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Lecture 3 ï Appendix B:  Some sample problems from Chapter 3 in K & B.  As you 

think about these exercises, you are encouraged to use Mathematica (or other similar 

programs) to evaluate the various quantities numerically and make plots (like those 

here). 

 

Exercise 3.3 in K & B 

 

Solution:  Here we study the second force in exercise 1.1(b).   In particular, we want 

check whether the line integral of the force (the work due by the force) is path 

independent and thus equal to the negative of the change in a potential energy.   In the 

second integral we integrate along the path ( )Ĕ Ĕ, ,0 1ds x y dt x y t t= + = = ¢ ¢
d

.  We 

have 
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So we learn that the work done depends on the path and thus this is not a conservative 

force.  We can see this also by evaluating the curl and seeing that it is nonzero, 
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Exercise 3.5 in K&B 

 

Solution:  Here we start with a potential and then find the corresponding (vector) 

force and confirm that it has a vanishing curl.  We have, in both rectangular and 

spherical coordinates 
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The corresponding curl looks like 
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or in spherical coordinates 
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Exercise 3.10 in K&B  

 

Solution:  This is a typical central force problem with a point particle moving in a 

plane (say on a frictionless table, i.e., no gravity) about the hole through which we 

pull the string connected to the mass.  Since the force is a central force, the essential 

feature of this system is that the angular momentum (perpendicular to the table) is a 

constant of the motion.  With the given initial angular velocity, w,  the initial 

properties of the system (including the tension or force in the string) and their 

behavior as we reduce the radius r are given by 
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With these results we can calculate the work done to reduce the radius of the orbit 

and compare to the change in the kinetic energy.  We find 
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Thus, as expected, the work performed by the centripetal force to ñreelò in the mass 

supplies the change in the kinetic energy. 

 

 

Exercise 3.12 in K&B  

 

Solution:  Here we still want to focus on angular momentum but with torques 

supplied both by the tension in the string wrapped about the (massless) cylinder 

(radius = 2a) and by gravity acting on the point mass (at radius a).  Thus from 

Newton we have   
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Next we think about this system in terms of energy (note the cylinder spins without 

friction).  There is kinetic energy associated with the angular motion of the point 

mass (but not the massless cylinder) and gravitational potential energy associated 

with the position of the mass.  The change in this total energy will be supplied by the 

work done by the tension in the string.  We have 
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Thus there will be a turning point, where ( )max 0q q ­"  (and oscillatory motion), if the 

argument of the square root vanishes for a value of qmax  < p.  So for simplicity define 
F mga= and consider the constraint for a stopping point, 
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If we consider this expression as a function of qmax, we 

see, as illustrated in the figure, that it has a maximum at 

qmax approximately 2.33 where a takes a value of about 

0.362.  Thus the limiting value of the force is 

 

 0 0.362 .F mg.  

 

For forces of smaller magnitude there will be 2 turning points (0 and qmax, with the 

angular acceleration passing through zero and switching sign at the intermediate 

angle 
1

0 sin 2q a-= ) and the motion will be periodic (oscillatory).  For forces of larger 

magnitude there will be no turning points and the angle will continuously increase.  

The interested student is encouraged to consider the behavior of the period of the 

period motion for F < F0.  As usual for a very small force the motion is harmonic and 

the period can be calculated analytically using the function we learned about last 

quarter.  We have 
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The behavior of the period as we increase the force 

is illustrated in the figure.  As expected the period 

increases rapidly as the force approaches F0 (and 

qmax approaches 2.33).  Note that the quantity a g  

defines the characteristic time constant for this 

system (with units of seconds). 

 

 

Exercise 3.13 in K&B 

 

Solution:  Now consider a system similar to that in the previous exercise but with the 

constant tension in the spring replaced by a mass of m/2.  First consider Newton for 

the two masses in terms of the tension (force F) in the string and the angle variable.  

We have 
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Now combine these (the first plus twice the second) to eliminate the string and find 
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Note that in this case the angular acceleration vanishes at2q p= , but never switches 

sign ( 0q²"" ).  So we do not expect periodic behavior.  Since all parts of the problem 

can be described by kinetic and potential energies, we can again find the angular 

velocity from energy conservation.  We have 
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As expected from the previous comment, in this case the 

angular velocity never vanishes (see the figure), and there 

are no turning points. The angle simply continues to 

increase monotonically, if not with constant velocity.  

During this motion the tension in the string satisfies 

(eliminate the angular acceleration instead of the tension 

above by subtracting the two equations) 
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So, unlike the system of the previous exercise, 

the tension in the string here is far from constant.  

In particular, the tension in the string vanishes 

(first) at ( )1sin 1 2 7 6 3.66Fq p-= - = .  as 

indicated in the figure.  At larger angles the 

equations above are inaccurate because the string 

cannot supply a negative force, only a positive 

tension.  So for some time after this point the two masses will move independently.   

Eventually the string will tighten again and there will be a positive tension in the 

string.  Can you calculate when that happens? 

 

For fun let us consider this system in the language of Lagrange, 
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just as above.  Even more interesting, you are encouraged to study this system as two 

separate systems with q  describing the mass m on the cylinder, z describing the mass 

m/2 on the string, and the constraint z + 2aq  Ó 0 (note z Ò 0), where the inequality 
(rather than equality) is true when there is no tension in the string. 

 

 

Exercise 3.19 in K&B 

 

Solution:  Here we have a point particle moving in a plane (2D motion) under the 

influence of a force arising from a potential, i.e., itôs a conservative system and the 

total energy is conserved.  Of special interest here is the question of stability at points 

of apparent equilibrium.  The potential is given by (in the ñpolarò coordinates of 

K& B, and Boas, where I would use ordinary cylindrical coordinates, r and f; note in 

particular that q is really an azimuthal (or periodic) angle with range from 0 to 2p, 
and not a polar angle) 
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with k, c and g all positive constants.   The first term diverges in the positive sense as 

r ­ 0, but in the negative sense for r ­¤.  However, the second and third terms will 

dominate and lead to large potential values for large r, but in a way that depends on 

the angle.  We can find the force by taking the gradient in these variables (recall that 

in these coordinates the unit vectors themselves have time derivatives, see the review 

at the beginning of Lecture 4, Ĕ ĔĔ Ĕ,r rqq q q= =-
"" " ") 
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So equilibrium (no motion, 0r r q q= = = =" """ "" ) requires that the force (both 

components) vanish and the possible equilibrium points are given by 
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Since the denominator in the second line has the possibility of changing sign, we 

must consider two distinct possibilities.  If (a) c > g, there are two possible points of 

equilibrium, ( )0, r k c gq= = +or ( ), r k c gq p= = -.  Alternatively, if (b) c < g, 

there is only one possible point of equilibrium, ( )0, r k c gq= = +, since the other 

solution corresponds to the unphysical situation r < 0.  Note for the boundary case c = 

g the second solution moves off to infinity.  The question now is whether these points 

correspond to stable equilibrium ï are they the bottoms of valleys, the tops of hills, or 

(new to 2D) saddle points (a local minimum in one direction, but a local maximum in 

the other).  To check this we consider the form of the equations of motion near these 

3 points, keeping the first order terms in the deviations from the equilibrium points 

(i.e., take second derivatives of the potential and expand about the potential 

equilibrium points with 0r r q q= = = =" """ "" ) 
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So this case has a restoring force in the radial direction but the force is repulsive in 

the q direction Ý saddle point or unstable equilibrium.  Next consider 
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So in this case there are restoring forces in both directions Ý local minimum in the 

potential or stable equilibrium.  Finally consider the third point 
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So, like the first case, this point corresponds to a restoring force in one direction and 

repulsive in the other Ý saddle point or unstable equilibrium. 

  

The following figures illustrate these points pictorially both in terms of a 3D plot of 

the potential and in terms of 1D slices through the potential (parallel to the 

rectangular axes) at the equilibrium points.  Compare the true minimum in the second 

case to the saddle point in the other two.  The 

logarithm terms gives the expected strong 

repulsive effect at the origin. 

 

For c > g we can see the 2 equilibrium points 

(minima) at x = 1/3 and x = -1by taking a slice 

along the x-axis as in the next figure. 

 

 

 

 

 

 

 

 

 

 

However, when we take orthogonal slices (parallel to the y-axis) we clearly see that 

while the point at x = -1, y = 0 (q = p) is a true minimum, the other point, x = 1/3, y = 

0 (q = 0) is a saddle point (a local minimum in x but a local maximum in y). 


