Physics 229 - Spring 2008
HW | - Solutions

Friday 4/11/08

Assigned problems: To be turned in Fiveproblems chosen at random from those
assignedn K & B beloware marked with an *will be gradedand areworth 5 points

each.

*1: 1
Solution: We want to analyze the collision of 2 bodies, A and B, using Newton, i.e.,

the conservation of momentum. Using the notation of Lecture 2 the (first) collision is

specified by
d d v d3
Uy, =V, H,v, = —=
2 2
The conservation of the total momentum tells us that
d _ d d. dv 3
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If instead these same two bodies experienced a completely inelastic collision, the
final (common) velocity, V,g, will again be specified by momentum conservation.
3
=)\
4

We find
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1: 5

Solution: Here we address the very important question of how various quantities
transform as we boost ourselves (the observers) between two reference frames
moving with a fixed relative velocity. We start with the transform

ri=r, ¥t[V constant vector].

Now we can proceed to calculate the various quantities in the transformed frame. We
have

u

j=r, #, T3 vi-r vt ¥ r=r.g
d __ nd dy d_ d d
pi=mi (Y E mv

d d _ d davd v d_ G
Fi= P iTmr, mk( fe V} mA P=h

Thus the vector separation of two particles is the same in both frames, momenta are
translated buy a constant vector, and the forces are the same in the two (equivalent

inertial frames). Finally consider any changes in Egns. (1.1) to (1.4) between the two
frames. We have

(LY)F =p, =mr’ mn “Bi Fe
d ~ d N d_ d
(1'2) F=a Fk =aki K i
d =1, ,kd I 1':Ci<’ d
(13) %I = -Flk - ||i' Fk|,:i
- o d
(L4)F, =&f(r,) *iE(ry)i B

Since the relative separation vectors, accelerations and forces are identical in the two
frames, the various forms of Newtonos
reference frames boosted relative to each other by a constant velocity are indeed
equivalent inertial frames.

Physics 229 HW I Solutions 2 Spring 2008



*1: 7

Solution: This is another exercise in comparing reference frames, one fixed on the
other and one moving with the air. The airplane has a fixed speed with respect to the
air, but when the air moves we need to account for that in order to calculate where we
are with respect to the ground. We first convert 800 km/h to 222.2 m/s and proceed
with these units. Setting up the desired vectors in the earth frame and taking the
relevant components we have

r(t,)=8 20°k 222.2t,v E30te E
Y 8310°k ©E222.2t v & GiEt-e e E\@E%%) &135
sin"*[0.135] =7.76
Y 8310°k @E222.2t v B -e n EOE
83 10°

Y 222.2t, cos(7.76*) =8 10° Y, s (0951 3633 s.

The plane should head 7.76 degrees east of north and the flight will take 3633
seconds, or just over an hour (60.6 minutes). If the wind backs to being from the
north-east and picks up to 50 m/ s with
location after 3633 seconds will be

A(t, ) =222.2(0.991% 0.135€)E 50?;‘9&%6
¢

F'i( )r& ) = (tﬁ') ~80000(}E

= 30ét, soae— (£35.36nE5.36 6 tE

cV2 =

= {1285k 19. 5e)&m
‘P(t & \ 429.9 km

1e 195 g
& 1285 H

Y tan’ 98.6°
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Thus the plane arrives at a point 129.9 km away from the desired destination in a
direction that is 8.6 degrees west of south from the desired destination.

1: 8

Solution: Here we practice solving a statics problem and learn why 3-legged stools
(tripods) are so stable even if asymmetric. The primary challenge here is to analyze
the geometry of the 3 legs. By assumption the legs are all in compression and the
compressive force are aligned with the directions of the legs. Call the values of the

compressive forces C,, k=1,2,3. By the symmetry of the setup we have C, =C,.

We can choose our origin at the apex of the tripod and locate the bottom of the legs as
(et h be the distance from the apex to the ground in the -z direction, and let the 3" leg
define the -y direction, all quantities with units of meters)

xJ +,yEzE 04 x Ry IE
X #,yEzE 64-x REy+ ki
=xk #,yEzE f5 3y B

W OO C
[

Now we can use the lengths of the legs to find the unknowns

rP=r? 1.4) ©4)° a% h’+ a’Yh 48,
r2=(15)" 415 a)’ h* a¥ H+3a-0

Y a=06 Yh =18 36 12
Y §:0.4>E 0.6y EL2E

3: 0.4E G6yEL2E

r,= 0.9¥ L2E

Now considering the forces to support a 2 kg mass (g = 10 m/s®) we have
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F =(2kg)(10ny ¢ ) &

3-0.4% 0.6 yEWR2E 0, 4 x 6y 1.BzE ogeylzlz‘z

T &0.16+036 444 2 ° JB16 6:36 144 0.8F 1.44

d 04 . 04 .

F&k 8 =—C — YG, =
29 122 GG

d,. 06 . 06 6 _ 10

FOE 68 = aN 99 =Y¢

F 149 14 & 637576

d .. 12 . 1.2 . 12 812, 410 6. 26 . &
143 142 157 &7 57 2 _78‘9:@9

Y C,=C, 9N

C,=10N.

Note the symmetry of the first and second legs comes out naturally.

Appendix A: 10

Solution: This exercise allows us to review the logic of Lagrange multipliers from
Lecture 11 in Phys.227. We are looking for the 3D points corresponding to the

extremal value(s) of the function u(x, Y, Z) subject to the constraint that the points

satisfy v(x Y, Z) =0. To proceed we need to recall a couple of points from our
discussion of functions and vector analysis in Phys. 227. Recall that the equation

U
u(x y, 2 = constant defines a surface in 3D space, while Bu defines a vector that is

(locally) normal to that surface. Thus V(X, Y, Z)=0 defines our reference surface.

Next think about the set of surfaces defined by U(X, Y, Z) =a set of closely spaced

constants. (It is worthwhile observing that, since we assuming that the function u is
single-valued, these surfaces cannot intersect each other.) We are looking for the
largest (or smallest) such constant that defines a surface that intersects with the

reference surface V(X Y, 2 =0. This extremal surface will typically intersect with

the reference surface at a single point, which is the desired point. At that point the
two planes are tangent e, the normal vectors to the two planes at that point are

parallel, Pu CD/ or Pu+ B G for some value of the constant & To more easily
visualize this situation it may be useful to think first about the 2D version with
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V(X y) =0 defining the reference curve in the x-y plane with the 2D vector Bv
orthogonal to the curve. We are looking for the maximum value of z=u( % ) at the

x-y values along the reference curve. Now the equations u(x, y) = constants define
more curves in the x-y plane with the extremal curve being just tangent to the

u u
reference curve at a single point where again BuC#bv.

Thus our original problem is equivalent to finding the 3D point and value of asuch
that the function u + & ¥s extremal and v = 0,

Bu+/v) & ¥ )y Nq)
vix(/) () A Y=o Y )

Another way to think about this is that we started with an extremization problem in
3D with a constraint. Thus the problem is really a 2D problem if we were smart
enough to find an appropriate set of 2D coordinates that span the surface v=10. Since
we are not that smart, Lagrange instead encourages us to move to 4D (with
coordinates X, y, z,d and solve the standard problem

d Aol =M = HE P
b,(u-/v) zk— wE E+ B+ Gu -0,
(o) B v BB Bu

where the 4" equation (in the adirection) is just the constraint v = 0 that allows us to
solve for &

2: 1

Solution: Here we get to review what we learned in Phys 227 & 228 about the
solutions of a harmonic oscillator with 14 =2/s and initial conditions x(0)= 3m

and X(0) =8m/s. We apply these to the various forms to find
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asinf 8m/s Ya J9 16tm 5m

Y tanf =2 ¥ £221rad (t) &osgez—t 221 %1;

-3 ¢S +
(z.zs)x(t)=§é%t +EBe'”*‘ %
x(O):é L an
2 2
28A B §
X(0)=itg — g&m
(0) |S€§ , Q&M
v A=( 3 4f) mily X(t):é\(-s 4) s {34 L .
B=( 3 4)mg (2 2 y

To find the first zeroes of the displacement and its derivative the Eq. (2.20) form is
probably the most useful. We want the cosine to vanish and thus 2t - 2.21 =-"/2,
which yields t = 0.322 s. For the derivative to vanish we want 2t - 2.21 =0ort =
1.11 s. The actual function and its derivative are indicated in the figures.

4 1;’;
> 2 ‘T O
0f 5
2/ -5; \
0 05 1 15 IR R ——
t t
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*2: 2

Solution: Here we consider a mass and spring harmonic oscillator with gravity (the z
direction is up, opposite the direction of gravity). When the spring is un-extended
there is an unbalanced force due to gravity and so the actual minimum of the total

potential has a minimum away from the un-extended position, V (2) = kZ/2 +mg+
constant. Thus the minimum about which we oscillate as at z, = -mgd/ k,

K . K K, Kk M g
V(z)==(z - =272 kzz -4z — = mgz—-
(9=5(z-3) 3 R gz
From our experience with such potentials we know that (z- z) will exhibit

harmonic motion with frequency 1, = «/k/mand the corresponding initial conditions
are z(0) =0 and 2(0)=0. So we can pull this all together and write

7 =acos(w,t )
2(0)=0 =wugasin( /) YfO=
z =3 ®os(f) & g -
Y z(t)=z(1 -cos(w, 1)) :r_nkg(l cos( ).
2: 5

Solution: Now consider 1D motion in a 1/r? force field (gravity). The corresponding
potential energy is the famous 1/r potential, which, in this case, takes the form

GMm
V(= =

Thus by the conservation of energy in such a system with the particle released at rest
at radius a, we have
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E=v(a) =T ¥()) vGMm m% GMm

a 2 X
. 2 al 1 o aax 0
Y %(x a)=.|5(GM = 94 6M
(x9)= 2 (cmn)E L G 25X ¢
22R- R 6_[GM _ [10m
2R = [26Ma——" 3=| =X R
R \/ C )RR 2\ R s?
= o4 qoe? &k?m

Solution: We again consider motion in 1D determined by a force given by

v

x 0] 2
dx

C
F(X)= K
(x)= Hx 3

V(x)= fjdxF( ¥ %ﬁ dn X cohstant.

This potential is divergent both as x approaches the

origin (from above) and as x goes to infinity as >
indicated in the figure fork=c=1. Thusithasa

minimum in between where the original force

vanishes. The position of the minimum is found
from 0O 05 1 1.5

V. F —C-o_x,Y\f.:
dx X Kk

Near the minimum we have

OFRLNW,AOOIO

VI V)Mol AR gk b x
=V(x) £(2K)(x %)
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Thus for small oscillations around the minimum the effective spring constant is 2k
and the frequency of such oscillations will be 1 = «/2k/m.

*2: 15

Solution: Here we want to consider a situation where the viscous damping force is
quadratic in the velocity (better for large objects). For up/down moving objects with
velocity v (v > 0 for up) the equations of motion are V=_g -kV. Using the familiar

technique of separation of variables for upward motion we have (choosing the
boundary conditions, i.e., constants of integration, so that the velocity at time t; is Vo)

- , dv B
v= g kv ﬁm =&

k/gv ‘/T

1V
A dx 1 dy 1 1 ot ‘

91+X\FWVOVZ\F

\/@(tan ( k/g v) -tan (\/_gg)) :tﬁdt (= ).

fo

If we make the simplifying choice that t, is the time when the velocity vanishes (Vo =
0), i.e., it is the constant of integration that defines that boundary, we can write

()=t ((R3(s -9).

Thus the initial velocity is v(0) =/g/ktan (ﬁ(&)and, if this number is positive (to

> 0), the velocity will decrease as time increases until it vanishes at t = t; and then
becomes negative.

Finally we can integrate again to find the location (the new constant of integration is
Zy, the height at time to, i.e., the maximum height with the above definition of t)
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=) -2 =) (2 apn(Uiod |mgos(y o

Y z(1) =g %Ingcos(\/@(g 4)) 2

to-t
g
Y

Finally, with the initial conditions that v(0) =u, Z(0) 9, we want to find the

constants of integration ty and z,, which specify the time when the velocity vanishes
and the (relative) height at that time. We find

u=v(0) :\F%tan(\/k_g[,)
) _tan'l( k/gu)
Yt = N

1 .
2(0)=0 =, ilngcos(\/aq) g

¥ amd) = gngesla (7)) § et (/o)
:im% '%UZ §

So instead of the maximum height increasing linearly with the initial kinetic energy
as in the no damping case, or as the square root of the initial kinetic energy when
there is linear viscous damping (see Lecture 2), here the quadratic damping leads to a
growth only with the logarithm of the initial kinetic energy.

2: 16

Solution: Now consider the previous setup but with the particle falling from rest, i.e.,
switch the sign with v > 0 corresponding to falling. We start with
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. . d
V=g -kv \ﬁﬁ =y

Jk/gv
% k/gv
1 A dx 1 dy 1 1 oot )‘

9. 1-f FWVO Y Jka 9%
:ﬁ(tanh‘l( k/g v) -tanh ° (\/_g\g)) =t ).

If we make the simplifying choice that t, =0 is when the velocity vanishes (v, = v(t=0)
=0), i.e,, it is the constant of integration that defines that boundary, we can write

v(t) :\/%tanh(\/k_gt).

Now it is easy to consider long times due to the behavior of the tanh function. We
have

v(t- =) :limt_n\/%tanh(\/k_gt) i/% il

The height at time t is now given by (with z(0) = h)

z(t)=h —tﬁdli\:(t)i H t_[ﬁgtanh(\/_kgt) rn-—%lncosh (\/—kg)‘t
0 0 0
=h -%Incosh(\/k_gt),

and thus we hit the ground at a time given by

z(tf)=0 =h %Incosh(\/?g;) Y
» JT 1)

t, (h) =L cosht

(@) =i
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Note that the this time vanishes as the original height vanishes.

*2: 18

Solution: We know that a pendulum hanging down is near a stable extremum (with
oscillating behavior for small displacements). On the other hand, a pendulum
balanced near the up position is near an unstable extremum (with exponentially
growing behavior for small displacements). We can see this by expanding the

potential of the pendulum around da * (instead of da 0 ) . We have
a, a i
V(g= p-,d0d) . mglxg -
g -

Thus the equation of motion for small displacements is
mi2d= gl d Y (4 =ed™.

Assuming we release the system at rest at an angle g = p- ,, we can proceed to
analyze the motion more carefully by using the result

tli 104, . dd
ndt:tm = T >
° % W(E(%)_ V( p- W
_10§ dd
- N

% \/mzlz(mgl(1+cosag) -mgl(1 cos )

| o dd
'\EQJE cosd, - cos d

Thus, if both Uy and 10 U, are small (<< 1), we simplify and integrate analytically to
find
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| °%  dd | %
to(a, 0 1) . apmz a|n(d d_O)E

:\gm(lo «/@_9). \Elnzo .3\E

Note that quite generally the result must be of the form of an overall constant with
units of time (what else can it be but the period of the pendulum) times a pure
number. For larger starting angles (but less than “/10 ) we can perform the integral

above numerically and find, for example, that t (0{, = 0.3) 3.23,/l/g for a 10%

increase in the time. If we specify the pendulum to have period £ =2 gl/g 25,
then

I 2s
d01).3|-=32> 995s.
to(c 0 1) 1/g 2

Finally, the angular velocity for such a pendulum in the down position is given by

J( 01 @) gl (E(,) ¥(0)) . \Eﬁm

ml?

| 25 S

Notee Problem sets must be turned i n [Departnterimailbexbyll2:20f c | as s
PM on the date indicated. Late problem sets are accepted for 1 week with a 50% discount. Solutions will be posted on
the web.
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