Physics 228 Winter 2008 Final Exam Results:
Average Score = 22.9 = 45.8 % out of 50 total points

Median Score = 23
Maximum Score = 42

Minimum Score =0
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As with the midterm exams silly algebraic and transcription errors were an issue.
These results also indicate some more serious conceptual issues, especially related
to the special mathematical functions that appear as solutions of Laplace’s
equation. Of particular importance is the role of complete/orthogonal functions
which remains mysterious to many. More detailed comments can be found in the
solutions on our web page. Here we will offer only some general comments.

As usual the first exercise involved only definitions and/or simple tasks. Part A)
involved thinking about the Associated Legendre functions and noting that, since
the Legendre polynomials constitute a complete set on the interval -1 <x <1, any
function can be expanded in a sum of Legendre polynomials (on this interval).
Contrary to the comments of many, there are no constraints, such as being a
polynomial, on the function to be expanded except the usual Dirichlet conditions.
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In Part B) we were meant to recognize a standard orthogonality (vanishing)
integral of a pair of Bessel function of the same order but based on different zeroes
of the Bessel function. Other than simply claiming that the functions vanished
everywhere, the largest challenge was writing a coherent explanation. Partial
credit was given when the statement could be understood. Part C) involved using
the orthogonality of the Legendre polynomials to evaluate an integral using the
provided Legendre series expansion. Faulty algebra played some role here. Part
D) required the use of the defining property of the Gamma function, I'(p + 1) =p
I'(p), to find it value for a negative argument in terms of the corresponding positive
argument. The largest temptation seemed to be to turn this relation into the
incorrect relation I'(p -1) = p I'(p) and proceed that way. The last two parts of 1)
were the most challenging. In part E) we were asked to use the generating
function for the (previously unknown) Laguerre polynomials to find L3(0). The
idea was to test whether we know what to do with such a generating function, i.e.,
just use the definition, which was provided. Most apparently did not understand
leading to claims that L;(0) is either a function of the parameter h or simply zero.
Instead the generating function at x = 0 is just the familiar geometric expansion of
1/(1-h) with all positive powers of h with coefficient unity. Hence all L,(0) = 1.
Part F) was a restatement of the result we discussed in class in terms of the sine
and cosine expansions, the odd and even Fourier integral expansions; odd
functions of t yield odd transforms in , the sine expansion. Many were confused
by the fact that the complex exponential basis function has both a odd (sine) and an
even part (cosine). However, the symmetric integrals in both t and @ ensure that
only odd*odd and even*even integrands survive, coupling the symmetry in t to that
in . Partial credit was awarded for understandable partial explanations.

Exercise Il involved complex contour integrals and questions of analyticity. Most
easily found the poles of the integrand in A) in the upper half of the complex z
plane. However, many missed the fact that the complex exponential factor
requires that the integral be closed in the lower half plane yielding a zero result.
Part B) asked us to test where a given expression was analytic. As many observed
the expression simplified to just 1/z with just a simple at the origin. Performing the
required algebra to use the C-R equations to test for analyticity was a large
challenge for many.

Exercise 11l involved thinking about solving second order differential equations.

In part A) we were looking for the complementary solution to the homogeneous

equation (to allow the fitting of initial conditions). Most recognized this and the
biggest challenge was performing the algebra with the provided numerical



parameters. (Note that the Laplace transform is not really useful here.) Part B)
encouraged use to fine the solution to an equation with non-constant coefficients as
an expansion about a regular singular point (using Frobenius). Even those who
ignored Frobenius (and summed only over positive powers) still often found the
negative power solution. Almost everyone successfully set up the problem, i.e.,
Ansatz plus substitution. However, many faltered on the way to the final solution,
I.e., recognizing that only the powers 3 and -2 satisfy the equation (no recursion
relation).

Exercise IV tested what we have learned about the solutions of Laplace’s equation
in both spherical and cylindrical coordinates. The essential issues are the new
special functions of mathematical physics (Legendre, Bessel, and the spherical
harmonics) and the coupling between the arguments of these functions in order to
satisfy Laplace. Part A) involved boundary conditions (no symmetries implied,
although some claimed) on a sphere so the solutions involves a sumover 0 < | <
o, |[m| <1, of the product r' * Y, .. Part B) with a non-trivial boundary condition on
the base of a cylinder (no symmetries implied, but some claimed) we can use
damped behavior in z and a product of Bessel (in p) times sinusoidal (in ¢). The
largest challenge was to couple the ¢ dependence to the order of the Bessel
function and the dimensional factors in the z and p dependence. The exercise drew
the largest fraction of blank responses.

Exercise V required we actually solve Laplace in 2-D with an explicit boundary
condition in rectangular coordinates. Most recognized the need for sinusoidal
(complete) functions in x and real damped behavior iny. The largest challenge
was the need to find the Fourier series coefficients in Part B). This required an
integration by parts which was difficult for many. (Reading the problem carefully
was also a challenge in many cases.)

Exercise VI was about using the Fourier Integral Transform to find a Green
function and then use this function to solve an inhomogeneous second order
(constant coefficient) differential equation. Part A), finding the transform of the
Green function, was mostly about using definitions but the integral over the Dirac
delta function was surprisingly difficult. The transform inversion in Part B) is
easiest using contour techniques (this is why we studied them!) and the resulting
careful choice of contour sets the overall time dependent theta function (just as in
the Laplace case). Finally in part C) we were meant to use the Green function to
perform a simply integral and find the answer (with initial conditions built in). No
one made it all the way to the end.



