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Lecture 2  Motion in One Dimension   (See Chapter 2 in K & B) 

 

In this lecture we will focus on 1-D (linear) motion.  Much of this discussion will be 

familiar from Phys. 227 /8 (beginning with Lecture 5 of that course).  The starting 

point here is Newton #2 from the last lecture for a conservative force in the form 

 

 ().mx F x=""  (2.1) 

 

We can process this equation as we did in the 3-D case in Eqs. (1.18) to (1.24) in 

Lecture 1 to find the total conserved energy as follows, where we use 

()F x dV dx=- (and assume that the mass does not vary)  
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Even without a simple, or even explicit, form for V(x) we can implicitly write down a 

solution to this problem in terms of the fixed total energy (given, for example, by the 

initial conditions, () ()( )2 0 2 0E mx V x= +" .  We can write 
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Note that, due to the conservation of energy, we have implicitly performed a first 

integration of Newtonôs second order equation and are faced with the much simpler 
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case of a first order equation that we can address by separation of variables as in Eq. 

(2.3).  Even without an explicit form for the potential this equation is easy to 

interpret.  For potentials with a minimum (and that become large and positive for 

x ­¤), like the HO, if the velocity is non-zero at the minimum of the potential, i.e., 

E > Vmin, the motion will continue out to the points where the potential energy 

matches the constant total energy.  At such a point the kinetic energy vanishes, 

velocity passes through zero and changes sign, i.e., the particle heads back towards 

the minimum of the potential.  This point is called a (classical) turning point.  In the 

opposite situation where the potential has a maximum and becomes large and 

negative far from the origin, the interpretation is quite different.   This situation 

should be thought of as a scattering problem.  For E < VMAX the particle comes in 

from ñinfinityò with steadily decreasing T.  V increases until the particle is reflected 

at the turning point where T = 0, E = V < VMAX.  For E > VMAX the particle never stops, 

T > 0 everywhere, but T is minimum at the maximum of the potential.  The truly 

remarkable conclusion from this discussion is that we can analyze conservative 

systems even when the dynamics, i.e., Newtonôs equation, is not linear.   (Recall from 

Physics 227/8 that we can always solve the linear case in closed form, but often not 

the non-linear case.) 

 

An interesting example is the pendulum (see Lecture 9 Appendix A from Phys. 227) 

where the potential is given by 

 

 ( )1 cos .V mgl q= -  (2.4) 

 

With the kinetic energy given by 
2 2 2T mlq= " , we can change to the angular variable 

and rewrite the result in Eq. (2.3) as 
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If 2E mgl< , the quantity in the square vanishes somewhere in the physical region, 

p q p- ¢ ¢(note that in this case q is really a potentially periodic angle and not the 

usual polar angle) and there will be turning points at the 2 solutions of 

01 cos E mglq- = , ( )1cos 1 E mglq -¢ - , which serve to define the period, 
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It is interesting to consider the behavior of this result as 2E mgl­ from below with 

0q p­ .  You should convince yourself that in this limit the period diverges, i.e., it 

takes infinitely long for the pendulum to just reach the inverted (upside down) 

position.  So an important lesson here is that, in general for nonlinear motion, the 

period depends on the amplitude. 

 

For the other possibility 2E mgl> , the pendulum ñgoes over the topò and the angle 

increases monotonically with time (so now it is clearly not a polar angle). 

 

As we discussed several times in Phys. 227/8, we are very often interested in the 

behavior of a physical system near its equilibrium point, i.e., near the minimum of V.  

If the total energy of the system is not much larger that V at the minimum, the system 

never strays far from the minimum and we can obtain an accurate description of the 

behavior of the system with the approximation (we choose the origin to be at the 

minimum and there can be no first derivative there since it is the minimum) 
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Thus the effective spring constant for the effective HO is just the second derivative of 

the potential at its minimum.  Applying this ñlinearizationò approach to the pendulum 

we find 
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Thus we obtain the familiar Harmonic oscillator form, where ɗ0 is (still) the 

maximum angle, 
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You should confirm that in this limit, 0, , 1E mglq q0 0 , the integral in Eq. (2.6) can 

be evaluated analytically ( ( ) ( )( )2 2

0 0 0 0cos cos 2 2q q q q q q q q- ­ - = + -) and the 

result for the period is that of Eq. (2.9).   Note that what K & B label the ñfrequencyò 

(with dimensionful units of cycles per second instead of radians per second) is 

1 2 2f g lt w p p= = = .   

 

The less familiar case of a charge q confined between 2 fixed identical charges 2a 

apart described in K & B has a potential and harmonic angular frequency of 

oscillation given by  
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Note that as suggested in Eq. (2.6) above a simple 

quadratic or even symmetric potential is not 

required for periodic motion, although it is required 

for simple harmonic (single frequency motion).  

Consider, for example, a potential that is quadratic 

for x < 0 and linear for x > 0 as in the figure (for k = 

2, Ŭ = 1),  
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We can find the period of the motion for a particle of mass m and total energy E 

either from knowing that we have simple harmonic motion to the left and constant 

acceleration to the right, or directly from the (piece-wise) integral of Eq. (2.3) (with 

appropriate changes of variable, ( )2 cosx E k q­ in the first integral and 

( )x E ya­ in the second integral) 
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We recognize that the first term is ½ of the period in a simple harmonic oscillator, 

where the period is independent of the amplitude (i.e., the energy) and the second 

term is ½ the period in a system with a constant restoring force (with a sign switch at 

the origin) and a linear potential. 

 

Another informative example is exercise 2.20 in K&B, 

which is also discussed in Appendix B to this Lecture.  Note 

that a potential of this form will reappear in Lecture 4 

describing the coordinate r for a spherically symmetric 3D 

harmonic oscillator with 0J >
d

(and conserved).  The 

(clearly nonlinear) 1D system of interest is defined by  
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The minimum of the potential, where the force vanishes, is clearly at x = a as 

illustrated in the figure (for m = w  = a = 1).  For small oscillations about this point 

the effective spring constant and period are given by  
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For more general motion, i.e., not necessarily small amplitude, we can still study this 

system by specifying initial conditions and finding the turning points (where T = 0)  
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Note that the amount of energy put in the system (and hence the subsequent motion) 

is parameterized by the initial velocity v.  If v vanishes, the particle simply stays at 

the minimum.  Now, with appropriate changes of variable, we can simplify the 

specific version of Eq.(2.3) for the period 
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Note the characteristic feature that the argument of the square vanishes at the 2 

turning points, and that this final result is just like the pendulum in the linear limit of 

small amplitude.  Here this expression is valid for all amplitudes.  Finally we can 

simplify further (i.e., another change of variable) and integrate 
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The interesting feature here is that, like simple harmonic motion, the period is 

independent of the initial conditions, i.e., of the initial velocity v, and thus 

independent of the amplitude of the motion.  This is not the usual situation in a 

nonlinear system as illustrated by the dependence on E in Eq. (2.6) for the pendulum. 

In fact, the system of exercise 2.20 is simple enough (though nonlinear) that we can 

solve it in closed form.  With the change of variables used above the first order 

equation for x (from energy conservation) becomes a trivial equation for f, 
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This last result suggests that we define one final dimensionless parameter, 2v ah w= , 

that encodes the dependence on the initial conditions, i.e., the velocity v.  Returning 

to the initial coordinate x (and using the parameter h) we can now write the 

remarkably simple result   
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Thus we see that a) the general motion is not simple harmonic, b) the general motion 

is controlled by a single dimensionless parameter, 2v ah w= , c) the motion is simple 

harmonic when this parameter is small, i.e., when the amplitude of the motion is 

small and d) the period remains the same independent of this parameter.  The 

following plots illustrate this behavior.  The first shows simple harmonic behavior for 

small amplitude and the second shows the more complex behavior for large 

amplitude (not sinusoidal in time and not symmetric in space), but still with the same 

period, t  = p (for w = 1).  
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Note again that conserved quantities and symmetries are important for the smart but 

lazy. 

 

To complete our discussion letôs consider a non-conservative system but in the linear 

(harmonic) approximation.  In particular, we note that very often the harmonic 

degree(s) of freedom is (are) coupled to some other degrees of freedom via what we 

can describe as a velocity dependent damping term (e.g., the mass on the spring is 

moving through, and colliding with the molecules of a viscous fluid).   Thus (near 

equilibrium) we really want to solve an equation (familiar from Physics 227/8) that 

includes such a velocity dependent damping term 

 

 0.mx bx kx+ + ="" "  (2.20) 

 

Recall that a similar equation arises in the study of circuits 

 

 0,
q

Lq Rq
C

+ + ="" "  (2.21) 

 

and here q is the charge on the capacitor.  By the Rule of Feynman the forms of the 

solutions, i.e., the complementary solutions to the homogenous equations (2.20) and 

(2.21), will be identical. 

 

As we learned in Phys. 227/8 we can proceed to solve these homogeneous equations 

by assuming the familiar Ansatz of the exponential form t

cx xea=  with x= a 

constant (note that in general we expect both x  and a to be complex).  As usual this 

Ansatz transforms the differential equation into an algebraic equation, 
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We see that both of the constants ɔ and ɤ0 have units of 1/time.  However, their roles 

are somewhat different.  The time given by 1/ɤ0 is related (see above) to the period of 

oscillation of the undamped oscillator, while 1/ɔ is a damping time, characterizing the 

time for the amplitude to be damped by 1/e, i.e., describes how quickly the oscillation 
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approaches its asymptotic value, zero in this case.  This time is called the relaxation 

time. 

 

For the case of small damping where 00 g w< < , the square root term is imaginary 

and the motion corresponds to damped, oscillatory motion with angular frequency 
2 2

0 0w w g w= - ¢.  We have 3 possible formats in which to express this behavior 

given by the following  
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We can use the 2 constants in each of these expressions (
1 2,x x  or 

3,x f or 
4 5,x x ) to fit 

the initial conditions for ()0cx  and ()0cx" .  Note that, unlike the (inhomogeneous) 

driven case, we are not explicitly taking any real parts here.  On the other hand, when 

we fit to the (presumably real) initial conditions, we will find a real ()cx t , i.e., 
3,x f 

and 
4 5,x x  will be real, while 

1 2,x x  will be appropriately complex (
1 2 4x x x+ = , 

( )1 2 5i x x x- = ).  Since we are typically interested in an oscillator that oscillates 

through many periods before it is damped away, the quality factor, or Q, of an 

oscillator is defined in terms of the ratio 
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In one period of oscillation the amplitude is damped by a factor of 
2 Qe epg w p- -. , or 

the number of periods in a relaxation time is about Q p. 

 

In the opposite limit with 0g w> , called the over-damped case, we have instead only 

damped behavior, i.e., the a° are pure real and both negative ( 2 2

0g w g- <), 

 

 () .
t t

cx t x e x e
a a+ -- -

+ -= +  (2.25) 

 

Note that since the smaller damping constant here is less than that above, 

a g a+ -< < , this solution will approach its asymptotic behavior more slowly than 

both the previous one and the next one. 
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 In the special case of critical damping, 
0g w=  with a a g+ -= =-, we find (the reader 

should confirm that the following expression satisfies Eq.(2.20)) 

 

 () ( )6 7 .t

cx t e x x tg-= +  (2.26) 

 

In all three cases (with 0b> ) the complementary solution to the homogenous 

equation damps to zero asymptotically, ( ) 0cx t­¤ =, but this damping occurs most 

expeditiously in the critical damping case.  Similar expressions arise for the undriven 

RLC circuit as you may recall from Physics 122. 

 

Before considering the case of a driven oscillator and the technology of Fourier series 

and Green functions, we will consider another simple 2
nd

 order differential equation 

from exercise 2.13 in K & B and used as an example in Phys 228 Lecture 14.  This 

case is most easily solved by using an integrating factor (recall the content of Lecture 

10 in 227/8).  Consider 1-D motion in gravity including viscous (velocity-dependent) 

damping (due to air resistance) described by  

 

 .mz bz mg+ =-"" "  (2.27) 

 

We can proceed by treating this 2
nd

 order equation as a 1
st 

 order equation (not 

precisely what K & B suggest, think about the differences).  With the change of 

variables z v="  we obtain  
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This is an equation amenable to an integrating factor (recall Eq. (14.5) in Lecture 14 

in Phys. 228, identify P b m= , which defines a characteristic time constant we can 

label as m bt= , and Q g=-).  We can write (with boundary condition ()0 0v t v= ) 
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Hence, if we release an object at rest, 0 00, 0v t= =, the 

large time (
()

0 , 0
I t

t t et
-

- ­2 ) or terminal velocity is 

just v mg b¤= ¸¤.  Due to the damping the falling 

object reaches a maximum velocity.  This result is, in 

fact, true for any initial velocity, 

() ( ) ()
0
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v t v v v e

-

¤ ¤=- + + .  The characteristic shape of 

this behavior of the velocity is indicated in the figure.  

The velocity falls quickly from its initial value and after the time is a few t the 

terminal velocity is nearly reached. 

 

To find ()z t  we can integrate once more (still choosing 0 0t = ) and find 
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The shape of the corresponding trajectory is indicated in 

the next figure.  The motion is initially linear in time 

with velocity v0.  By a time of order 2t  it has switched 

over to falling and by about 4 t is linear with the 

terminal velocity.  An interesting characteristic of this 

trajectory is the maximum height, i.e., the height when 

the velocity vanishes.  From energy considerations we 



Physics 229    Lecture 2 13 Spring 2008 

know that in the conservative, no damping, case the maximum height grows linearly 

with the initial kinetic energy, i.e., as 
2

0v .  In the current situation with linear viscous 

damping we find rather that the maximum height grows approximately linearly with 

the initial velocity, i.e., with the square root of the initial kinetic energy, 
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 For the simple case where we release the particle at rest at the origin, we find 
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We recognize that the expression inside the last parenthesis is just the power series 

for the exponential in the argument (-t/t), but with the first 2 terms missing, i.e., 

starting with the quadratic term.   

 

Considering the same equation, if you throw a rock straight and it falls back down 

(and hits you in the head ï not so smart but certainly lazy), does it spend more time 

going up or more time coming down?  Since gravity and the viscous damping are in 

the same direction going up but in opposite directions coming down, up downt t< .  Can 

you solve this exercise using energy considerations? 

 

Next consider the case of a driven oscillator (mechanical or electrical).  The 

corresponding version of Newton looks like 

 

 ().mx bx kx F t+ + ="" "  (2.33) 

 




