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Lecture 6 – Potentials (Chapter 6 in K&B) 

  

As we have discussed many times the use of potentials to encode information about 

forces is extremely helpful.  Potentials that are scalars are typically easier to work 

with than vector forces and help to easily specify information such as symmetries.  

This is especially true for the 1/r potential of both gravity and electromagnetism.  The 

analysis of such potentials is simplified by the features of the Legendre Polynomials 

(and the spherical harmonic functions) that we studied last quarter.  Recall especially 

the properties of the generating function for the Legendre Polynomials that we 

studied in Phys. 228 Lecture 21, some of which we repeat here.  Recall that we had  
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Recall also how the 1 r  behavior arises because it is the behavior of the Green’s 

function for the inhomogeneous Laplace equation (the Poisson’s Equation) 
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We can verify that this expression has the correct behavior by using our knowledge of 

vector analysis, 

 

 

[ ]

2

2 2 2

2 2

2

2

sphere sphere

2

2 2

sphere

ˆ1 1 1
ˆ ˆ

4 4 4 4

2 1 2
0 0 ,

4 4

ˆ1

4 4

ˆ 4
1.

4 4

r
r r

r r r r

r
r r r

r
d d

r r

r r
d

r r

p p p p

p p

t t
p p

p
s
p p

å õ å õ å õ
Ð - =ÐÖ = ÖÐ + ÐÖæ ö æ ö æ ö
ç ÷ ç ÷ ç ÷

- å õ
= + = >æ ö

ç ÷

å õ å õ
Ð - = ÐÖæ ö æ ö
ç ÷ ç ÷

= Ö = =

ñññ ñññ

ññ

d d d

d

d

 (6.3) 

 

These properties are precisely those of the 3-D Dirac delta function.  Now consider 

an observer at point r
d

and a point charge (or mass) at the point R
d

 in some coordinate 
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system.  The electrostatic potential (energy) per unit charge is given by 
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where q is the angle between r
d

and R
d

.  For r R>  (the “far region”) we can expand in 

terms of the dimensionless ratio R r  (since it is less than 1) using Eq. (6.1) 
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In the opposite limit, r R< , we simply expand in terms of r R .  We can also express 

this relationship in terms of explicit scalar products in the form 
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To help with the interpretations of the various terms in this expansion consider the 

potential that arises from a charge q at R
d

 and a charge –q located at the origin.  We 

find 
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Since the first term in the expansion of the Eq. (6.6) (the R
d

independent term) has 

canceled, the first non-zero term is linear in R
d

and is called the electric dipole 

moment, d qR=
d d

 (i.e., directed as a vector from the negative charge to the positive 

charge).  The corresponding potential and electric fields (in spherical coordinates) are 

given by 
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If we want a potential with only the contribution of the dipole, we should consider the 

limit R goes to zero, q goes to infinity with the dipole moment d fixed.  In this case 

all the higher order terms in Eq. (6.7) vanish (due to the higher powers of R).   

 

Next consider the potential due to two dipoles, the one discussed above at the point 

R
d

 (but with d
d

and R
d

 not necessarily parallel) and a dipole d-
d

 at the origin.  In this 

case the potential is given by (linear superposition) 
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Now the leading terms is the so-called electric quadrupole moment with magnitude 

4Q dR= , where the factor of 4 is by convention to simplify subsequent expressions.   

 

In the special case where d
d

and R
d

are parallel (and parallel to the z-axis) we have  
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Again we have axial symmetry and no azimuthal electric field. 

 

Finally consider the potential due to a continuous charge distribution ()Rr
d

.  We can 

write ( ()3q d R Rr­
d

) 
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If the distribution is of finite extent, e.g., ɟ vanishes for
0R R> , and we want the 

potential outside of the charge distribution, 
0r R> , we can expand and write 
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Recall the element of 3D volume is given by 

 

 
3 2 2 sin .d R dxdydz R dRd R dR d dq q j= = W=  (6.13) 

 

We recognize the expression in Eq. (6.12) as the usual multi-pole moment expansion 

in a coordinate system with the z-direction along r
d

.  The case 0l =  is the total charge, 

while 1l =  is the dipole moment, etc.   

 

As an example, consider a spherically symmetric shell of charge of radius a and 

thickness da with uniform charge density ɟ.  From Eq. (6.11) the potential due to this 

charge distribution is given by 
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Thus the potential and the electric field inside and outside of the shell, written in 

terms of the charge in the shell, 
24dq a dapr= , are given by 

 

 

() 0

shell

0

2

0shell

4
,

constant
4

ˆ
4 .

0

dq
r a

r
r

dq
r a

a

dq
r r a

rE

r a

pe
f

pe

pe

ë
>î

î
=ì
î = <
îí

ë
>î

=ì
î <í

d

 (6.15) 

 

Due to the symmetry, the potential and electric field outside of a spherically 

symmetric charge distribution are identical to those due to a point charge at the 

origin.  Inside of the charge distribution we must calculate.  Inside of a hollow 

spherical shell of charge the potential is constant and the electric field vanishes.  For a 

solid sphere of radius a with uniform charge density ɟ we have (
34 3q ap r= ) 
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Outside of the sphere the system is again like a point charge at the origin, while 

inside of the sphere the potential is slowly falling and the electric field is increasing 

linearly with the radius (from zero at the origin).   

 

For situations with less than complete spherical symmetry the higher multiple 

moments in Eq. (6.12) will in general be nonzero.  If the net charge and the dipole 

moment are nonzero, we can always remove the dipole by moving the origin to the 

center of charge (COC), 
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Thus, in some sense, the first non-trivial moment (beyond the net charge) is the 

quadrupole moment (Eq. (6.9)) defined by 
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If the charge distribution is not spherically symmetric, but still axially symmetric so 

that for a specific choice of the z-axis ɟ does not depend on the azimuthal angle, there 

is still a useful level of simplification.  We make such a choice and use cylindrical 

coordinates.  With , ,r z r j­
d

 and , ,R z r j¡ ¡ ¡­
d

and the choice to measure j¡from 

the r̂axis we have (for clarity we will userto represent the charge density) 
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We can now define the quadrupole moment via 
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If the charge density is uniform inside an ellipsoid of revolution with major axes (a, 

a, c), we can perform the integrals (try them) to find the total change and quadrupole 

moment given by  
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Thus for prolate distributions (think American football) with c > a we have Q > 0, 

while for oblate distributions (like the earth) with c < a we find instead Q < 0.   

 

We can now have a more serious discussion of the shape of the earth.  As we 

discussed earlier the forces on a (still) fluid must be normal to the surface of the fluid.  

If the force has a tangential component, the fluid will move in response, but, by 
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assumption, the fluid is not moving.  Hence, for a force defined as the gradient of a 

potential, the surface of the fluid will be normal to the gradient, i.e., the surface will 

(necessarily) lie along an equi-potential surface (in 3-D).  Hence in the frame rotating 

with the surface of the earth where the forces (on still water) arise from gravity and 

the centrifugal force, the surface of the water will be an equi-potential surface and we 

take this as a working model for the earth itself.  Including both the centrifugal effect 

and the quadrupole moment we have an effective potential 

 

 ( )
2

2 2 2

2 2

 constant,

1
1 cos sin constant.

2

g c

E
E

RG
M J P r

r r
q w q

F +F =

è øå õ
- - - =é ùæ ö

ç ÷é ùê ú

(6.22) 

 

In this expression we have used the following definitions 
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The parameter J2 (= 1.083 x 10
-3

) is a conventional dimensionless measure of the 

quadrupole moment.  For an equi-potential surface we want the same value for the 

potential at q = 0 (the north pole) and q = p/2 (the equator) and we want to determine 

the values of the radius at the surface at the 2 points that yield this result.  We define 

the small difference via 

 

 ,E P E PR R R a c R RD ¹ - = -0  (6.24) 

 

and use the smallness of this perturbation to expand the expressions for the potentials 

to first order.  In particular we can write 
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and 
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The constraint that these two expressions are equal yields the following relation  
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where we have kept only the first order terms in the “physics” perturbations due to 

the quadrupole moment and the centrifugal force, both of which are assumed to be 

small.  The quantity Ů is the oblateness, the 3D version of the eccentricity.  Using the 

value for J2 and the known properties of the earth and its rotation we have 
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in good agreement with the measured values.  On the other hand, if the earth were of 

uniform density we would expect (from Eq. (6.21)) that 2 2 5J e= , which apparently 
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does not exactly describe the earth (i.e., 2 3J e. in reality).  In fact the earth is 

denser near the center (see Exercise 6.15 in Appendix B).   

 

We can also analyze this problem by considering the behavior of the local 

acceleration of gravity.  As we discussed above the local gradient of the effective 

potential is expected to be normal to the surface and is the force we experience in the 

rotating frame we live in.  We also saw that to 3 parts in a thousand the earth is round 

and the local normal force is in the radial direction to that level of approximation.  

We proceed to take the gradient and find (in slightly different notation than the text, 

i.e., the centrifugal term is explicit) the two vector components of the effective 

gravitational acceleration to be ( , ,
ˆˆ

eff eff r effg g r g qq= +
d

) 
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Since we want to compare the gravitational acceleration at the pole to that at the 

equator, we will focus here on the radial component, (the polar angle component 

vanishes at both points).  All the terms except the first one are small (either because 

the radius of the earth is large or because the angular velocity is small or because the 

quadrupole perturbation is small) and we can expand in the small quantities.  We 

proceed by giving a label to the acceleration at the equator, 
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and expand in small quantities around the equator (i.e., with respect to cosq).  Due to 
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the quadrupole deformation we have 
2cosER r R q- =D  on the surface.  Thus 

expanding to first order in the small bits gives the result of Clairaut, 
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In the next to last step we used the relation   
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and in the last step we pulled the leading form of gE out of the second term, which is 

okay since that term is already first order in the small quantities.  Finally we can look 

at numbers to find 
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Evaluating the second term is this expression numerically we find 
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Again we find good agreement ( 20.0034, 0.0011Je= = ).   

 

As discussed in the text, the presence of this quadrupole moment in the gravitational 

potential of the earth introduces a precession in the motion of earth satellites, which 

can be used to measure the quadrupole moment (along with higher order corrections).  

The fact that the radial gravitational force is not longer purely 1/r
2 
leads to the 

precession of the major axis of the orbit within the orbital plane (recall exercise 4.27).  

The fact that the acceleration is no longer purely central (see Eq. (6.29)), means that 

there is a moment (torque) and the orbital plane itself precesses (see exercise 6.25, 

and recall the discussion of Larmor).   Similar effects arise for the planets orbiting our 

slightly oblate sun.  

 

Another way to look at the earth-moon system is in terms of the perturbation of the 

gravitational potential near the earth’s surface due to the moon.  This perturbation has 

the form of a point mass displaced from the origin as in Eq. (6.4), which we can 

expand in the near zone.  We find, denoting the radius of the moon’s orbit as a 

(approximating it to be a circle), this potential to be 
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The first term is just a constant, while the second is the acceleration of the earth 

towards the Moon.  Here we are interested in the third term, the quadrupole term, 

which leads, in part, to the tides on the earth.  The important point here is that, due to 

the rotation of the earth, the variation in cosine ɗ is periodic in time.  Since the 

quadrupole term is even in cosine ɗ, the fundamental period is (approximately) 12 

hours.  Since the plane of the moon’s orbit is not exactly orthogonal to the axis of the 

earth’s rotation, there is an even smaller perturbation with a period of 24 hours.  The 
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dimensionless size of the 12 hour perturbation is given by the ratio of the acceleration 

due to the quadrupole to the usual acceleration at the surface of the earth, 
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Hence this perturbation is substantially smaller than the ones we have already 

discussed.  On the other hand, the time dependence leads to the interesting 

phenomenon of tides, which arise because the oceans really are fluid and can respond 

to the time dependence of this perturbation.  We should also note that the sun, which 

is much further away but also much more massive, leads to a perturbation of 

comparable size and time dependence.  The quadrupole term due to the sun is 

characterized by 
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i.e., with a magnitude within a factor of 2 of that due to the moon.  To see how the 

tides arise we make the simple approximation that the earth is composed of a rigid 

core surrounded by a layer of water.  The water will then respond to these quadrupole 

perturbations so that the surface of the oceans is a gravitational equi-potential.  

Equating the perturbation in the depth of the ocean (the height of the tide) with the 

perturbation in the gravitational potential we have   
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Thus the natural scale for tides in the open ocean is tens of centimeters.  The 

corresponding number for the perturbation due to the sun is 16 cm.  The larger tides 

observed near the shores of the ocean include the effects of the local topology, 

including the possibility of enhancements due to resonance effects at the frequency of 

the perturbations.  Note also that the magnitudes of the tides are effected by whether 

the sun and moon act in concert, when the centers of the earth, moon and sun are 

approximately aligned (the large spring tides), or when the moon and sun act at right 

angles, the smaller neap tides. 
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 Finally we note that, as we discussed in Lectures 12 and 13 in Phys. 227 and then 

Lecture 26 in 228, we can use potentials and vector analysis to express E&M in terms 

of totally local equations (the equations of Maxwell) instead of the integral version, 

e.g., Gauss.  For example, with charge density ɟ we have Poisson’s equation (which 

becomes Laplace when there is no charge present) 
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For gravity (with mass density ɟ) we have 
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Using the methods learned in Phys. 227 and 228 (and the intuition from 229) you will 

soon be solving these equations. 


