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Lecture 10:  The Methods of Lagrange Revisited ï (see Chapter 10 in K&B)   

 

As we have discussed in previous lectures the laws of Newton are truly simple only 

in Cartesian coordinates in an inertial frame, but we have learned that is often smarter 

(and lazier) to cast the physics in terms of other variables.  For example we saw in the 

last lecture that the Euler angles are often useful to describe rotating rigid bodies.  

Likewise we often want to change variables in order to eliminate coordinates that are 

constrained to be constants, i.e., to express the problem in terms of the f true degrees 

of freedom that are in not constrained.  The constraints may also serve to fix 

velocities, e.g., a fixed angular velocity, in which case, for holonomic (integrable) 

constraints, the coordinate itself will be expressed in terms of an explicit function of 

time.   Hence we want to generalize our discussion to include the concept of 

ñgeneralized coordinatesò.  This will yield a formulation of Newtonian dynamics 

valid even in non-inertial frames (e.g., rotating frames).   We consider a general 

coordinate transformation described in terms of three holonomic (ordinary) functions  
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If explicit time dependence appears, we label the situation as forced, otherwise it is 

called natural.  Here we start with 3N ( 1, ,j N=> ) coordinates describing our N-

particle system in 3 Cartesian dimensions with n constraints and we transform to f = 

3N-n generalized coordinate qj ( 1, ,3j N n f= - => ).  We are explicitly assuming 

that, by an appropriate choice of coordinates, which are orthogonal to any constraint 

surfaces, we have eliminated the constraints from the analysis.  The variational form 

of Newton (the change in kinetic energy is the work done by the external forces), but 

without the constraint forces, is then 
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where the forces included may be either conservative or dissipative.  The essential 

point is that, if we have not eliminated the constraints, the individual variations jrd
d

cannot be varied independently and their coefficients need not all separately vanish.   

We can deduce the form of the transformed, generalized force from the relation 
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Note that this generalized force may not be a usual force, e.g., the generalized force 

associated with an angular variable is a torque.  We find the generalized force acting 

on the generalized coordinate qj to be 
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so that the corresponding variational equation looks like 
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Next consider the transformation of the acceleration term.  We start with 
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and note that 
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Then it follows from 
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that we can write 
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where we have recognized the kinetic energy in this expression.  Finally we see that 

Eq. (10.5) becomes the transformed version of Hamiltonôs (Least Action) principle 
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which we might have expected from the Euler-Lagrange equations.  Since the 

generalized coordinates were chosen to eliminate the constraints, the variations of 

these variables, the lqd , can all be chosen arbitrarily.  Hence Eq. (10.10) can be 

satisfied for all such variations if and only if  
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This last relation is called Lagrangeôs equation of the first kind.  For the familiar case 

of Cartesian coordinates in an inertial frame (
2 2,j j l lT m r Q F= =
d" ), Eq. (10.11) 
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clearly becomes just Newtonôs second law.  On the other hand Eq. (10.11) applies for 

both dissipative and conservative systems in all generalized coordinates, both inertial 

and accelerated.  Further we note that the kinetic energy may no longer be simply a 

quadratic function of the velocities.  In the forced case it will in general involve linear 

or constant dependence (along with dependence on the coordinates themselves). 

 

Two familiar and useful examples of generalized coordinates are cylindrical and 

spherical coordinates, which are especially relevant when the constraints exhibit the 

corresponding symmetry structure.  For the former we have 
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Lagrangeôs equations then read  
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Note, in particular, that the middle line relates the time rate of change of the z 

component of the angular momentum to the corresponding torque, while the second 

term on the LHS of the first equation is the familiar centrifugal force in a rotating 

frame.  In spherical coordinates we have 
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So in spherical coordinates Lagrange tells us to write the equations of motion as 
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The slick thing here is that all the extra terms, which we obtained previously by 

careful analysis of the accelerating frame, appear naturally from Lagrangeôs equation. 

 

As usual we next look at the case for conservative forces defined by a scalar potential 

function expressed in either the new and old coordinates. 
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so that 
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Now we can define a Lagrangian as previously and the equations of motion for a 

conservative system are, L T V= -!, 
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which is Lagrangeôs equation of the second kind.  Note that this formalism will work 

even if the generalized potential depends on both the generalized coordinates and 

their time derivatives.  Consider, for example, the familiar case of a central force 

potential in spherical coordinates, ()V V r=! !, for which Lagrangeôs equations give  
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The last line is, of course, the conservation of the z component of angular momentum. 

 

It is customary and useful to make the following definition, 
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which is called the canonical momentum, conjugate to the generalized coordinate qj.  

In Cartesian coordinates this is just the mass times the velocity, but this is not the 

case more generally.  In particular, in spherical coordinates we have 
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This definition is very helpful when considering the role of symmetries and 



Physics 229   Lecture 10 7 Spring 2008 

conservation laws in the Lagrangian formalism.   It makes explicit that the canonical 

momenta conjugate to angles are angular momenta.  It also leads naturally to the 

appearance of extra terms in Newtonôs laws inherent in accelerating frames.  We can 

rewrite Lagrangeôs equations of the first kind, Eq. (10.11), as 
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The first term on the right-hand-side, the position dependence of the kinetic energy, is 

exactly the extra term we found earlier when transforming to curvilinear coordinates 

(we are now smarter and lazier!).  In a conservative system withV!, typically not a 

function of the velocities, we have (L T V= -!) 
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where again we expect any peculiarities of the coordinates to appear as position 

dependence in the kinetic energy and contribute to the right-hand-side.   
 

Finally we note that in a linearly accelerated frame, 0 0, 0r r r r¡= + ¸
d d d d"" , we have 
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The use of the canonical momentum preserves the simple form of Newton, but with 

the correct answer, i.e., including the acceleration of the frame. 

  

Now let us reconsider again the question of constraints.  What if we cannot eliminate 

all constraints by our choice of generalized coordinates?  Or, what if we want to learn 

something about the constraint forces?   Assume that we are dealing with N  

generalized coordinates and n constraints, which we can (always) express in 
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differential form 
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If a constraint is holonomic, i.e., the constraint is integrable, we can simplify the 

analysis by writing the constraint in terms of a point function (possibly time 

dependent) of the generalized coordinates, 
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Note that, even if the constraint is nonholonomic, either because we cannot integrate 

Eq. (10.25) or because the constraint is really an inequality, we can still proceed to 

use Lagrangeôs method of undetermined multipliers.   

 

Minimizing the action yields the familiar result 
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where the variations are now not all arbitrary (i.e., only N n-  can be varied freely).  

To address this issue we introduce n undetermined parameters and express the non-

variation of the constraints under the virtual variations of the coordinates as  
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Combining Eqs. (10.27) and (10.28) we have  
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for all values of j and where the index k is summed over.  Now, after agreeing that we 

will eventually determine the kl so that the constraints are satisfied, we treat the 
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variations as independent.  Thus we now solve for N n+  unknowns, the  and , 

using the  equations (Lagrange plus constraint)  
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As an example, consider a point particle of mass m that slides without friction on the 

inside of a smooth paraboloid of revolution defined by .  The paraboloid is 

oriented vertically in the earthôs (uniform) gravitational field.  If the particle is 

initially moving in a horizontal trajectory with velocity  at radius 0r what must the 

magnitude of  be in order that the particle moves neither up nor down.  Clearly we 

should choose cylindrical coordinates where the Lagrangian is  
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The constraint of moving on the specified surface is expressed by 
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We note that the initial conditions include 
2

0 0z ar= .  Lagrangeôs equations (Eq. 

(10.30)) yield 
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Clearly for no z motion we want  from the third equation and 

 from the last equations.  Thus it follows from the first two equations 

that  
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The two components of the constraint force, in this special case, are 
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The interested student is encouraged to consider the general problem, i.e., motion not 

confined to the horizontal plane, and determine, for example, the general form for the 

constraint force.  Here we simply note that for total (conserved) energy E and 

(conserved) angular momentum zJ  the Lagrange multiplier has the form 
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In a similar fashion we can apply a Lagrangian style analysis to the motion of  a rigid 

body in terms of Euler angles, e,g., the so-called Lagrangeôs top, a figure of 

revolution ( ) spinning in a uniform gravitation field.  Translating to the 

Euler angles we have 
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If we assume the CM of the top (mass M) is a distance R from the support point we 

can describe the external force (torque) in terms of a potential and write the 

Lagrangian as 
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Note in particular that ɗ is the only Euler angle that appears explicitly.  Thus 

the canonical (angular) momenta defined by the derivatives with respect to the 

angular velocities in the E-L equations are 
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are constants of the motion.  If the polar angle ɗ is also a constant, then the individual 

angular velocities, j" and y", are also constant and we have the familiar precession 

problem, 
0

3
ĔejW=

d
" .  This situation (ɗ a constant) can occur if the RHS of the third E-L 

equation vanishes, 
 

1 2 3I I I= ¸
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In terms of the precession frequencyj=W" we have (sin 0q̧ ) 
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This quadratic equation will have real solutions for the precession frequency if 
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Focusing first on cos 0, 2q q p> < there are 2 interesting limits.  For large angular 

velocity about the symmetry axis the two solutions look like 
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The minus sign yields a solution corresponding to slow precession 
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and we have the situation discussed in Eqs. (9.27), (9.28) and (9.28) in the last 

lecture.  For the plus sign we have  
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where both angular velocities large, where gravity is unimportant.  This is the 

situation discussed in Eq. (9.51).   

 

For the situation cos 0, 2q q p< >  (suspended from rather than supported by the 

horizontal surface) there is always a solution right down to a zero value for 3wwhen 

the top becomes a compound pendulum swinging in a circle (ɗ = constant), 
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This leads us naturally to the spherical pendulum problem, i.e., a mass moving on the 

surface of a sphere of radius l.  Here we consider a forced problem where the plane of 

the pendulum is spun at constant angular velocity j w= =" constant.  Without this 

constraint the Lagrangian for the pendulum is (with the polar angle measured from 

the down direction and r = l = constant) 
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If the torque about the vertical direction is G, the equations of motion are 
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Now assume that the torque is adjusted to give the constant rotation above.  This 

leads to the 1DoF problem defined by the Lagrangian 
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which, characteristic of forced problems, has a term in the kinetic energy that is not 

quadratic in velocities.  In fact this situation is better thought of in terms of the 

effective problem 
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Although the ñrealò energy, E = T + V, is not conserved due to the work done by the 

torque, the effective energy, E T V¡ ¡ ¡= + , is a constant of the motion.  Consideration 

of the effective potential indicates a variety of possible motions.  For slow rotation, 
2 g lw < , the angleq is stable near 0, i.e., the effective potential has a minimum 

there.  For faster rotation, 
2 g lw > , the potential exhibits a minimum at 

( )1 2cos g lq w-=  (and local maxima at 0 and ́) and this becomes the stable position 

for the pendulum as it spins around, i.e., 
2 2 2cosmgl mlw qW = = just as in Eq. 

(10.46). 

 

Interestingly, if we impose the constraint on the rotation rate via adding a term 

( )tl j w-  to the Lagrangian, the value of the multiplier ɚ turns out to be just the 

value of the required torque G. 

 

Another example of the application of generalized coordinates (that also involves an 

internal symmetry) is provided by electromagnetism.  Here we focus on the motion of 

a charged particle in an ñexternalò field (i.e., we ignore the back reaction of the 

charged particle on the sources of the fields).  Recall that Maxwellôs equations look 

like (in the units of K&B) 
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with  the external change density,  the external changed current and no magnetic 

monopoles.  The content of these equations (in free space) is most efficiently and 

usefully expressed by writing the electric and magnetic fields in terms of a vector and 

a scalar potential,  and .  We have 
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The corresponding Lagrangian for a particle of electric charge q and mass m has the 

form  
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where it is important to note that the potential (the second and third terms) knows 

about the velocity of the particle.  Applying the Euler-Lagrange equations to this 

Lagrangian we find 
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 (10.54) 

 

We note in passing that the canonical momentum includes a dependence on the 

vector potential 

r j
d

A
d

f
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 ,EML
p mr qA

r

µ
¹ = +
µ

dd d"d"  (10.55) 

 

a feature which plays a central role in the field theory version of E&M.   To evaluate 

the final term in Eq. (10.54) we need to recall an identity from vector calculus.   In 

particular, we need that 

 

  (10.56) 

 

and the fact that, with our definitions of what the independent variables are, we have 

 

  (10.57) 

 

Thus, from Eq. (10.56), we have 

 

  (10.58) 

 

Substituting into Eq. (10.54) we finally have 
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 (10.59) 

 

We recognize the right-hand-side of the last equation as the desired Lorentz force of 

electromagnetism, confirming that we have the correct Lagrangian.   

 

Now consider motion in a uniform magnetic field in the z-direction.   Clearly 

cylindrical coordinates are called for and we have 
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ASIDE:  Recall that in cylindrical coordinates (e.g., see Appendix A in K&B) 
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The corresponding E-L equations are 
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 (10.61) 

 

We immediately see that motion in the z-direction is uniform (no acceleration).  The 

second equation states that the conserved canonical momentum conjugate to ű, 
2 2 2p m qBj r j r= +" , includes not just the familiar mechanical contribution (the first 

term) but also a contribution from moving in the magnetic field.  Can the EM fields 

carry angular momentum?  Think about that! 

 

Now letôs focus on whether the motion can allow a constant radius,0r r= =" "".  From 

Eq. (10.61) this requires 

 

  or 0.
qB

m
j j=- =" "  (10.62) 

 

This is just the behavior we found in our discussions of cyclotron motion in Lecture 

5.  With this choice of the magnetic field the particle exhibits uniform circular motion 

with this frequency in the x-y plane and uniform linear motion in the z-direction. 

 

Looking ahead to our further education in the wonders of E&M we note that the 

above observations about the dynamics (motion) of charged particles in the presence 

of E&M fields is invariant (symmetric) under the following transformation (called a 

gauge transformation for historical reasons).  In particular, in terms of a single scalar 

function , we transform the scalar and vector potentials via (see Appendix A.7 in 

K&B)  

 

L
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,

.

A A

t
f f
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µ

d dd

 (10.63) 

 

First note that the ñphysicalò E&M fields are invariant under this transformation 
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 (10.64) 

 

Thus the equations of motion, Eq. (10.59), are also invariant under such a 

transformation.  Is the Lagrangian?  Let us check.  The only component that changes 

is the potential 
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Recall that the total time derivative involves both the partial derivative with respect to 

time and the change due to the motion of the point.  Thus, under a gauge 

transformation, the Lagrangian changes by a total time derivative 

 

 .EM EM

d
L L q

dt

L
¡= -  (10.67) 

 

Since the equations of motion derive from the study of virtual displacements that 

vanish at the end points in time, a change in the action of the form ( )
2

1

,
t

t
r tL
d

 does not 

contribute to the virtual variation of the action and hence to the equations of motion.  
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As we have mentioned this gauge transformation (corresponding to a change of phase 

for all of the electrically charged fields) is described by the group U(1) and the 

invariance leads, via Noether, to the conserved electric charges and currents of E&M. 

 

 


