Lecture 12: Symmetries and Hamiltonians (See Chapter 12 in K&B)

First we want to discuss again the question of the connections between the symmetry
properties of a mechanical system, i.e., the invariance of the Lagrangian (and the
equations of motion) under a change of variables, and the existence of conserved
quantities (i.e., constants of the motion). As a starting point we return to the
Lagrange equation, written in generalized coordinates for a conservative system,

9. (12.1)

For a system of generalized coordinates such that the Lagrangian is independent of
(at least) one of the coordinates, say q,, it follows that the corresponding canonical

momentum is independent of time, i.e., is a constant of the motion,

L _.dap od
=0 Yo 57— G
LG, dte f, = dt( P) (12.2)

Y p, =constant.

This is just the familiar statement in Carte5|an coordinates that translational
invariance in r implies conservation of pk

Next we want to consider this result in the somewhat more general language of the
general coordinate transformations of the last lecture. In particular, consider
coordinate transformations (of our f unconstrained degrees of freedom) that are

parameterized in terms of continuous, differentiable parameters (e.g, rotations in
terms of the rotation angles, i.e., just the Lie groups we discussed earlier),

qi(a)=F(a>.q. 4 (12.3)

We represent the inverse transformation by q; = IJ—'j (qi,> O ,H) and the identity
transformation by

qj(o):Fj(q’> 'q,O) 'g. (12.4)
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In general such a transformation will yield a new form for the Lagrangian in the sense
that the new Lagrangian (where 4 maybeafivect or 0 of parameter

Li(a. 4. )% L(ga®) *L(a(a). n( 9. ) (12.5)

is a different function of the new coordinates than the old Lagrangian was of the old
coordinates. Now connect this transformation to our previous studies of infinitesimal
variations by considering an infinitesimal transformation near the originina ,

euqllz
dg =g -q. s, (12.6)
guaaﬂo
where it iIs iIimportant to recognize that

(hence the notation of dis instead of dfis) and there is no constraint that it vanish at
the endpoints in time. [Recall from our brief introduction to group theory that the
guantity in the square brackets is an element of the algebra, a linear combination of
generators, times the untransformed coordinates.] The corresponding change in the
action (to first order in the parameter change) is

t
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If we now use the factthat gj(a)i s taken to be a sobution
forany a value, we have
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The change in the action is given in terms of the (difference of the) quantity
& , \Mgi(a) ©
G* zni(a) 6 (12.9)
(; Ha a;=0

evaluated at the end points of the time interval (times da ). In our previous
discussion of virtual variations (used to obtain the Lagrange equations) the variation
dg, would be constrained to vanish at the endpoints in time, i.e., the last expression
in Eq. (12.8) would vanish. Here there is no such requirement. However, it is still
possible that the action is invariant under the coordinate transformation parameterized
by a,i.e., dA=0 for arbitrary da. This is true only if the quantity in Eq. (12.9) is
independent of the time (and thus the final quantity in Eq. (12.8) vanishes),

a i(a) ©
G =g (a)—“q‘l( ) ¢ ¥onstant. (12.10)
Q lJ.a a;:o
Thus G is a constant of the motion, i.e., it is conserved.

So far we have only assumed that the action is invariant under these coordinate
transformations. If the Lagrangian itself is invariant, i.e., the functional dependence
on the coordinates and velocities is the same before and after the transformations,

Li(q A, t) ¥ L( d, C],"t) , we can make a connection between this discussion and the
earlier discussion associated with Eq. (12.2). We can now perform a further change
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of variables such that one of the new variables is equal to the transformation
parameter, ¢, =a . The new Lagrangian is necessarily independent of ¢, ,

pl'_/ fy, G, and the corresponding canonical momentum is conserved. It is easy to

verify that this canonical momentum is just the quantity G. This is how we can
understand the connection between translational invariance and momentum
conservation; rotational invariance and angular momentum conservation.

In fact, the invariance of the action under transformations, which is all we really need
here, does not require the full invariance of the Lagrangian. If a coordinate
transformation, described by a continuous parameter, leaves the Lagrangian invariant

except for a total time derivative, Li=L 4 /dt, the actionstill is invariant (under

variations that vanish at the temporal endpoints of Eq. (12.7)) and the corresponding

G is conserved. This connection between an invariance of the Lagrangian (up to a

total derivative) under coordinate transformations described by continuous,

differentiable parameters (Lie groups) and the existence of conserved quantities (Eq.

(1210)) i s wuswually call ed Noet hsevedsaussedihneor e |
227/8). Further the invariance of the Lagrangian is typically related to some

geometrical symmetry, e.g, rotational symmetry, translational symmetry, etc. of the

physical system. The concepts of symmetry, invariance and conservation laws are

unavoidably connected and a major component of the physics advances of the last

100 years. Itis also possible that the underlying symmetry is associated with a space

other than the usual 3-dimensional configuration space,i.e. , s ome fii,ast er na
it is for E&M.

The next topic to be discussed in this lectureisHa mi | t on 6 s tom.nTbeni c al
goal is to switch from second order differential equations a la Newton and Lagrange

to first order differential equations, which at least for some purposes will be simpler

to deal with. The subtext is that we will be refocusing our attention from

configuration space alone (the g, ) to phase space involving both the generalized

coordinates and the canonical momenta, the canonical variables. As at the start of

this lecture we wish to consider a conservative system described by a Lagrangian of f
unconstrained generalized coordinates and velocities,

L(a>.q.8>.9,0=T -V (12.12)

With the canonical momenta defined as in Eq. (12.2) (P, = L/ &), we can use the
(so-called) Legendre transform to construct the Hamiltonian as a function of the
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canonical variables (q, p)

f
H(q]_1>quyﬂ_l>1pyt):é_ qu _L- (1212)
k=1

I.e., we are to think of the Hamiltonian as a function of the 2f + 1 variables
(0&,> Ao RN o J> N o 8 t). We can analyze this function by looking at small variations

on both sides of Eq. (12.12)

W 6 H
dH = d +—d +dt
aeiqk b LAY
f
da pY - db
k=1
_xa e u P Lp
+p.d dg —— dg'§— dt
E.lgéipkﬁk P dg’ q q i 90 fu (12.13)
fa . dauL o [T
+p dq’ — - dg'a— ¢
gggm pdg &, gq R A9y
 (dnt, -pidg) ML od
=& (dn Y -p'dg) t
= it

where we have used both the definition
equation. By equating the coefficients of the
canonical version of the equations of motion,

b= —. (12.14)

These first order equations define a trajectory for the system in the 2f dimensional
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phase space (0,1,> 0y B> p). It follows from Eq. (12.14) that the Hamiltonian

Is a conserved quantity if the Lagrangian has no explicit times dependence, i.e., is
invariant under translations in time,

dH .\ apuH 4)
—aoe“ k"hhlpk O:"tl'l

dt  acha | A ¢
f
=a( ba' a0d) f[; (12.15)
k=1
_H b
o u

For the familiar case that the kinetic energy is quadratic in the generalized
coordinates (implying that the transformations from Cartesian coordinates are time-
independent) we have

T= 5 a m, 4 q (12.16)
k,I=1

where the fAmetrico i s tmhme).ilfrihdpmtpneahid e nt
independent of velocities, it follows that

f
P; =K a M4,

b, =
1 (12.17)

52 B G

Thus the Hamiltonian is just the total mechanical energy
§

H=apb -L 2T T- V+T & E (12.18)

Since, by assumption, T has no explicit time dependence, if V is also free of explicit
time dependence, then the total mechanical energy E is conserved.
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As a simple example consider the usual Cartesian description of a single point
particle,

ng(k2 W F) xy3

=t amx p myp iz

X (12.19)
H=pX +p,y" 92 k

=%(p§ W) W

Hami |l tonds equations are then

} :&’y"—__py,t _QA’
m m m (12.20)
V 1 11 '
= W g oMo M
X M Zj1

I.e., just the usual definitions and Newton equations. The results are a bit more
interesting in spherical coordinates where

1a, pp _p O
- 1 V r,q,
2mg " r* r’sing © tr.a. )
v f": pr’ "o p ’ f" _ pf . (1221)
m mr’ mrsin®q
_ P, W . pcosqg N AV
i R s R e  Mp 0
mr® pr r’sinqg g WL

An important feature of the Hamiltonian formalism is the similarity to the equations

of fluid flow. This connection helpsustovisual i ze t he sol utions
equations as a flow through phase space, as we did with Euleré Equations for rigid

body motion in Lecture 9. To see the connection, consider the flow of an
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incompressible fluid in 2-dimensions. Recall the continuity equation is

% + dE)((Z')\/)d 0 (12.22)

where 7 is the fluid density and V = (VX,Vy) is the velocity field describing the

motion of the fluid. From the fact that the density is assumed to be constant in space
and time (incompressible) it follows that the velocity field is divergence free. Like
the case of the magnetic field, it follows that we can define the velocity field as the
curl of a vector field, which points in the direction orthogonal to the 2-D motion. We
can write

DA
B (X ),

where y s the fistream functiono of the flow, a construction only possible in 2-D. In
Cartesian coordinates this flow is described by

(12.23)

>ao<c

V=W =¥

(12.24)
My M

It is the similarity of Eq. (12.24)t o Ha mi | t o in Bgs(12.¢49 thaisuggests n s
the picture of flow in phase space. However, the latter have no restriction to

Cartesian coordinates. In the flow case particles flowing in the fluid follow

streamlines that are lines of constant )y and that are everywhere tangent to the

velocity field. In the incompressible case the stream function is time independent,

dy _Hy, LB

d wx *  p’
W W o,
X M YU X

(12.25)

a constant of the flow. This connection betweenHa mi | t on 0 &dflevesinat i o n s
phase space is useful in the consideration of chaotic behavior, which, unfortunately,
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we will not have time to pursue this quarter.
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