y) =0, means select then k form (and notos k). Finally
the boundary cafition atx=L,, Y (LX,y) =0, provides the eigenvalue condition,

sinkL, =0 Yk, =p/L,. Thus via linea superpositionwe havethe general form

e., this form sati sf Bwsishihgdbpuhdarg eor@dgion®e q u a't
atx=0,x=Lyandy = 0)
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Y (xY) aqsmanﬁ glnh Ny (24.5)
A Hee 8

Thefinal, nontrivialboundary conditiorsays

o r]ﬁLy
Y(xL)=Y(x a ansmae—anpx §|nh (24.6)
(x 1) A & sinee ~ BN =

Note that, as required on the physics side (and automatically respected by the
mathematics side), the argumeaot the sinesnd cosinesbioth harmonic and
hyperbolic,i.e., the sgcial functionof mathematicsare dimensionless quantities
even in a fAreal o xpyanls,L albhave dinebdioesrof lendthe r e
(meters).As usual the relevant eigenfunctigiherethe sin(npx/ Lx)functions)are
orthogonal,

i S 8n - _E nm (247)

andcomplete so thate can fit the boundary conditions gn=L,. Thuswe can

solve for the coefficientéat least implicitly)from Eq.(24.6) in the usual way by
Aprojego ont o t he miutplgthreughfbythedundtian orsbpth
sides of the equation, integrate and use(Z4y7) ,

Ly ) ~ o
ndxsmge— ‘8 (¥ =& a,sinh E"% cﬁsm oesin
o ¢hL = m . c
=é‘ansinhan’0|_y 6Xd = sinh L—
n=1 C LX _ g 2
S 1 2" a
Y a = ﬁ ndxsmae— OY( X).
sinh oL &
¢ L <

(24.8)

The resulting solution vanishes on 3 sides of the square and matches the nonzero
boundary condition othe fourth side.
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Note that, if the boundary conidih is zero on all 4 edges, thesenonontrivial
choice of functiongwe cannot have sines and cosines for bottx Hredy behavior)
which is the right answei.e., Y =0 everywhere. If DY 9 is valid everywhere in
some regior{no sources anywherahdY =0 on the boundary of the region, then
Y =0 everywhere in the region.

Of course, the discussion above corozg}s to a special case with just one nonzero
boundary conditionln general, the boundary conditions will be nonzero on all four
sidese.g,

Y (xL) = Y(x).
Y (x0) = (¥,
Y(Loy) = Y(y) (249
Y (0.y) = ¥(y)

The essential point is thdtdseconditionscan be treated as 4 separate problems like
the oneabove with zero boundary conditions on 3 sides and appropriate functions to
fit the behavior on the fourth side. Then we lussar superpositiorio obtain the
solution that matches the full set of nonzero boundary conditibna shorthand
notation the individual functional forms for the 4 separate boundary condition
problems arénote the complete, orthogonal functions along the boundary in each
case)

a 4}
Y(x,Ly): ()a%smaenp— §|n —g , 9

N

Y (x0) = ¥(x):§ quile”p— élnhgglz-:-nM :
n=1 (; Lx - ? x ‘
v A o sindney O 0
Y (L.y) = ¥(y)-§1qqsmé£: §”hT§ :
. (24.10)

Y (0.y) = ¥(y):a dnsmﬁnﬂ gmhjgl__x}

We solve for the individual coefficientsa,,h,, G,, d,, by matchng the 4 separate
nonzero boundary conditioygelding expressions like E¢R4.8),
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sinherPy 8o ¢ > T
L 2
1 2% . anpx G
b = TR xsmaen% 8Y2(x)
sinhg—2 3~ ° ¢ T
L 2
1 27  Appy O
c = A ﬁ—ﬁdysmgl_— 8\@()/) (24.11)
sinhgg2 g’ ¢ & v 7
ch =
1 L. . anpy 0
0,52 fvsng?” ()
sinhgg™— g’ ° ¢ -
¢ch =

Finally we simply sum the 4 series to obtain the full resGlb each edge we are
summing 3 zeros plus the 1 correct, nonzero behavior, which is just what we want.
Since the solution is unique, we are done!

If the boundary conditiorere specified in pak form,i.e., in terms ofr andf , we
should separate in those variabl¥s- R(r) F( §. Here we can think afescribing

the time independent temperature distribution in a(@wmno variatn in z) disk.
Lapl ac e 0sowtakgauttesepacatedjorm

1 peé g1 *u

iy 42 ——F ve

ru wr U7

rdeée d g 1 & (2412
Y— 24 R 5 ——— fnf.

Rdr§ dr(')HF 7 ©)

If we have a complete disk, théme boundary condition is that shouldbe periodic
in 7. This results ireigenfunctionshatare F () ~ €™ or

F (f) " sinm £ cosm with eigenvallesm= integers. We expect the nonzero
boundary conditions to be specified at a fixed value pi (r = ¢, )f = X ).
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Note that, as promised, the complete set of eigenfunc@ofis, are functions of the
coordinate along the boundary., /. The radial equation has solutions of the form

R(r)” 7, which yield(note this is not Bessil equation)

am Y a=nf (24.13)

cain

rd(‘?df
rad/‘éfdr

As we have now come to expect, one solution is well behaved-& but poorly
behaved as - @, while the other solution has the opposite behaviothe special
casan=0, where the obviousegular (at the origin) solution iR = constant, the
irregular solution isR(r) " In 1 (the reaér should verify that this is a solution of the
above equation whem=0). For our consideration of the interior of a disk

(including the originwe choose theegular solutions Wenow havea typical
Fourier series expansioil €2p)

Y(r, /):% 'a:am "rcosm f%bn ™ sinm (24.14)

with the coefficients ntahed to the baendary condition at = rg

o

V(o §=¥( ) & &a, foosm &, simm

1 %
amz—ndfCOS(ml) Yo( )f, (24.15)
PE
1% .
b,=—— fjdfsin(m ) Y, ( )f
Po o

The factors ofr;™ in the coefficients, which arise automatically in the mathematics,

serve to remind us tha) in a physics problemand’,will generallyboth have
dimensions of length (meters) and b) we cannot suremapstwith differing
dimensionsi.e., the real expansion parameter must be the dimensionlesg fatio

(we must divide" by some dimensionful quantity ariglis the only choice),
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2 m=1

y (24.16)
a,== fidrcos(m§ ()
P o
- 1%
b, == fdfsin(my Y,( )f
P

Notethatthe temperature #ghe center of the disk cdre nonzerog, , O, only if the

boundary condition at = ghas a nonzero average vahﬂ:%p,deO( J.o.

The reader is encouraged to consider how the form of the solution changes if the disk
becomes an annulus (notinding the origin). Now there are two boundaries in

m

and wemustkeep both solutions foR( ), ™ and r™.

What if we consider a wedda piece of the pie0¢ 7/ ¢f Z ,instead of a full
disk? In this case there are three boundafies; ¢,0 ¢ 7¢},{0¢r ¢y, 76
and{0¢ r ¢¢, f=}. Aswiththe rectangle above we treat this situation as three

separate ptdems withanonzero boundary condition on only one boundary at a time
and then usknear superpositionThe motivated student is encouraged to consider
which sets of complete, orthogonal functions are required for each configurAnon.
example is ex@ise 13.5.13n Boas wheref, = p4 and only the boundary

{r= ¢0 ¢ f¢} has anonzero value. In this case we need the complete set of
angular function obeyind (f =0) =f( 7 =/4) 0. By inspection these are just the
Aeewm o si nef(flesin(Mmijons,

3-D: Finally we can consider the case for structure in all 3 spatial dimensions. If the
boundary conditionare specified imectangular coordinates, we consider

Y - X(X)Y(y)Z 3and L ap latoeleoksdikee q u

1 d? 1 d? 1
Yd—xzx(x) T(d_ﬁY(” B 3 6 (24.17)
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As before we solve this equation by assumihgt each term is a constasdy
k;, k>, kZ, and thathe sum of the constaritsequal to zerpky + ki +# 6.

Typically two of the constants are negative corresponding to sinusoidal
(complete/orthogonabehavior in 2 dimesions, while the third is positive
corresponding to hyperbolic behavidks in the 2D case we think of the problem
with boundary conditions specified on each of the 6 sides of the cube

0¢x @,0 ¢ LgO0 zGL,

Y(xy.L) = Y(xy),

Y (xv,0) = ¥(xVY),

Y (Loy.2) = ¥(% 2,

Y(0.y.2) = Y(v.2. (2418)
Y(xL.2) = ¥(x3,

Y (x0,2) = ¥(x 2

We treat each case as a separate problem with zero boundary conditions on 5 sides
and the specified fiction on the sixth sidef-or example, for the first case we take

= (rrp/ |_X)2 Cd l§ én;;ﬁ Ly)2 0 (sinusoidal behavior in andy) and

kX= & K (mp/ LX)2 ( np Ly)2 (hyperbolic in the direction). Similarly tothe

2-D example abovwe take thesinhk,z function to match the vanishing boundary
condition atz= 0. We choose the sine functionsxiandy to match the vanishing
boundary conditions at= 0 andy = 0. Finally the vanishing boundary conditions at
X =Lyandy = L, provide theeigervalueconstraints as abovén the same shorthand
asin Eq.(24.10) above the forns of the 6 solutions look like

~ ~ é. o ~ o 2 l
_ amp x an 0. mp O p,
Y{xyL)=Y(xy: o SiNgg—— §|r$— ini¥® —ae
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o o 0 0O é 3 |
Y (xy0) = Y(xY):a é_qmsirbe—g i gi%_L %ingk 2]\/ —Ee 0/ 88 :
m=1n % x T C Ty - - |

¢

O ~ é. o 2 ~ o 2 |

G e . amo 0 a 0. B 0 @
Y(Loy.d) = ¥(v3:8 Ag.singl” gie i"”'%XJ & 5=
- . Q : -

m=1n % C v G -z G
o ~ o ~ é. o] 2 X o
Y(0.y.2 = X( 3 ?'(;L srampy O anpe 8. L 1Y Qlafl?:
v =X(v9a adosigg~ gite— L 4w g’
m=1 n C v = C -z : ¢ LQ +-¢
s 2 ~ o 2 0
a n 0 ™ ;
(09 = YA B L B0 Gy A7 3E 7
m=1n% C “x Q - C LQ‘ ~-G -
a o 2 L o 2
N g5 0O
Y(x0,2) = ¥(x3:8 a%,ns'nae— §nae— @mlﬁly V| =’ e’
m=1nx x (; - g L‘? _Lg

Expanding each of theoundary distribution&’ ; in the appropriate double Fourier
expansion yields the 6 sets of coefficients. For example, we have

a = 1 4
‘n_ é. o 2 o 2, L
: amp 0 dnp O 4
Slnha_ e O‘+

T

Lx LV

Ampx 6 anpy O
3njx cﬁsmmo §m£|__py g\ﬁ(xg

(24.19)

O

After finding each of the 6 sets of coefieots, we simple surthe resulting 6 serids
find the overall solution A specific example where only one of the sides of the cube
has a nofzero boundary contion is exercise 13.5.9 in Boas. Hdre=L 6 10

andY , =100 with all the otherY , 6 &nd corresponding coefficientgnishing.
We have
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Y (%Y, 2 :a éq’nsingen%x 8in—n§t-’¢;y sip@%,/rﬁ e
¢ - T )

m=1n#

Y(0y,2) = Y10,y,2 =(%0,2 £ %10,f (=xW1p O, = (2420
B N AmpXx 4. ngy .0
Y (x,y,0) =100 & ah.. swgeE §|n~@r su%p\/nf FF) .

m=1n#

Using the orthogonality of the sine functions

10 10 o ~ ~ ~ o 2 o
~ . amp x nhox . on s . iy alo
diglysin n Sing in—¢ & 24.21
R dfibsing, o 8n g S g esin gy @, % s (242
we have

210 % 10 10 . .
bm,ngéLZE %inh(px/mz+ nz) =100} qa”idysinﬂ'h%X Silgn_pya
¢ B 00 :

820 B "iai[m andn odd
0

=100 %— 33 mn (24.22)
¢cP I o[otherwis¢
. 61
, 3 5 T— |mandn od
Y b, 100 a4 8 mn[ (11

|
— 3
= & 01
smh(p\/mz"‘nz)gp "1 0[otherwis¢
Thus

04 26
Y(XY,z =1005% 2
(xy.2) =105 §

a[2m+1Ypx 6. [Zn #] py .G [10 &3
.5 ey 80 ®p S'@"Tﬂ[ m+f {2 &
A

If the boundary conditions are specified on cylindrical surfabea we should
separate variables in cylindrical coordinates, fz. We think in terms of &finite)
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cylinder as composed of 3 surfaces, the curved surfaceg,0 ¢ f2 ,@ z¢ L,
and2endsQ¢r ¢¢,0 ¢7f2<,pp CandO¢Cr ¢¢,0 ¢7F2<,p L. Asusual
we split the problem up and treat only one4zeno boundar condition at a time. On

.__@ésin
the curved surface we have th®2rthogonal set of functions, rand
i CO \

singen%z , Which can be used to match any behavior on that sustgognishing on
C -z

the ends of the cylinder= 0,z=L,. The corresponding radial dependence is given

by Jm(r}o //I7), I.e., the separation constadntised earlier in our study of cylindrical

coordinates has the valle = np/ L, arising from the eigenvalue problem of the

dependence (vanishing at the end$he form of the solution used to matble 2D
boundaryconditions(in  and /) on the ends of the cylinder was discussedeciure
23. In the shorthand notation used earicespecify the form of the solution for each
boundary conditiothe complete solution has 3 components that look(dkean the

earlier discussior,, , is then” zero of J,, J, (x,,) =0)

200 : 0 0
Y(r, fz) = Y( .8):& aei;n’ncos(m)sﬁrzaenﬂZ an e r 6

m=0 n# Q Lz _le?-
+a ?a'bmvnsin(rrf)sinaen’:;z §m _ngzrr, 8
m=1ln2% (; 7 - l@ =
2 % Cax..lL,-2 84 0
V(r, 10)= Y( 1) He,,cofm) siggelld § Dol g
m=0 n % g 0 = g 6 -
+a ?a'dmynsin(rrf)sinbixm'”[l'z_ Z]Oénixmynr :
m=1n2 C ry + G Iy _
SR L A%, .2 § X3 &
Y(r L) = Y( )& Afn.cofm )shigm § LG
m=0 n & C fo - 96 =
e e ) ) é'xm,nz ” )gﬁn/' 5
+ sin{ Y ) sin .
8 don,sin(m)sie e d, S5 ¢

In each case the smion vanishes on 2 of the 3 surfaces and provides complete,
orthogonal functions, in 2 dimensions, on the third surfddeese orthogonal
functions are in turn specified by two sets of eigenvaldéss allows us to satisfy
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anyset ofboundary conditios on the 3 surfaces and provides the full solution via
linear superposition.

Finally considerthe case of spherical boundary conditions as descridegtinre 22
If the boundary conditionare given on the surfacesadmplete spheres, then we
know thesolutions have the forif@again in our shorthand notation)

Y(g 4= Y .9)& ag,r & ga(cos )0 (2429

=0 m =I-

where the spherical harmonic‘ﬁzm(cosq, /) provide complete, orthonormal

functions on the surface of a sphere. If the origin is included in the physical region,
then we know that ali |, =0. The reader is encouraged tosiler how the

solutions might look if we have only a fraction of a sphieeg,when boundary
conditions are specified on the section of a sphere.

In the next_ecturewe will consider what changes when we include time dependence

(the Helmholtz equatord nd sour ces (Poissonds equat.i
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