
Physics 229    Lecture 8 1 Spring 2008 

Lecture 8 ï The N-Body Problem (Chapter 8 in K&B) 

  

We now want to finish the discussion of N-body systems initiated in Lecture 1 and 

repeated at the beginning of Lecture 7.  Recall that Newtonôs 3
rd

 law tells us that  
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where we used the symmetry of the second sum to write it in a form that clearly 

vanishes due to the asymmetry of  the pair wise forces, jk kjF F=-
d d

, i.e., due to the 2
nd

 

law.  Thus the rate of change of the total momentum of our system of N point 

particles is just given by the total external force.  Thus we are encouraged (being lazy 

but smart) to define center-of-mass (CM) coordinates (denoted by asterisks) as  
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Thus the system as a whole (the motion of the CM system) obeys Newton in the form 
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The motion of the CM of the N-body system is determined by the net external force, 

independent of the internal forces.  If the net external force is zero, the total 

momentum P
d

 is a constant of the motion.  As an example of the relevance of this 

result consider a semi-realistic model of a rocket ship where the mass of the rocket 

varies as the fueled is burned.  Also consider a rocket in interstellar space where we 

ignore gravity.  If the rocket exhaust expels matter with constant relative velocity u, 

we use conservation of linear momentum for the entire N-body system (before and 

after the little bit of exhaust is expelled) to show that (to first order in small 

differentials, dm = - dM where dm is the exhaust gas and dM is the change in the 

rocketôs mass)  
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Assuming that the mass of the rocket plus fuel is M0 when the rocket starts at rest, we 

can integrate to find  
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Only 1/e of the initial rocket plus fuel system is left when the rocketôs velocity 

matches the exhaust velocity.  Clearly it is important to have a very large exhaust 

velocity.   
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Returning to general discussion of the N-body system we recall that the angular 

momentum of the system can be expressed in separated form, a term due to the 

motion of the entire system (treated as a single particle at the CM) about the 

externally defined origin and a term due to the motion of the individual particles with 

respect to the origin in the CM system, 
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where the middle 2 terms in the middle line vanish due to the definitions in Eq. (8.2).  

Assuming that the internal forces are central (as we argued in Lecture 1, although the 

results here will turn out to be more general), the dynamics of the angular momentum 

are described by  
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The variation of the total angular momentum is determined entirely by the external 

forces.  If these forces vanish, e.g., an isolated N-body system, or if they are 

themselves central, then the total angular momentum is constant, 

 

 constant.J=
ggggggggdd

 (8.8) 
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We can also look at the time derivatives of the 2 contributions to the total angular 

momentum in Eq. (8.6) separately.  We find first that 
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Then by subtraction we find 
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Although it may seem intuitively reasonable that the rate of change of the angular 

momentum with respect to the CM is given by the moment (torque) of the external 

forces with respect to the CM, this result still has many remarkable features.  In 

particular, it is true even if the CM system is not an inertial system, e.g., even if the 

CM is accelerating.  This feature greatly simplifies our upcoming study of the motion 

of rigid bodies.  Eq. (8.10) means that if the external forces vanish, as for an isolated 

system, the total angular momentum (with respect to some arbitrarily defined origin) 

and the angular momentum in the CM system are separately constants of the motion.  

If the external forces have zero moment with respect to the CM, e.g., in a uniform 

gravitational field the external force acts through the CM, the angular momentum in 

the CM system is constant. 

 

An informative application of these ideas is to the familiar system composed of the 

sun, the earth, and the moon.  Decomposing the angular momentum of the system we 

have 
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This decomposition of the total angular momentum into the orbital angular 

momentum of the earth-moon system about the sun, plus the orbital angular 

momentum of the earth-moon system about its CM, plus the ñspinò angular 

momentum of the earth about its rotation axis and, finally, plus the ñspinò angular 

momentum of the moon about its rotation axis is a very general and useful procedure.  

It has direct analogies in quantum mechanics.  For example, the total angular 
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momentum of an atom is composed of the orbital angular momentum of the electrons 

about the nucleus, plus the sum of the spins of the electrons, plus the spin of the 

nucleus, which is itself the sum of the spins of the individual nucleons plus any 

orbital angular momentum of the nucleons about the CM of the nucleus.  The only 

funny business in QM is that we must account for the quantization of the angular 

momentum vectors, which then do not exhibit addition in quite the form we are 

accustomed to.  Returning to the sun, the earth, and the moon system we note that, 

since the sunôs gravitational field is approximately uniform (radial) in the region 

traversed by the earth-moon system and since the earth and moon are both nearly 

spherically symmetric, the 4 terms in Eq. (8.11) are nearly decoupled and separately 

nearly constant.  Besides the effects mentioned (the sunôs field is slightly non-

uniform and the earth does have a quadrupole momentum leading to a precession of 

both the plane of the moonôs orbit and EJ*
d

), the tides also have an impact due to tidal 

friction.  The bulge corresponding to the tide wants to line up with the moon while 

the friction with the surface of the earth tends to carry the bulge along with the 

rotation of the earth.  The net result is an earth-moon system that is losing energy as 

the earthôs rotation is slowed, while at the same time the system is conserving total 

angular momentum (the same tidal coupling tries to increase the angular velocity in 

the rotation of the earth-moon system).  To obtain a simple analysis of this system we 

ignore the (small) ñspinò angular momentum of the moon, express the angular 

momentum of the earth-moon system in terms of the moment of inertia for the earth-

moon pair (
2I am= , recall Eq. (8.11)) and the earth (

20.33 E EI M R. , recall that a 

uniform sphere would yield 
20.4 E EI M R= ), and assume that all angular momenta are 

in the same direction.  With ɋ as the moonôs orbital angular velocity we have 
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Defining the current rotation rate of the earth to be 0w  and dividing by it, and then 

plugging in numbers for the current situation we have  
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Using the relationship between the angular frequency and orbital radius for a 1/r 

potential orbit we also have 
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Combining this result with Eq. (8.13) we have  
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Comparing Eqs. (8.14) and (8.15) (see Fig. 8.4 in 

K&B, reproduced here) we conclude that there are two 

ñstableò solutions (in this simple model) where 

EwW=  and tidal friction ceases to act.  The smaller 

value, corresponding to 2 2 5Ep p wW= < hours and 

2.3 Ea R. , is inside the Roche limit (see exercise 6.20) 

and tidal forces would break up the moon.  (At even 

smaller earth-moon separation the system is unstable 

and tidal friction plus angular momentum conservation 

would serve to speed up the rotation and decrease the separation!)  Instead this simple 

model suggests that the rotation rate of the earth is being slowed down by tidal 

friction and the moon is moving further from the earth (a increases) in order to 

conserve angular momentum as in Eq. (8.15) (think about the ice skater again).  As 

the moon moves out, the orbital angular velocity of the moon also decreases as in Eq. 

(8.14).  We are led to the second stable  state of this (overly simplified) model of the 

earth-moon system where the earthôs rotation velocity is again matched to the orbital 

angular velocity of the moon (so no more tidal friction) at a rate of 1 cycle in about 

48 current days with the moon approximately 50% further away.  This is clearly not 

the entire story.  At the very least the tidal friction associated with the solar tides 

would continue to slow the rotation of the earth leading to the moon moving closer to 

the earth again, although on an extremely long (cosmic) time scale. 

 

Next we consider the kinetic energy, which can also be expressed in terms of the 

motion of the CM and motion within the CM.  We have 

 

Fig. 8.4 
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If the internal pair wise force is described by a potential, we can express the energy of 

the N-body system in terms of the sum of the kinetic and potential energies, 
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The last term describe the total energy in the CM, which the first term describes the 

kinetic energy associated with the motion of the CM.  If there are external forces, the 

work done by those forces will yield a time rate change of this energy, 
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which can again be decomposed into 2 separate relations 
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If the external forces can also be described via a potential we can define both a total 

conserved energy and a Lagrangian, 
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The internal potential energy is a function only of coordinate differences and is thus 

independent of the choice of reference frame, while the external potential energy will 

typically depend on that choice.  After expressing the Lagrangian in terms of the 

coordinates of our choice, we can use the Euler-Lagrange equations to find the 

corresponding equations of motion.  If the external potential can be expressed as a 

function of only the coordinates of the center-of-mass ( R
d

) (or as the sum of such a 

function plus a function of only the coordinates in the CM system), the Lagrangian is 

separable  
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and the E-L equations will split into 2 sets, one for the motion of the CM and one for 

the motion within the CM.  Similarly the 2 components of the total energy, CM extT V+  

and intT V*+ , will be individually conserved.  An example of this structure is the case 

of a uniform external gravitational field, extV Mg R=- Ö
dd

.  Due to this decoupling of the 

dynamics no measurement in a laboratory can detect the presence of a uniform 

external gravitational field.  This consideration helped lead to general relativity. 

 

 

 


