Lecture2 Motionin One Dimension (See Chapter 2 i & B)

In this lecture we Wl focus on1-D (linearn) motion Much ofthis discussion will be
familiar fromPhys. 227 /8 (beginningith Lecture of that course) The starting
point hereis Newton #Zrom the last lecturér a conservative forca the form

mix= F(X). (2.)
We can process this equation as we did in thecase in Egs. (1.18) to (1.24) in

Lecture 1to find thetotal conserved ener@s follows where we use
F(x)= -dV/ dxand assume that the mass does not vary)

w_dam¥ 0, .. .
_Eae_g > gzmkx F( % x
Y T(L)-T(L) FetT =R§x kdt  =dxi X
X, 1 1 (2.2)
.. adv
- TP ¥(x) Wx)

Y [T +V]t2,X2 3T V]tl,xl E constant.

Even without a simple, or even explicit, form #ix) we can implicitly write down a

solution to this problem in terms of the fixed total energy (given, for example, by the

initial conditions, E =m (0)/2 #/( 0)). We can write

Mo vy W & J3(E vy

. dx

v

m

= °dfy (2.3)

Note that, de to the conservation of energy, we have implicitly performed a first
i ntegration of Newtonds second order
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case of a first order equation that we can address by separation of variables as in Eq.
(2.3). Even without an explicit form for the potential this equation is easy to
interpret. For potentials with a minimuf@ndthatbecome large and positive for

IX|- =), like the HO, if the velocity is nemero at the minimum of the potentiaé.,

E > Vnin, the motion will continue out to the points where the potential energy

matches the constant total energt such gpoint thekinetic energy vanishes,

velocity pases through zero and changes dign,the particle heads back towards

the minimum of the potential. This point is called a (classical) turning plirthe

opposite situation where the potential has a maximum and becomes large and
negative far fronthe origin, the interpretation guitedifferent. This situation

should be thought of as a scattering problem. B=oWNyax the particle comes in

from Ainfinityo WwWiMincreases entlthe danjicledseellecteda s i n
at the turning pmt whereT = 0, E=V <Vyax. FOrE > Vyaxthe particle never stops,

T > 0everywherebutT is minimum at the maximum of the potentidlhe truly

remarkable conclusion from this discussion is that we can analyze conservative
systems even when the dynasji.e. Newt onbébs equation, S
Physics 227/8 that we cahwayssolve the linear case in closed form, but often not

the nonlinear case.)

An interesting examplies the pendulum (see Lecture 9 Appendix A from Phys) 227
where he potential is given by

V =mgl(1 -coxy) (2.4)

With the kinetic energy given 5 = mPg?/2, we can change to the angular variable
and rewrite the resuib Eq.(2.3) as

A =
\/rriZ(E - mgl(1 -cosy))

= °df (2.5)

If E<2mgl, the quantity in the square vanistsesnewherén the physical region,

-p ¢g ¢(note thain this caseyis reallya potentially periodic angle and not the
usual polar anglegndthere will be turning points at the 2 solutions of

1- cosy, =E/mgl, |g| ¢ cos*(1-E/mgl), which serveto define theperiod,
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It is interesting to consider the behavior of this resulEas 2mglfrom below with
G, - f. You should convince yourself that in this limit the period diverges,t
takes infinitely longor the pendulum to just reach the inverted (upside down)

position. So an important lesson here is that, inegahfor nonlinear motion, the
period depends on the amplitude.

For the other possibilitfg >2mgl,t he pendul um fAgoes over
increases monotonically with tinfso now it is clearly not a polar angle)

As we discussdseveral times in Phys. 28/ive are very often interested in the
behavior of a physical system near its equilibrium paoiat, near the minimum of.

If the total energy of the system is not much largerVatthe minimum, the system
never straysar from the minimum and we cabtainan accurate description of the
behavior of the system with the approximation (we choose the originati e
minimumand there can be no first derivative there since it is the minjmum

1

V(X). \/0+5Vi(®) X. 2.7)
Thus the effective spring constant for the effective HO is just the second derivative of
thepotential at its minimumAp pl ying this Alinearizat:.
we find
_ mal , - 4
V(g)=mgl(1 -cos ¢. 0 4? & Of )q{ (2.8)

Thus we obtain the familiar Harmonic oscillator form, wheyes (still) the
maximum angle,
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A (2.9)
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You should confirm that in this limitE 0 mgl, g,, g0 1, the integral in E¢(2.6) can

be evaluated analgally (cosg- cosg - ( ¢q- 2)f72 (=0 q)v( g )/47 ) and the

result for the period is that of E(.9). Notethaivhat K & B | abel th
(with dimensionfulunits of cycles pesecondnstead of radians per seconsl

f=yt =yp2 pg/l/2 .

The less familiar case of a clgaig confined between 2 fixed identical charges 2
apart described in K & B has a potenaald harmonic angular frequency of
oscillation given by

2 o ~ 2 2 2
V(x)= Qal 1 8 q 2a X
4p g¢a+x a-x =4 p a
) 2 ) 2 (2.10
vomke 94y g 32 9
4p ea am pe

Note that as suggested in EB.6) above a simple
guadratic or even symmetric potential is not
required for periodic motion, although it is required
for simple harmonic (single frequency motion).
Consider, for example, a potential tietjuadratic

for x< 0 and linear fox > 0 as in the figuréfor k = -
2,0=1), X

Physics229 Lecture 2 4 Spring 2008



We can find the period of the motion for a particlenafssmand total energ{
either from knowing that we have simple harmonic motion to the left and constant
acceleration to the right, or directly from t{pecewise)integral of Eq(2.3) (with

appropriate changes of variaphe- ( 2E/k) cosyin the first integral and
- (E/a) yin the second integral

dx ¥a . dx

+ rz
0 (E ax)

~

0
n
2 -ﬁ\/zgg_kxz

\/7"/2 J2E/ksingd ¢ \/7 ~ Ea dy
x/E/a (1- y)

71_

_p Im Em . _|/m 2 Em
‘5\/% ‘9\/232 Y ﬁ/g Zvl—é- 212

We recognizehatthe first term is ¥z of the period in a simple harmonic oscillator,
where the period is independent of the amgét{.e., the energy) and the second
term s % the period in a system with a constant restoring faritle asignswitchat
the origin)andalinear potential.

1-O:0On

Another informative example is exercise 2.20 &BS
which is also discussed Appendix B tothis Lecture.Note
that a potential of this form will reappear in Lecture 4
describing the coordinatefor a spherically symmetric 3D *°

20r ‘

harmonic oscillator WMM >0(and conserved)The w0 ’ -
(clearly nonlinearLD systenmof interestis defined by A
12 s 4 s
a_ a* p
m&k2 -nW’ X 95 gx Op,
¢ X =
mid, a o (2.13)
V(X): 5 & = §
C X =
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The minimumof the potentialywhere the force vanigls is clearlyatx = a as
illustrated in the figur€for m= w =a=1). For small oscillations about this point
the effective spring constant and period are given by

d? a _a*|o
— V| =mwW/d B= | mw4 ,
w | T™aETe e %
2.14)
K ) (
W, =,— 2w Yt » 2
m w, w

For more general motiong., not necessarily small amplitudee canstill study this
system by specifyinitial conditiors and findhg the turnng points(whereT = 0)

. 2 3 Y|
VY xa =a? + a2 % al- @ =—+—, &
Xre 202 jg@ 21 2 2 4 2
: (2.15)
Y X, = a2+ :
i w

Note thattheamount of energy put in the system (and hence the subsequent motion)
is parameterized by the initial velocity If v vanishes, the particle simply stays at

the minimum. Now, with appropriate changes of variable, we siamplify the

specific versiorof Eq(2.3) for the period

t/2

o

0

Xrp+ d X

~

xn é a.4
TP- V2 +M/2£a2 _X2 =
¢

1-O: 0Ot |

X
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e dx P 2xdx

Yl‘—2n 2 i
vaf 28 J e %, X -
aRa’ -X V) ae;'L
Y+ e
e L dy dy. =@ v Y2 L
w, &, Vv 0 . 8 2w 4 w
258 +2W2 a:;—y2 a
¢ N (2.16)
A
Vi=tga dy

Note the characteristic featuteat the argument of the square vanishes & the
turning points and that this final result is just like the pendulmnthe linear limit of
small amplitude Here this expression is valid for all amplitudésnally we can
simplify further {.e., another change of variable) and integrate

_ inf & v PR
y—y0+)B|nfg)6 & W yﬁ & 4ﬁv’+

dy= Qecosf dfy vy =D sin)f,y y - ysnD/L

Yt_y/z Dycosfd f 1%

=t @ —/
w pr/]z\/(Dy)z(l Sittf) Wope f 19

The interesting feature here is thidte simple harmonic motiorthe period is
independent of the initial conditien.e., of the initial velocity, and thus
independent of the amplitudé the motion. This isot the usual situatioim a
nonlinear system as illustrated by the dependendéeinriq. (2.6) for the pendulum
In fact, thesystemof exercise 2.2@s simple enough (though nonlinear) that we can
solve it in closed form. With the change of variables used above the first order
equation forx (from energy conservation) becos@trivial equation for7,

e & Vv v Jo,
=y =y, +ydnféy &=— - £ 5/t
=Y D% 5 o Y aw 2 2
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)'{———\/\/2 Ma@ x%aOWT/M Iy y) —

dt 2y
e a 09 (2.18)
Y F=2wY () 2 twy gfo FeinteeV/2W $
6 Q\/a + V/ZW) ey

This last result suggests that we define one final dimensionless parafiretg? 1a,
that encodes the dependence on the initial condii@sthe velocity. Returning
to the initial coordinate (and using the parametgy we can now wie the
remarkably simple result

e
:a\/l 20 2RI1 sin( 2 tw B —z,éil\/’/;;,sin0 P
e

V1A (519

x(t) Vel a(l+hsin2m)§ ©( 1 &
Thus we see that a) the geslanotion is not simple harmonic, b) the general motion
is controlled by a single dimensionless paramétery/2 &, c) the motion is simple
harmonic when this parameter is smiadl,, when the amplitude of the motion is

small and d) theeriod remains the same independent of this parameter. The
following plots illustrate this behavior. The first shows simple harmonic behavior for
small amplitude and the second shows the more complex behavior for large
amplitude (not sinusoidal in timend not symmetric in space), but still with the same
period,t = p(for w=1).
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Note again thatonserved quantitieend symmetries are important for the smart but
lazy.

Tocompleteoud i scussi on | ecbnSesvativeosysteivutliretime lirear n o n
(harmonic) approximation. In particulave note that very often the harmonic

degreé¢s) of freedom igare)coupled to some other degrees of freedom via what we
can describe as a velocity dependent damping term (he mass on the spg is

moving through, andolliding with the molecules d viscous fluid). Thus (near
equilibrium) we really want to solve an equat{@amiliar from Physics 227/8hat
includes such a velocity dependent damping term

mix+ bx +kx & (2.20)

Recall that a similar equation arises in the study of circuits
' 4
L4+ Rq K € (2.21)

and heray is the charge on the capacitor. By the Rule of Feynman the forms of the
solutions,.e., the complementary solutions to the homogenous equd&d®®) and
(2.21), will be identical.

As we learned in Phys. 287ivecanproceedo solve these homogeneous equations
by assuning the familiarAnsatz of the exponential form = X" with X = a

constant (note that in general expectboth X anda to be complex). Asisual this
Ansatz transforms the differential equation iatoalgebraic equation,

mal+ba +k &
\,(a:-b%/b2 4km _ b Abo k 5 -
SR om \@m ¢ m IV @2

We see that both of the constamedy, have units of 1/time. However, their roles
are somewhat different. The time given by dlis related (see above) to the period of
oscillation of theundamped oscillator, while 4is a damping time, characterizing the
time for the amplitude toedodamped by &/i.e., describes how quickly the oscillation
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approaches its asymptotic ual zero in this caseThis time is called the relaxation
time.

For thecase of small damping whefe< g < ¥, the gjuare rooterm is imaginary
ard the motion corresponds to damped, oscillatory motion avifularfrequency
W:Q/ W - g ¢,. We have3 possible formats in which to express this behavior
given by the following

x(t)=e*(%e" fxd") =etoqwt A

_ (2.23)

=€ * (% cog(wt) % sir{ u)) .
We can use the 2 constants atle of thesexpressioa(X;, X, or X,,f or X,,%;) to fit
the initial conditions forx, (0) and % (0). Note that, unlike the (inhomogeneous)

driven case, we are not explicitly taking any real parts here. On the other hand, when
we fit to the (presmably real) initial conditions, we will find a real(t), i.e., X,,7

and X,, %, will be real, whilex, X, will be appropriately complexq + X, =x,,
i()?l— Xz) ;). Since we are typically interested in an oscillator that oscillates

through many periods before it is damped away, the quality factor, or Q, of an
oscillator is defined in terms of the ratio

it lm @[%' (2.24)

2g b/m

In one period of oscillation the amplitude is damped by a facter’df * e /®, or
the rumber of periods in a relaxation time is abQJp .

In the opposite limit withg > ¥, called the ovedamped case, we have instead only
damped behavior.e., thea. are pure real and dohegative {/gz - fy <),

|t alt

x (1) =% e™" + ¢ (2.25)
Note that since the satler damping constant here is less than that above,
la,|< g4 ¢, this solution will approach its asymptotic behavior more slowly than

both the previous one and the next one.
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In the special case of critical dampirg= y with a, = a = -, we find (the reader
should confirm that the following expression satisfieqZEf0))

x(t)=e*(% 9. (2.26)

In all three cases (with >0) thecomplementargolutionto the homogenous
equationdampsto zero asymptoticallyxc(t- 0) =0, but this damping occurs most

expeditiously in the critical damping cas8imilar expressions arise for the undriven
RLC circuit as you may recall from Physics 122.

Before considering the case of a @nvoscillator and the technology of Fourier series
and Green functionsye will consider anothesimple 2° order differential equation
from exercise 2.13 in K & B and used asexample in Phys 228 Lecture.1#his

case is most easily solved by usingr@egrating factor (recall the content of Lecture
10in 227/8. Consider iD motion in gravity including viscous (velociyependent)
damping (due to air resistance) described by

mz+ bz 2 mg (2.27)

We canproceed by treating th&™ order equation as & brder equatiorfnot
precisely what K & B suggest, think about the differepc&¥ith the change of
variablesZ = v we obtain

\'}+Ev =g (2.28)
m

This is an equation amenable to an integrating fdotoallEq. (14.5) in Lecture 14
in Phys. 228identify P =b/ m, which defines a characteristic time constant we can

label ast =y b, andQ= ). We can writqwith boundary conditiorv(t,) = V)

I(t)2 b(t 1) Lh

m t
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t —
Y v(t)= ge'Vpdt & Py el

to

_ mg T 4 )b/m Ht)
= é ﬁ ye (2.29)
= n;g(l e ()) ve't) \g:(l- et Wr) y & W

VE=2,Vp=5
Hence, if we release an object at ra5t=0,t, =0, the v

5
large time { - t, 2 l‘,e"(t) - 0) or terminal velocity is 4%\\

justv, =mg/ b , . Due to the damping the falling i

object reiches a mximum velocity. Thisesult is, in 1

fact, true for any initial velocity, \\é i ; . o
v(t)= v, (& vd)e'Y. The characteristic shape of

this behavior of the velocity is indicated in the figure.
The velocity falls quickly from its initial value and aftthe time is a few the
terminal velocity is nearly reached.

To find z(t) we can integrate once m(gill choosingt, =0) and find

2(1)- 2(0) =ndﬁ\( -cﬁ{ Wy @)y e

I'Tf m -t m
BB

=yt 38
¢

Theshape of theorresponding trajectory is indicated in 2 o
the next figure. The motion is initially linear in time 2~

with velocityv,. By a time of order 2 it has switched 1/
over to falling and by about 4is linear with the :
terminal velocity. An interesting characteristic of this -1
trajectory is the maximum heighte., the height when _,:
the velocity vanishes. From energy considerations we,;

LI
t
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know that in the caservative, no dampingase the maximum height grows linearly
with the initial kinetic energyi,e., asv;. In the current situation with linear viscous

damping we findather that the maximum height grows approximately linearly with
theinitial velocity, i.e., with thesquare root otheinitial kineticenergy,

For thesimple case where welease the particle at rest at the orjgie find

()= vt wr(l &) VE R (2:32)
¢ ' |

We recognize that the expression inside the last parenthesis is just the power series
for the exponential in the argumeni £), but with the first 2 terms missinge.,
starting with the quadratic term.

Considering the same equation, if you throw a rock straight and it falls back down
(and hits you in the heddnot so smart but certainly lazyjoes it spend more time
goingup or more time coming down? Since gravity and the viscous damping are in

the same direction going up but in opposite directions coming dgwfilw,. Can
you solve thigexerciseusing energy considerations?

Next consider the case afdriven oscillator (mechanical or electrical). The
corresponding version of Newton looks like

mik+ bx +kx = }. (2.33)
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