Lecture 3 AppendixB: Some sample probleniom Chapter3in K & B. As you

think aboutthese exercisegou are encouraged to use Mathematica (or other similar
programs) to evaluate the various quantities numerically and make plots (like those
here).

Exercise BinK&B

Solution Here we study the second force in exercise 1.1(b)particular, we want
checkwhetherthe line integral of the force (the work due by the force) is path
independent anthusequal to he negative of the change ipaential energy. In the

second integral we integrate along the pdatv (K +)Edf X ¥ 18 t@ We
have
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So welearn that the work done depends on the path and thus tlusasonservative
force. We can see this also by evaluating the curl and seeing that it is nonzero,
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Exercise 3.5n K&B

Solution Here we start with a potential and then find the corresponding (vector)
force and confirm that it has a vanishing cuWe havein both rectangular and

sphericakoordinates
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Exercise 3.10n K&B

Solution This is a typical central force problem with a point particle moving in a
plane (say on a frictionless tabie,., no gravity) abouthe hole through which we

pull the string connected to the mass. Since the force is a central force, the essential
featue of this system is that the angular momentum (perpendicular to the table) is a
constant of the motionWith the given initial angular velocityy, the initial

properties of the system (including the tension or force in the saimdjheir

behavior asve reduce the radiusaregiven by
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With these results we can calculate the work done to reduce the radius of the orbit
and compare to the change in the kinetic energy. We find
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Thus, as expected,he wor k performed by the centr.i
supplies the change in the kinetic energy.

Exercise 3.12n K&B

Solution Here we still want to focus on angular momentum but with torques
supplied both by the tension in the string wregh about the (massless) cylinder
(radius = A) and by gravity acting on the point mass (at radjusThus from
Newton we have

J=mr’w =mdgq

"Jl = man :%ravity Qtring :rngain q 2 a{

Y g2 Ssin g 2t
a ma

Next we think about this system in terms of energy (note the cylinder spins without
friction). There is kinetic energy associated with the angular motion of the point
mass (but not the massless cylinder) and gravitational potential energy associated
with the position of the mass. The change in this total energy will be supplied by the
work done bythe tension in the string. We have

T:%&Z, V =mggl eos ¢,

E=T &, B &
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Thus there will be a turning point, whea'fé gax) - 0 (and oscillatory motion), if the

argument of the square root vanishes for a valug,gf< p. So for simplicity define
F =amgand consider the constraint for a stopping point

%qmax- g(l cosq.) 8 2 a4 (L cos,p

a
0.5;

If we consider this expression as a functiomgf, we
see, as illustrated in the figure, that it has a maximum at” P
Omax @approximately 2.33 wher takes avalueof about ~ °° :
0.362. Thus the limiting value of the force is 0.2,

0.1

F,. 0.362ng g,
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For forces of smaller magnitude there will be 2 turning points (Qgaggdwith the
angular acceleration passing through zero and switching sign at the intermediate

angleq, =sin* 2 ¢ and the motion will be periodic (oscillatory). For forces of larger

magnitude there will be no turning points and the anglecwiitinuously increase.

The interested student is encouraged to consider the behavior of the period of the
period motion foilF < Fy. As usual for a very small force the motion is harmonic and
the period can be calculated analytically using the functiolear@ed about last
guarter. We have
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The behavior of the period as we increase the forcg_o:
is illustrated in the figure. As expected the period ;s

increases rapidly as the force approadhgsnd 2.0; /
Gmax @pproaches 2.33Note tha the quantity/a/ g 15 —
10—

defines the characteristic time constant for this

system (with units of seconds). 0.5

00 05 10 15 20 Jm=
Exercise 3.13 in K&B

Solution Now consider a systesimilar tothat in the previousxercisebut with the
constant tension in the spring replaced by a masg2fFirst consider Newton for
the two masses in terms of the tension (féfcan the string and the angle variable.
We have

J =mPw =md g

méq _C-E’;rawty ﬁtrlng :rr]gain q 2 a{

Now combine these (the first plus twice the second) to eliminate the string and find

72 9angd vad s
asm q Yq3a(1 sin )

Note that in this case the angular acceleration vanislges g2, but never switches

sign (@2 0). So we do not expect periodic behavior. Siitearts of thesroblem
can be described ymetic and potential energiese canagainfind the angular
velocity from energy conservatioWWe have
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As expected from the previous comment, in this case thg zg
angular velocity neveranishes(see the figure), and there 3%

are no turning pointsThe angle simplgontinueso 23 _—
increasemonotonically if not with constanvelocity. jg /
During this motion the tensidn the string satisfies ’ e

(eliminate the angular acceleration instead of the tensmp :/ ——
aboveby subtracting the two equatigns /
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So, unlike the system of the previous exercise, |
the tensiorin the string here is fdrom constant. 94
In particular, the tension in the string vanishes 0.2
(first)at g =sin*( 42 Zp6 3.6tas
indicated in the figureAt larger angles the 0.2
equations above are inaccurate because the string
cannot supply a negative force, only a positive 0.4
tension. So for some timeaafter this pointhetwo masses will move independently.
Eventually the string will tighten again and there will be a positive tension in the
string. Can you calculate when that happens?

For fun let us consider this system in the laaxge of Lagrange,
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Y g= ( -sin ¢,

just as aboveEven more interestingou are encouraged to study this system as two
separate systems withdescribing the mass on the cylinderz describing the mass

m/2 on the string, and trednstraintz+24a O 0 (note z O 0), whe
(rather than equality) is true when there is no tension in the string.

Exercise 3.19 in K&B

Solution Here we havea point particle moving in a plarigD motion) under the

influence of a forcarisingfrom a potentialie. , 1t 6s a conservat.i
total energy is conservedf special interest here is the question of statalitgoints

of apparent equilibriumThe potential is given by (thefip ol ar 0 coor di na
K& B, and Boas, where | would use ordinary cylindrical coordinatasd7; note in

particular thatgis really anazimuthal(or periodic)anglewith range from 0 to 2,

and not a polar angle

V= kinr e grcosg.

with k, c andg all positive constants.The first term diverges in the positive sense as
r - 0, but in the negative sense for @. However, the second and third terms will
dominateand lead to large potential values larger, but in a way that depends on
the angle. We can find the forbg taking the gradient in these variab(escall that

in these coordinates the unit vectors themselves have time deriyaiedbe review

at the beginning of Lecture E=q';::7 E: T
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So equilibrium fo motion,¥ =r "% =g 0) requires that théorce (both
components) vanishnd the possible equilibrium poirdse given by

F,=0 Ysing =0 Yq Sor ,

F=0vVr =~
C+ gcosg

Since the denominatan the second line has the possibility of changing sign, we
must consider two distinct possibilities. (#) c > g, there are two possible points of

equilibrium, g=0,r =k/(C g‘)or qg= pr =k/(C g). Alternatively, if(b) c < g,
thereis only one possible point of equilibriurg,=0,r :k/(c g), since the other

solution corresponds to the unphysical situatien0. Note for the boundary case

g the second solution moves off to infinitfhe question now is whether thgsmnts
correspond to stable equilibritimare they the bottoms of valleys, the tops of hills, or
(new to 2D) saddle points (a local minimum in one direction, but a local maximum in
the other). To check this we consider fiblem of the equations of motiamear these

3 points keeping the first order terms in the deviations from the equilibrium points
(i.e., takesecond derivatives of the potentaadd expand about the potential

equilibrium points with* =r "& = 0)
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So this case has a restoring force in the radial directiotinéudorce is repulsivan
the gdirectionY saddle poinbr unstable equilibrium Next consider
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Soin this case therare restoring forcein both directionsy local minimum in the
potential orstable equilibrium Finally considerthe third point

(b)c<gg H H.q X r
c+g
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So, like the first case, this point corresponds to a restoring force in one direction and
repulsive in the otheY saddle poinbr unstable equilibrium

The fllowing figures illustrate thegaoints pictorially both in terms of a 3D plot of

the potentiband in terms of 1D slices through the potential (parallel to the

rectangular axes) at the equilibrium points. Compare the true minimum in the second
case to the saddle point in the other tWhe

logarithm terms gives the expected strong

repulsive effet at the origin.

Forc > g we can see th& equilibrium points
(minima)atx = 1/3 andx = -1by taking a slice
along the xaxis as in the next figure.

However, when we take orthogonal slices (parallel to/thris) we clearly see that
while the point ak=-1,y =0 (g= p) is a true minimum, the other pointz 1/3,y =
0 (g=0) is a saddle point (a locainimum inx but a locaimaximum iny).
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