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Physics 229 - Spring 2008 

 

HW II - Solutions 

 
Friday 4/18/08 

 

 

Assigned problems:  To be turned in.  Five problems chosen at random from those 

assigned in K & B below are marked with an *, will be graded and are worth 5 points 

each.   

 

2: 21  

 

Solution:  We want to analyze a critically damped oscillator composed of a mass m 

acted on by gravity, spring k and viscous damping such that 02b m k m    .  

Since the final position when the spring and gravity are in equilibrium is 0.4 m below 

the unextended/uncompressed position, we know that  0.4 mmg k , or 

  20.4 m 24.5/ sk m g  .   If we look at the potential and equations of motion in 

detail, defining z = 0 as the unextended/uncompressed position of the spring, we have 
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where the last term is a particular solution of the inhomogeneous equation.  Matching 

the initial conditions with the constants in the (critically damped) complementary 

solution we have  
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2: 22 

 

Solution:  Here we address the behavior of damped, driven pendula.  In the undamped 

case we know that 0 01 s =2   .  We have  
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Since there are observed to be several cycles of swings, we know we have an under-

damped situation, 0  , and thus we have 
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Translating the given observation about the damping by a factor of 2 per swing we 

have 
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Now with a mass of 0.1 kg and a periodic driving force of 0.02 N with period 1 s, we 

know that the particular solution has amplitude  
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On the other hand a constant force will produce an angular deflection of magnitude 
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2: 25 

 

Solution:  Now consider a force acting on a damped oscillator and determine the 

work done and power dissipated.   The amplitude of the long time response, after the 

complementary solution has damped out, has the form 
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Thus the average power supplied to the oscillator is given by (recall that the average 

value of sine
2
 or cosine

2
 is ½) 
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Note that the result is quadratic in the amplitude of the response, but linear in the 

damping.  It is no surprise that the power dissipated vanishes when either quantity is 

zero.  To see this power dissipated explicitly consider the work done against the 

damping force, 2m x  .  The average power dissipated is 
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Again no surprise – the power supplied is the power dissipated.  To find the 

maximum power we take a derivative 
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As expected the power dissipated (the response of the oscillator) is maximum when 

driven at the natural (undamped) frequency and 
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The width of this resonance response can be defined to correspond to when the power 

dissipated has fallen by a factor of 2 from the peak value.  This definition yields 
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As expected the width of the power resonance is given by 2ɔ. 

 

 

*2: 26  

 

Solution:  Here we want to think about the energy in a damped driven oscillator.  

Including the kinetic and potential energies we have  
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Using the result of the previous exercise the average power dissipated is 
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Thus at the resonance 1 0   we have, as desired, that   
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*2: 28  

 

Solution:  Thus exercise connects us back to the beginning of Phys 227 and our study 

of series.  We can think of each bounce as a collision between the ball and the earth.  

The initial velocity as a result of falling from a height h is given by energy 

conservation to be  
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After each bounce the velocity of the ball is reduced by a factor of e.  Ignoring any air 

resistance we have the velocity after the nth bounce as 0 2n n

nv e v e hg  .  Now 
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think about the times involved.  The time from release to first bounce is given by the 

time to fall h, while the time for subsequent cycles can be found from the condition of 

zero velocity at the top.  We find 
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Thus the total time is  
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2: 30 

 

Solution:  As discussed in the Lectures the conservation of energy can be used to 

describe the motion of a conservative system even when the potential is not a simple 

function.  Starting from the total energy, E = T + V, the existence of turning points 

where the kinetic energy vanishes and E = V(x1) = V(x2), and finally using separation 

of variables we find 
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Hence for the specific potential    2 2 4

0 2V x m x bx  , which is our friend the HO 

with an extra x
4
 term, and with (necessarily symmetric) turning points ±a we have 
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The first factor in the denominator suggests the change of variable sinx a  , 

cosdx a d  and we can expand the second factor assuming ba
2
 < 1, i.e., the extra 

term in the potential remains small over the entire range of x probed (note that for 

sufficiently large energies and large values of a the potential “turns over” and is no 

longer bound).  Keeping just the first “perturbation” due to the extra term in the 

potential we find (as desired) 
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We see that the period is slightly longer than the simple HO result.  This is a nice 

example of addressing a problem that is approximately a simple HO with nearly 

simple harmonic motion. 
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*2:     31 

 

Solution:  Here we apply the result of the previous exercise to the case of a 

pendulum, but not necessarily in the small angle limit.  We recall the form of the true 

potential for a pendulum and expand past the first non-trivial term.   We find  

 

   

 
 

 
 

2 4

4 42
2 20

2 2

1 cos 1 1
2! 4!

.
2 12 2 12

V mgl mgl

l lmmg
l l

l l l

 
 

 
 

  
      

  

   
      

   
   



 

 

Comparing to our previous result we can identify  21 12b l and thus for a 

maximum angle of 30 6M  
 radians the corresponding period is approximately 
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2: 32 

 

Solution:  Finally consider an over damped oscillator.  For the under damped case we 

know from Lecture 2, Eq. (2.39) that the Green function is given by 
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To rewrite this for the over damped case we simply replace 
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Thus for the force linear in time we have 
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*3: 1 

 

Solution:  We want to test for conservative forces by taking curls.  For the various 

cases we find 
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A conservative force. 
 

(b) 
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So this force is not conservative. 

 

Next we work in spherical coordinates (recall Chapter 10 in Boas and Lecture 21 in 

Phys 229) where we have to account for the extra curvilinear nature.  The general 

form of the curl (with the extra factors from the metric) and the specific form here 

look like 
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(c) 
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A conservative force.  For the next curl we use the know structure of a triple vector 

product to find (using that the extra vector is a constant and the divergence of the 

radius vector)  
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So this form with a vector product is not a conservative force.  Next we have (again 

using vector analysis, which you can verify by explicit rectangular analysis) 
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Another non-conservative form.  Finally we have via vector analysis techniques 
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This a conservative force with a potential description. 

 

 

*3: 2 

 

Solution:  Finally we use the first conservative force in the previous exercise and 

check that the line integral of the force (the work due by the force) is path 

independent and equal to the negative of the change in the potential energy.   To this 

end we evaluate the change in the potential energy and perform the two line integrals.  

In the second integral we integrate along the path  ˆ ˆ, ,0 1ds x y dt x y t t     


.  

We have 
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Since the result is the same in each case, we conclude, as in the precious exercise, 

that this is a conservative force. 


