LecturelO: The Methods of Lagrandgeevisitedi (see Chapter 10 in K&B)

As we have discussed in previous lectures the laws of Newton are truly simple only
in Cartesian coordinates in an inertial frarnet we have learned that is often smarter
(and lazier) to cast the physicsterms of othevariables For example we saw ineh

last lecture that the Euler angles are often ugefdescribe rotating rigid bodies
Likewise we often want to change variables in order to eliminate coordinates that are
constrained to be constanig,, to express the problem in terms of theie degrees

of freedonthat are in nbconstrained. The constraints may also serve to fix
velocities,e.g, a fixed angular velocity, in which case, for holonomic (integrable)
constraints, the coordinate itself will be expressed in terms of an explicikiumtt

time. Hencewe want to generalizeur discussiorto include the concept of

Agener al i z e dhisowdl gigldd formaldtienofdNewtonian dynamics

valid even in nofinertial framege.g, rotating frames) We consider a general
coordinate transformation described in terms of three holonomic (ordinary) functions

ﬂ=(xj,yj,%) :Lé(qP q,)

-(t(a>a9.9(a> a..0(e> 0. O

If explicit time dependence appeanse label the situation derced otherwise it is
callednatural. Here we start with18 ( ] =1> ,N ) coordinates describing ot

particle system in 8artesian dimensiongith n constraints and we transformfte

3N-n generalized coordinatg( ] =1> ,AN - £). Weare explicitly assuming

that, by an appropriate choice of coordinates, which are orthogonal to any constraint
surfaces, we havdiminated the constraints from the analysitie variational form

of Newton (the change in kinetic energy is the work done by the external fdraes)
without the constraint forces then

d
a(d-r)ao (102)

where the forces included may ééherconservativer dissipative. The essentigl
point isthat, if we have not eliminated the constraints, the individual variatiins

cannot be varied independently and their coefficients need not all separately vanish.
We can deduce the form of the transforprgeheralizedorce fromthe relation
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} Nd oL
a Qdq = gk @? (10.3)
1=1 K

Note that this generalized force may not be a usual fergethe generalized force
associated with an angular variable is a tordi¥e. find the generalized force acting
on the generalized coordinajeto be

N d R
Q=4F B, (10.4)
|

O AT R
g m— Q ¢gq G (105)

Next consider the transformation of the acceleration term. We start with

0 u u
oo R, R
'odt g p
d d
) Y (10.6)
= ql +—,
Mg, L
andnote that
|er péqa ru%r |
L=— +1 5=l 107
W oBpe @t g (0.

Then it follows from
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df 4r" da R rd-@rddz;éu(
dt* uq dt?lﬂ ‘O§’ dic” @
d&R ¢ © d% (108)
= E) 8|’- ,
dtg q ks
that we can write
d d . no Ok
d’r. . da 0 ddaru
moodh 2 35 am - cica
' dt* pq dt?H dm 8 ' dtc”
_1dd W o g
2dt§£nj i 827 g (10.9)
_daut o
—,&, O
dicphd =+ g

where we haverecognize the kinetic energy in this expressioRinally we se¢hat
Eqg.(10.5) becomes the transformed versio o f  H a(beask Actomydirsiple

ad o 0
ég;taea i_j—g Q gq G (10.10)

which we might havexpected from the Euldragrange equationsSince the
generalized coordinates were chosen to eliminate the constraints, the variations of

these variables, th€q,, canall be chosen arbitrarily. Hence Ea0.10) can be
satisfied for all such variations if and only if

déuTC?Fr:Q

&, 0 : 1011
dicihig = p (o1
This | ast relation iIis called Lagrangeos

of Cartesian coordinates in an inertial framem ?2/2 Q =F), Eq.(10.11)
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clearly becomes | u@ntthe btleenhara E@GL1) appliesion d
both dissipativeand conservative systems all generalized coordinates, both inertial
andaccelerated Furtherwe note thathe kinetic energy may no longer be simply a
guadratic function of the velocities. In the forced case it will in generalva linear

or constant dependence (along with dependence on the coordinates themselves).

Two familiar and useful examples generalized coordinatese cylindrical and
spherical coordinates, which are especially relevant when the constraints tehibit

corresponding symmetry structuror the former we have

r=rk«E
d |, = =P
dr=drr+ o &f d4z
O pe+ Ersg
G=r.4 =iG 32
" 10.12
T=0(r2 + 72" ¥) (1019
2
m : "
=26 W o)
LagrangeoOtheneegduati ons
ql:m(' 3 r"zl) =Q,
. d o n _d _ " n non
qz.ma(r I)—a(\]z) —n(2 rr+ )r@f, (1013
g, : Mz= Q.

Note, in particular, that theiddle line relateghetime rate of change of tie
component of the angular momentum to the corresponding tosdpile the second
term on the LHS of the first equation is the familiar centrifugal force in a rotating

frame In spherical coordinates weave
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=drE +dg e rsin dg F £
=t +Ggrisin g F 7
GQ=rd, 0

T

N3

(Pz -|F26;2 +2sin? qza

=28 W ofsin g.q):

(10.14)

Soin spherical coordinatdsagrange tells us to write theguations of motion as

ql:m('r-" rg? -rsin’ qZ') e,

qz:m;ié%(rzé)- r?sin qos &8

y
:m(ZrFé *2 g r-2sin  ¢os 2()1 Q= ,

. E 2 cin? A~ _E
q3.mdt(rsm ql)—dt(Jz)

:(2rr'sin2q"f +22sin gos ¢ I#fsih )

(10.15)

Theslick thing here is that all thexa terms, which webtainedpreviouslyby

careful

As usual we neXbok at the case for conservative forces defined by a guadential

functionexpressed in eithéne newand old coordinates.

so that
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(10.17)
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Now we can define a Lagrangian@eviouslyand the equations of motion for a
consevative system areL =T -V,

——— %, (10.18)

which is Lagrangeo6s @&dgeaiutlzatthisdonmalesh wilt wokk s e c
even if the generalized potential depends on both the generalized coordinates and
their time derivativesConsideyfor examplethe familiar case oh central force

potential in spherical coordinateﬁ',=VGr), for which Lagrangeos

m('f-" rg® - sin qz') =%—¥—,

P 2 M. . 2 2
2rr'g+r- g¥ “sin gos g A (1019

(r*sin*g"j=J, =constant.

The last line is, of course, the conservatiothefzcomponent oangular momentum

It is customary and useful to make the following definition,

MUT
p' ! T ,
i Udj (10.20)

which is called the canonical momentum, conjugate to the generalized cooeglinate
In Cartesian coordinagehis is just the mastimes the velocity, but this is not the
case more generallyn particular in sphericatoordinatesve have

_ HT
P =" -mf,
ut
- UT 2\
e =g 9 (1021)

p, =m’sin’g f =J,].
This definitionis vay helpfulwhenconsideringhe role of symmetries and
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conservation laws in theagrangiarformalism. It makes explicit that the canonical
momentaconjugateao angles are angular momentdt also leads naturally to the
appearance of extra terms in Newtonbs |
rewrite Lagrangeods eOH)Yasons of the fir

dpj _ |J.T
it g . (10.22)

The first term on the rightandside, the position dependence of the kinetic energy, is
exactly the extra term we found earlier when transforming to curvilinear coordinates

(we are now smarter and lazier!n a conservative system with typically not a
function of the velocitieswe have L =T -\}')

_ ML
p' TR
e/
dp _ (1029
dt  ug

where again we expect any peculiarities of the coordinates to appear as position
dependence in the kinetic energy and contribute to theheyidside.

: : : d a_ «»
Finally we note that in a linearly accelerated framer, *ir, (5j , we have

(d_ " jj g | (10.24)

The use of the canonical momentum preserves the simple form of Ndawtomith
thecorrectansweri.e., including the acceleration of the frame

Now let us reconsidexgainthe question of constraints. What if we cannot eliminate

all constraints by our choice of generalized coordinates? Or, what if we want to learn
samething about the constraint forceg¥ssume that we are dealing with

generalized coordinates an@onstraints, which we cgalways)expressn
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differential form
N
aajdej+Q<dt :O[k =g ,I’}. (10.25)
i=1

If a constraints holonomic,i.e., the constraint is integrahlee cansimplify the
analysis by writinghe constrainin terms of a point functio(possiblytime
dependentdf the generalized coordinates,

a, =—f (0> .q.9.a = f(a> .q.). (10.26)

Note that, even if the constraint is nonholongreitherbecause we cannot integrate
Eq.(10.25) or because the constraint is really an inequale can still proceetb
ueLagrangeb6s met hod of undetermined mul't

Minimizing the action yields the familiar result

9, (10.27)

I%OI

d p
; dt i
where the variations are now not all arbitrarg.(only N - n can be varied freely).

To address this issue we introducendetermined panaetersand express the nen
variation of the constraints under the virtual variations of the coordinates as

vogff_'c_o

N
a /a4 =0. (10.29)
j=1

Combining Eqs(10.27) and(10.28) we have

a d n
%%Lj- ET: +a/ ay, 8141 (10.29)

for all values of and where the indekis summedver. Now, after agreeing that we
will eventually determine thé, so that the constraints are satisfied, we treat the
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variations as independent. Thus we now solveNfern unknowns the q, and /,,
using the N + n equationgLagrange plus constraint)

dpuL p 20

—=._ 5 H/a,

dtug, |

N (10.30)
aajka"'Qk 8

As anexample, consider a point particle of masthat slides without friction on the
inside of a smooth paraboloid of revolution defined’By= az. The paraboloid is

oriented vertically in the earthoés (uni
initially moving in a horizontal trajectory withelocity v, at radiusr, what must the

magnitude ofv, be in order that the particle moves neither up nor down. Clearly we
should choose cylindrical coordinates where the Lagrangian is

L:g(}’2 +7"°f ¥) moz (10.31)

The constrainbf moving on the specified surfateexpressed by

az- r* =,
-2rd r4adz 6,
a,= 2r,a, 6a;, «

(10.32)

We note that the initial conditions includig:=f§/a. Lagrangedbds equat.i
(10.30)) yield
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mtimrif=2 ./

d 2 n d - 2 n
—Imr-A=—(J,) ® Ym r Ffm,\r constani
mz+ mg =d,, (10.33)
n 1 2 1
2r're2 6 YY" 2L ZYZ—:/J /12—+. 4
a a a

Clearly for noz motion we want/, = mg/ a from the third equation and

} 2 - F/" r&from the last equations. Thus it follows from the first two equations
that

(10.34)

The two components of the constraint force, in this special case, are

f,=al, =mg,

f.= 2r, :gfﬂmg,
a

r

(10.35)
f, =0.

The interested student is encouraged to consider the general prioblemption not
confined to the horizontal plane, and determine, for example, the general form for the
constraint force Here we simply note thabf total (conserved) ener@gyand

(conserved) angular momentudn the Lagrange multipgtr has the form

2
4E N 8J; .mg

/= a> ma a
. 2.
5 4,2 % (10.36)
Bt 5 06
C a =
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In a similar fashion we can apply a Lagrangs&yle analysis to the motion of a rigid
body in terms of Euler angles,g,thesec al | ed Lagrangeds top,
revolution (I, =1, I ,) spinning in a uniform gravitation field. Translating to the

Euler angles we have

L
2
_|

T=

(e +d) % &
(q +'7sin? )qui( &ps @ "

(10.37)

[N

N |

If we assume the CM of the top (mag}kis a distanc® from the support point we
can desadbe theexternalforce (torque) in terms of a potential and write the
Lagrangian as

V = MgRcosg

ST

Note in particular thadl is the only Euler angle that appears explicitly. Thus
the canonical (angular) momenta defined by the deveswith respect to the
angular velocitiesn the EL equations are

p = _IJ = d/'si’ g Kcos (g Gos @ "y
=J; =constant, (1039
P, :u—; 4,(/'cos g +y |F,wd,= constan
H

are constants of the motiolif.the polar anglefis also a constant, then the individual
angular velocities]" andy’ , are also constaand we have the familiar precession

u
problem,W =/'& . Thissituation (f a constanttan occur if the RHS of théird E-L
equation vanishes,
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S(14)=1,(7sin qos)d.( ogs +y" sl MeRgsin
=0.

(10.40)
In terms of the precession frequepicy Ve have(sing , 0)
LW cosg -1, w WMgR 05
o 2,
w= ¥ @ Ly 0 MgR (1041)
21, cosg 8821 cosqg ~ |, cos .

This quadratic equation will have real solutions for the precession frequency if
12u/ 2 4 MgRcos g (10.42)

Focusing first oncosg > 0, g < /dthere are 2 interesting limitdzor large angular
velocity about the symmetry axis the two solutitowk like

21, coyy <

we_# o8 Ly T MgR
¢ 4, cosq - |, cos

A 2& o\/l 4MgRL, cosg 2

21, cosy g8 (NA (10.43)
3 0
] ISM/B ao l _2MgR|1 C20$ O
2I1cosqge (1,u5) Q

The minus sign yields a solution correspondingltov precession

MgR
RUA

W. Ou, (10.44)

andwe have the situation discussed in Egs. (9.27), (9.28) and (9.28) in the last
lecture. For the plus sign we have

Physics 229 Lecturel0 12 Spring 2008



B
|, cosg

(o}

W. ws, (10.45)

wherebothangular vebcities lage,wheregravity is unimportant This isthe
situation discussed igq. (9.51).

For the situatiorcosg < 0, g > /4 (suspended from rather than supported by the
horizontal surfacethere is always a solution right down to a zero véue; when
the top becomes a compound pendulum swinging in a ¢deleonstant)

MgR
W(w, =0) = / :
(ng =0) |,cosd] (10.46)

This leads us naturally to the spherical pendulum prablema mass moving on the
surface of a sphewd radiusl. Here we consider a forced problem wherepilaee of
thependulum is spun at constant ateg velocity/* = w=constant.Without this
constraint the Lagrangian for the pendulum is (with the polar angle measured from
thedowndirectionandr = | = constant

> fuy o
L:mT(q +7 sin )q mgl(l COS) (10.47)

If the torque about the verticdirectionis G, the equations of motion are

ml’g = mI*'/sin gos -gngl sin

d - 10.49)
—(ml%"'sin®* ¢=G. (

S (ml7'sin® g

Now assume that the torque is adjusted to give the constant rotation dlse.
leads to the 1BF problem defined by the Lagrangian

m|2 ) - 2
LZT(q + sin )q mgl(1 ces )« (10.49)
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which, characteristic of feed problems, has a term in the kinetic energy that is not
guadratic in velocities. In fact this situation is better thought of in terms of the
effective problem

_ ml? .
Vi=mgl(1 -cox) - W sirt
e W . 9
=mgld -cosg — sif g (10.50)
g oo g o1 9

Wi _ mglsinqgl —% cos qg
Mg e 9 u

Al t hough t he=T+\&iahobconsenvedrdgeyto, the work done by the
torque, the effective energ¥i=T iV, is aconstant of the motionConsideration
of the effective potential indicates a variety of possible motions. For slow rotation,

W’ <g/l, the angle is stable near 0,e., the effective potential has a minimum
there. For faster rotationy” > g/l , the potential exhibits a minimum at
qg= cosl(g/l '@ (and local maxima at O arid and this becomes the stable position

for the pendulum as it spins around,, W =w” mgl/ ml>cos gjust as in Eq.
(10.46).

Interestingly, if we impose the constraint on the rotation rate via adding a term
/ ( J- ﬁ/)’to theLagrangianthe value of the multipliesturnsout to be just the
value of the required torque.

Anotherexample othe application of generalized coordinates (that also invares
internalsymmetry is provided by electromagnetism. Here we focus on the mofion

a charged parti clie weignoratme bdatlereattienrohtteel 06 f i e
charged particle on the sources of the
like (in the unitsof K&B)
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d . d d dp
pa L Emg M.
& ML q
d.d 1 d dy d (10.51)
b8 G— BJe—= |,
n ML

with 7 the external change densitj/u, the external changed current and no magnetic

monopoles The content of these equations (in free space) is most efficartly
usefullyexpressed by writing the electric and magnetic fields in terms of a vector and

a scalar potentialA and /. We have

H
Wt (1052)

The corresponding Lagrangian for a particle of electric chaayed massn hasthe
form

md, _ dd '
:Er2 qr A(()r,tjj qf{r.t), (1053)

where it is important to note that the potential (the second and third tarow3
aboutthe velocity of the particle. Applying tleulerLagrange equations to this
Lagrangian we find

S g—ﬁBM—:o

di¢c'ur =+

_d d dAf" d

_E( d-lqA) d P odq f+d P 1054
Ve dll 2 dll oy 1)
4 mr=q§e 2 &A COLET R)E

We note in passing that the canonical momentum includes a dependence on the
vector potential
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d «d d
pl %r'a”— mr - aA (1055)

a feature which plays a central role in the field theory version of E&M. To evaluate
the final termin Eq.(10.54) we need to recall an identity from vector calculus. In
particular, we need that

588 (@ JoHp 92 %" § B E% X ose

and the fact that, with our definitions of what the independent variables are, we have

d
D(Fj) lﬁlrdrdfixed(rfi > (1957
Thus, from Eq(10.56), we have
5(9 5) (FG )‘@uD f‘+ ?4@) (10.58)

Substituting into Eg(10.54) we finally have

e oo WA S (1 afe YA T b )
d " g I (10.59)
=g Wgr &

We recognize the rightandside of the last equation as the desired Lorentz force of
electomagnetism, confirming that we have the correct Lagrangian.

Now considemotion in a uniform magnetic field in ttzedirection. Clearly
cylindrical coordinatesre called for and we have

m. ar? (10.60)
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ASIDE: Recall that in cylindrical coordinates.¢, see Appendix A in K&B)

ggg élﬁ _IJ_A; % r _Az_ /"N a;el.ll(f ) _r_%
oTHj B2 -

The corresponding-E equations are

rm'rAmp%+gB s J°
. da | 0
=g AU FZB Prgh,
J dt%én F5 9=0 (10.61)
z: mz=0.

We immediately see that motion in tidirection is uniform (no acceleration). The
second equation states that the conserved canonical momentum conjligate to

P = mr2'j +9B %2, includes not just the familiar mechanical contribution (the first

term) but also a contribution from moving in the magnetic field. Can the EM fields
carry angular momentum? Think about that!

Now | etds focus on whet her ¢H&ODmbBrami o n
Eq. (10.61) this requires

B ..
/= % or /& (10.62)

This isjustthe behaviowe found in our discussions of cyclotron motion in Lecture
5. With this choice of the magnetic fielde particle exhibits uniform circular motion
with this frequency in th&y plane and uniform linear motion in theedirection.

Looking ahead tour further education in the wonders of E&M we note that the

above observations about the dynamics (motion) of charged particles in the presence

of E&M fields is invariant (symmetric) undénefollowing transformation (called a
gauge transformation for historical reasons). In particulderms of a single scalar
function L  we transform the scalar and vector potentialgsé Appendix A.7 in
K&B)
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(10.63)

First note that the Aphysical o E&M fi el

Mt
- -d;EJ(F',t) %D (r B) Sg(r ! _t::+(zr 3
- _d,g(rd,t) ﬂ—g(r,?) Eg (10.64)
S= 8 cgi(?l,t) = %\?@,‘%) (dD(@’c% L
d d(g
= b @(rt) B

Thus the equations of motion, E40.59), are also invariant under such a
transformation. Is the Lagrangian? Let us check. The only component that changes

is the potential

o L & d
Vlzqgg +“E 86]‘]::](/&0 ) bL
g —_—
o d. ~ (10.65)
=V ﬂaetrﬂ OE)H_—L+8V q=d—L
C u = dt

Recall that the tial time derivative involves both the partial derivative with respect to
time and the change due to the motion of the pdihus under a gauge
transformationthe Lagrangian changes by a total time derivative

dL

Liv = Leu 'CIE- (10.67)

Since the equations of motion derive from the study of virtual displacements that

. .. . . . d t
vanish at the end poinits time, a change in the action of the fol:nﬁr ,t)\tl does not
contribute to the virtual variation of the action anddeto the equations of motion.
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As we have mentionettis gauge transformation (corresponding to a change of phase
for all of the electrically charged fields) is described by the group U(1jrend
invariance leads, via Noether,ttoe consened electric chargaand currentef E&M.
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