Lecture 11 Small OscillationsNormal Modes and StringSee the end of Chapter
10 and Chapter lih K&B ]

As we have discussed many times the motion of mechanical systems that experience
a (small) perturbation near (stable) equilibrium points exbibgll oscillationsaabout
thatequilibrium point. As usual we are imagining thagetlsystems can be described

by potentialsy(q,> ,qf) and Lagrangiansl,.(qL,> 0,9 > q) in terms of the

generalized coordinates for the true (unconstrained) degrees of fréd@oconsider
systems that exhibit equilibrium poiritsphase space where bdfh=0 and p, =0

(all k). If we expand the behavior in termssohall perturbations abowuch gooint,

we expect to have a linear description of the system, in which case we can always
solve for the behavior of the system in terms of the normal modes (the

eigenfunctions) with generic tindfpendencexp(i th), l.e., generic in the sense

thatall of the coordinates exhibit tteametime dependenceFor expansions aboat
stable equilibrium (a true minimum of the potential) we fiedlvalues for the
frequenciesy; . In this case, as noted in Lecturetf® corresponding flow in phase

spacss elliptical, including circularjust as it was for #tnbound orbits itkr? andkir
potentials in Lecture.4For expansions about an unstable equilibriutogal
maximum or saddle point of the potentidde frequency picks ugnamaginarypart
and the system tends to run away from the initial point (tlydoetering its energy).
This corresponds thyperbolicflow in phase space.

We consider systems described by a positive kinetic energy defined in terms of a

possibly coordinate dependent mefrdich includesanymass factorteft over after
the defintion of q),

T =

N[

am (9> .9)4q (11)

We are implicitly assuming that all conserved gaoal momenta have been
identified and replaced by their constant values in the effective potevitiah we

will continue to calN(q,> o} ) The remaining coordinates are taken td ine
number. Sincd is positive, the matrixm, (sometimes represented gg) is both

symmetric and positive definite. Hence it also has an inversg, As usualwe
have,
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pﬁ%qk %l m,(a.> . q)%4 %Iérm( .0 ¢ (112
=am(a>.q)4.

We note for future use that

Apl=am(g>.q)qa2
k,I ki

(11.3)
YHQph -L F W E=
k.l
Employingthe inverse of the metric wean write
4=am, R
k
(11.4)

, 1.. ) . 1 .. .
YT=2mm\, m pp=an,pp }!prﬁ,
2kI 2kl 2

where we have introduced the usual matrix notation in the lasttseeprgnspose
b= p' is a row vector instead of a column vectdFpe equililsia are defined by
points where

(115)

We focus first ora solutionto these equationg =q,> , G, corresponding to a

stable (elliptic) equilibrium (with later mention of the hyperbolic case). In terms of a
small perturbatiombout the equilibrium pointog, =q, -G, we have
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_ v
V(@) V(958 ) dad
+V(a) % g d (116)
(9 >4)ay af

where we have keinly terms (up to quadratic order in the small perturioas (and
there are no linear terms since we are at an equilibrium pdihty will lead to linear
equations of motion, which we know we can solf7arther, since ypassumptiorwe
are ata stable equilibriumwe expect the matrixto bereal, positivesemtindefinite
and symmetric On the other hand, there will in general be coupling between the
motion of the various generalized coordinates, the matrices in Eq11.6) will

have nonzero offliagonal componentdBecause we are lazy but smarg want to
find a basis in which the physics is diagonal, the normal modes of motion.

To proceedve rewrite the problem imatrix notation (summations assumeadyl
subtract tle (constant) value of the potential at the equilibrium pewhich yields

O, 1
he@ i 21 . (117)
5 1y =t
E{%’qf 0 TV 2/9V/7

In this notation(the linear)L. a g r a n g e &af maianara (thie metric is time
independent by assumption)

m w4 (11.8)

As usualsuch linear equations with constant coefficients suggests looking for
exponentiakolutions of the form

h=Re§ c ", (11.9)
k
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l.e., the magic of exponentials is that any number of derivatives still yields the same
exponential. Substituting in the generic forvn- exp(i M produces the eigenvalue

equation
WMh=V | (11.10)

As real symmetric matcesbothv andm can be diagonalized, but we want to
diagonalize both at once (which is not possible if the matrices do not commute). We
change Eq(11.10) from a vector equatioto a scalar equation by multiplying on the

left by A* = 1 (i.e., multiply into the remaining free inde&hd usethe factthatv and
marebothreal and symmetrito obtain2 equations

hf\//ﬂ: k/j%k’

‘ - (11.11)
AN p= 1

In these expressionfg is not thek™ component of a vectdiut rather the vector

representing the" eigenvector ofnwith eigenvalue/, = 1. By taking the
difference of these two equations we fiftlde familiar result)

(7c- 1) tm o (1112

] J

Thus we can conclude from the diagonal tefresk, with the constraint thamis
positive definite(/,m 4 >0), that the eigenvalues are real,

I = 1. (11.13)

From the offdiagonal termsj , k, assuming nowlegenerate eigenvalués, /,
we learn that the eigenvectors are orthogonal (in terms of the mmgtric

A'm f=0. (11.14)

In the case of degenerady, = {, we can always choose orthogonal eigenvectors

(by hand). We will assume this choice has beadeann the following discussion.
Since this is a linear problem, there is an overall normalization ambiguity. We fix the
normalization with the constraint
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mmhp=1. (11.15)

We are also fre choose the eigenvectors to be real (the mtyainingambiguity
is an overall phase). From E{$1.11) and(11.15) it follows that

A

" hm

=fv / (11.16)

Thus, as we expect, the eigenvaldesare real and positive for an elliptic

equilibrium point, =Vi ), caresponding to real values of the frequenacies

At hyperbolic points at least some of the eigenvalues will be nedatiwé®)
yielding complex frequencies.

The eigenvalues are found by solving tfeederequation
defv- /m =0, (11.17)

which must hold in order to find nemnivial eigerfunctions(i.e., otherwise the inverse
of the matrixn7- Mm exists and we can solve H41.10) to find #=0). Assuming

that wehave found the corresponding eigenvectors, we can (at least formally) define
the normal mode transformation modalmatrix, which is af 3 f matrixin which

each column is one of the eigenvectdrs, (is thek™ component of eigenvectgy;

271,1 /Z,l ? Tl?l :
N=F =@ @, (1118

@l,f IZf ? 1/7f ‘

From the orthonormal propess of the eigenvectors, Eq41.14) and(11.15), we
have(note, if everything is realye haveN*=N" = * ¥)

(NAmN)jk :%h;" M &m = ﬁnk h =

N”mN=1.

(11.19)

Thus the transformatioN serves to diagonaliz®, or, said the other way, with
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respect to the metrim, N is a unitary matrix N = N *. Actually, with our choice of

real eigenvectordy is (real and) orthogonaN *=N* = &, all defined with
respect to the metrim. In this language E§11.19) is a standard similarity

transformation,N"*mN (or NmN%).

Thus ly corstruction we have

(VN)jk :.all- le Nk :Ié\ﬁ/h '_k[ | aﬂ k(7
YW=mNL | &/ (11.20)
Y NAVN=N'mNL =.L

So, as desired the transformatfmovidedby the normal modémodal)matrix
diagonalizes botl andm. If we consider the linear transformation provided\bin

terms of theyeneratatesh=N z ZN"' , we have

U :lh‘\/h 1 AN UN z% Az
2 2
1 1 " n 1 A
T= 2ﬁ mA" = AN MmN z; 4 (11.21)

£=Ti{T ] ;--("kg o 2)

k

Thus we have a system composedlinlependent harmonic oscillators with normal
modesz, (t) =C, exp(i 14/) where we will se just the real parts (as in E§§1.9)).

The question of whether the overall motion is periodic boils down to whether the
individual frequencies have ratios that aréoradl or not. Every pair with a rational
ratio,w; / w=my n, will yield a 2-D subspace of the full configuration space in which

the projected trajectory is perioglie., after some definite period (determined by the
integersm andn) thesystem will return to its starting point in phase space

A familiar example of such a system is the case of two (identical) coupled pendulums
of lengthl and massn (recall Lecture 9 in Phys. 227In terms of the usual angles

that define the deviatiomom the local down direction.é., the direction of gravity)

we have
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m|2 n )
T=5(@ +9)
2 (11.22)
V=mgl(2 -cosz; cosq) k(1 ces,qg ,)p
wherek is the spring constant of the spring coupling the two penduluhing
corresponding Lagrangian the small angle limiis
_ m|2 "> J mgl 2 2'_ k|2 2
L_T(ql +§) "2_( 19 z)q_z'( 1 %)' (11.23)

We cansimplify the analysigor at least the notatioty switching to dimensionless
guantities

Li:i’
mgl
—+ 19 .
=t gt (11.24)
a:ﬁ 1@
gm W}

where we have identified the two natural frequencies in the problem: the usual
pendulum oscillator frequencyy, =/g/1, and the usual spring oscillator frequency,

k/m. In terms of these quantities we want to study

._1343dg, dag cbl 2
Ln——aagudfnf i @é( § SC.a ) (11.25)

Switching to matrix, vector notation &have

ag, |

heg
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T|:T: =1
: 11.26
hvh dl+a -a | ( )
Ui=——Vv % A
2 c-a 1 +a -
where the dots in the second line mggnfl. The eigenvalue problem is
gl+a -/ -a
deté g
e -4a 1 +a - /u
Y (1+a -/)2 -a 1=2 +32(1' ) ar PG (11.27)

;o 2 gl+2a
Y i.=1+a J(1 ¥ L2 A =

The 2eigenfrequencies afeecall the factor o, :«/g/l in our definition oftj)

w=\T =7

(11.28)
Kk
w=J7 wall 2 awfE> vt &9: 2%
2 \ﬁ IM/ % P S | m
The corresponding eigenvectors are
Vi =k
. 138l 6 1 1a (11.29)

RG-S LI

where we identify the first eigenfunction with tbase where the 2 penduluals/ays
movein the same directigrwith no stretching of the spring, and the second with the
two pendulums moving oppositely with maximum spring stretching/compression.
The normal modes are then
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N—iél 1 ;}I‘l 1 131
L3 1Y 2184
] 18+ g0 & 0O
Y Nlhzﬁg%i_ J & ? 6 (11.30)
1 éa+-§ 0 _ &
Y h=N z = =
V2¢z- 23
As expected,n terms of the normal moddbe (original) Lagrangiardecouples
— 1 |l/’2 d 1 2 2
L_E( 7 +3) 5( MvE (11.31)

In terms of the scaled coordinates with= 1/ w4 andim,* w= y;/ WL 2+
we hawe

z, =asintj Hcost ig coft i,
z,=a,sin ity #,cos wie, cof"tw i) f

Y ql:%(alsinti + cost @&, siniv k- cos by (1132

q, :%(alsinti + cost ja, siniv ky coS iy

If we assume initial conditions of the forga(0) = ¢(0) = ,4dtii  8and
ti=
dg,/dtii = c (akick applied topendulum 1 at = 0), we have
ti=0
ca.., 1 . _
g (t) == gsinti osinw
| (11.33)

2¢
() :Egéinti Lsinw |:
2¢ w -
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Now consider this solution in the limit of small frequency differere® (1) for the
two normal modesy, 0 1) where

sintj° ésinm dsit °sin =
w

. al+w 1 -wo .. la®w 1l - 0
:smgle + tg 8in o — 18
C 2 2 = é 2 =
5. 7! -7 . + W - L
Te23|n Wticos,lTM{ 5 ZSIH%Z[V cosszt
)
0 . a .
L. 2sintjcos—t
_| 2
—I _ _ .
N + 1 - + . -
120051—Wti sml—mf 3 Zcosb'/ty smﬁtb
! 2 2 2 (11.34)
1 . -2codj sinczt i
I 2
Thus, in this limit, the solutions look like
. a. .
a.(t). csinticos_ t
(11.35)

g,(t) . - ccosti sin‘%t

correspondingo a rapid oscillation at frequenaywhose amplitude ismodulated by

a slower frequency oscillaticata /2= f/;/z J- This is the phenomenon of

A b e ai.k.,gheé amplitude of the motion of the two pendulums go up and down at the
(smaller) difference frequencylhis behavior is indicated in tmexttwo figuresfor
the casa =0.1.

|
0 W 13 l,
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Note that thigs the same mathematics that describes the phenomenon of neutrino
oscillation that has created much excitement in the last §8ars.

Now | et 6 s whathhappeks whdn avelltaMecoupled variables, say

identical point masses and N+1 identical springs allowing 1D longitudinal motion, or
N identical point masses equally spaced along a massless string allowing (possibly
2D) transvere motion. This is again a normal mode problem, but now we expect to
find N modes. It is described by the Lagrangian (witlepresenting the longitudinal
displacement from equilibrium for the former situation)

m .} k N. 2
L=T v =am” —a h F (11.36)
2 j=1 2] 9

with boundary condition#, = f,, 9, i.e., the ends are fixedThe second situation,

transverse displacements, is described by identical mathematics, if the transverse
displacements are small. If the spacing between madsekagension in the string

Is F and the (assumed to be 1D) transverse displacement is represepntéaeby
restaing force on a given mass (in the small angle linet, the transverse restoring

force is given byFsing. Fy/l)is F,=F&{y, v.)/! (¥ y}/I . The
corresponding Lagrangian is

N

- F . 2
jlyf Ejg(yjﬂ y}. (1137)

L=T V

N3
Q:=

with boundary conditiony, = Yy.. ®. Thus, by the rule of Feynman that the same
equations have thers& solutions, we need only solve one ofthavoproblems and
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then substitutey, U A, andk U F/I. So letds focus on the
motion

. F F . F
my*(y oya) (ye y) 2|E+,-y (% y) 00 1z

As in previous discussions we have a linear differential equation with constant
coefficients and we are encouraged toamyexponential form as an Ansatz,

v (1)- y(%.9=y(lif) =Ae (1139

wherewis an angular #quency andt is the wave numbeik(=2p/ /where/ is the
wavelength). Note that, looking ahead, we have written the solution as a function of
the continuous coordinate which we sample only at the discrete values |j (j an

integer) Substituting this Ansatz into the equation of motion and canceling all
common factors yields

mw £5 (& o) 0=
¥ (11.40)

ml 2

This sort of relationship betweemnandk is called a dispersion relatiorit

corresponds to thipperhaps)nore familiar(relativistic) relationship between energy

and momentum for a free particle® = p*> 7. To the extent thaw is not linear in

k, waves of different wavelengths will travel withdiffe nt vel oci ti es a

To turn this into an eigenvalue problem we need to consider the byguwudalitions

for the problen{f we dondét want to deal.Befora h ar bit
considering the fixed end case discussed above, we first consider what are called
periodic boundary conditions (corresponding to a closed loop of string). wiehsst

the transverse displacement at one of the string equal to the displacement at the other
end, y(0) = y( NI), or more generally( jl)=y(jl NI). Thus we have

translational invariance when translated by a disthieeL, thecircumference of the
loop. Thisin turnmeanghat
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AW = pFHIL8) vy =@ VKNI 20 N

i.‘:-"n—O, 61> | -1 N odd

_2pn] 2

=) N-2 N : (11.41)
In=0, 4> , =—— — N even
T 2 2

apln| o
Y w, = 4FS|n¢’?||

ml QN -

The translational invariance can be true only for certain specific frequancies and
wave numbers$ the eigenvalues For either even or odd, there are (as expected)
possible eigenvalues &fand w. (Other values af simply reproduce the same

solutionssincee®™ =1.) Note that the solutions tend to come in pairs with opposite
signs fork corresponding to motroin both directions ix. We can think about this
situationas the motion of points in the wave form with constant phgses in

gl = do (ReY cod,= cofic,x - ut)). So we can define a phase velocity

[aF _ &p|n §NI 6VIESi”(P|”|/N)
c,=w,/k = sin s 5 : (1142
ml EBN gﬁpn 2V m (AN

This expression first tells us that the direction of motion chamggh the sign oh
(as notedye have eigenmodes moving in both directions). We also see that the

characteristic magnitude of the phase velocity8/m. This is the actual

magnitude fom- 0, when the second factapproaches unity. However, for

- N/2wefindc,_,,- 2/F/m/p</Fi/m. (Thisndependence will lead to
dispersion.) The corresponding wavelength of the oscillatibns 2 gk,| =NI/|n|)
varies inthe rangé _,- = to / _,,=2,i.e, the spacing between the masses can

be at most ¥z of a cycle. This reminds us of the essential feature of a chain of discrete
masse$ it cannot support arbitrarily short wavelengths. Note as expdaéthen
= 1 eigenmode hasavelengthl, = NI =, the translational invariance length.

Now we return to considéhe case ofixed ends,y(0) = y(NI #) @. To satisfy this

condition we make use of the opposite moving solutiaried in the previous
paragraph and write (recall that linear equations always allow linear superposition)
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y(xt)= Ae™ (& - &%), (1143

This will still satisfy the equation of motion kfand wsatisfy the dispersion relation
in Eq.(11.40) and by constructiothis form satisfies the boundary conditiorxat O.
Now the eigenvalue problem arises from the other boundary condition,

y(NI+I,t) :Ae-im(é'kl(N+1) KN 1}) 0

Y sinkI(N+12) =0 %I(N 3 g

¢ k=P __ (11.44)
Y k, IC +1){n 4,2> N

AF 0
Y W— —Slnm 9

Note the differences from the periodic boundary condition case ¢iLE41),
especially the factor of 2 itné numeratoof k and the absence of solutions of both
signs. This latter point just reminds us that, with fixed ends, the eigenmodes are
standingwaves rather thapropagatingwaves,.e., there are nodes or zeros in the
wave shape that occurfatedpostions inx. Thus then™ normal mode looks like

imt

y( ) 2|A1esm (npx

g
IN+1) E

(11.45)

noj
Y Real Part Ae Si uswvt
& EN+1) U

This exprasion illustrates that theandt dependences have factored into separate
functions. Again this means thainstead of moving waves as in the periodic
boundary condition example (where thandt dependence stay coupled when we
take the real part), we have standing waveso Al contrast to the periodic case the

n= 1 eigenmode here has wavelengfi 21 (N 4) 2 or twice the length of the

string {.e.,%2 a cycle corresponds to the distance between nodes, gdmnobt be
further apart thathe endpoints).

Finally we want taconsider what happens in the continuum limé, | - O, N- ©
with length,I (N +1) =, fixed. This is the limit that we use to stualyactual

matter system, even though matter is really posed of a discrete set or atofns.,
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it is still true thatN is verylarge) We cartake the corresponding limit of the above
expressions where we replaggl by a (inear) mass density, which could be a

function ofx (in which case th&ension will also typically be a function gf. Now
thetransverse displacementggontinuousunction of bothx andt, y(x,t). For

periodic boundary conditions (now a loop of continuous sting rubber bandhe
dispersion relatiofior any fixed modenas N - © vyields

Periodic Boundary Conditior

K, - g‘—L’D{n:o,°1,2> ,
W - 4F pin| \/EZ_A’”\ (11.46)
ml N m L
w, F
c =" - |—,
K, m
2 L
tolki[n

Thus all (finte n) modes have the same phase velocigy, (ho dispersion), and now
we sedhatarbitrarily short wavelength modasepresent. Tha = 1 case still
corresponds to a full cycle in the distance of perioditity,

For the fixed end case thasestill an extrafactorof 2 in various places,

(1147

The casen = 1 still corresponds to just ¥z cycle along the length of the string.
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