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Physics 229 - Spring 2008 

 

HW VII - Solutions 

 
Friday 5/23/08 

 

 

Assigned problems:  To be turned in.  Five problems chosen at random from those 

assigned in K & B below are marked with an *, will be graded and are worth 5 points 

each.   

 

 

*8: 7 

 

Solution:    Finally we want to look in detail at the motion of a rocket fired upward 

against gravity (which we take as a constant force near the earth) as it burns off its 

fuel.  From our previous work (the previous exercises and the Lecture) we have the 

equation of motion from the conservation of momentum, including the variation of 

the mass, in the form 
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With the information that fuel is burned at rate Ŭ so that () 0M t M at= -  we can 

integrate twice to obtain (with initial conditions () ()0 0 0z z= =" ) 
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Now we assume that the rocket burns out (stops firing) at time t1 when the mass is  

M1 = M0 ï at1 or  a = (M0 - M1)/t1.   After this time the rocket is in free fall.  The 

upward velocity and elevation at t1 are 
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Assuming that the upward velocity is still greater than zero at burnout, 

( ) ( )1 0 1lnt u g M M< , the rocket will continue upward for a time ()1t z t gD ="  and 

travel a further upward distance () 2

1 2z z t t g tD = D - D" .  Hence the final maximum 

elevation of this rocket is given by 
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Finally substituting numbers from exercise 1, 0 1164 kg, 100 kg, 2 km/sM M u= = = , 

we have 
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8: 11 

 

Solution:  Now we want to consider a model for the way atmospheric drag changes a 

satelliteôs orbit.  We treat the impact of the drag as an impulse (i.e., an instantaneous 

change in the momentum) acting at perigee (minimum separation point) of the orbit.  

Recall that the original elliptic orbit is described by (from considering conserved 

energy and angular momentum in Lecture 4 and the text)    
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The impact of the impulse is to change the momentum, p Id =-, without changing 

the radius (or direction of the momentum) at perigee.  Thus during each orbit we 

expect changes related by    
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Hence the invariance of the separation at perigee tells us the relationship between the 

changes in the 2 parameters, l and a, both of which are decreasing.  Note also that 

since the change in the momentum is negative, the change in the kinetic energy at  

perigee is also negative, T p p m pI md d= =- .  This is also the change in the total 

energy, which is negative initially for a bound orbit, and thus becomes more negative.  

Hence we have an increase in the magnitude of the total energy 
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The semi-major axis is reduced on each orbit as is the period, 

 



Physics 229  HW VII Solutions 5 Spring 2008 

 

3 22

3 0.

m
a

k

m
a a

k

t p

dt p d

=

Ý = <

 

 

The same is true of apogee, ( )1a er+= + , ( )1 2 0a e a e adr d d d+= + + = <.   Finally 

consider the behavior of the velocities.  Since the momentum at perigee is decreased, 

so is the velocity at perigee, v p m I md d-= =- .  Matching the change in the 

energy, which occurs due to the impulse at perigee, to the change at apogee we have 
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Thus the change in the velocity at apogee is positive.  The satellite speeds up at 

apogee (the slowest original point) as it approaches a circular orbit ( 1e­ ). 

 

 

8: 16  

 

Solution:  We want to analyze the evolution of a cloud of particles gravitationally 

bound to a large planet or star.  We imagine that the motion of the particles is 

originally ñdisorganizedò so that, even though we can ignore the gravitational 

interactions between the individual particles, we cannot ignore their collisions.  

Assuming those collisions to be inelastic (the particles are heated by the collisions 

and/or they break up), we want to see how the system evolves as the original kinetic 

energy is dissipated but the original total angular momentum (assumed to be nonzero) 

is conserved (all the interactions are central or pair wise equal and opposite as in our 

typical N-body system).  This question is ideal for our standard minimization 
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techniques with a Lagrange multiplier to conserve the angular momentum.  The new 

feature is that the multiplier must be a vector of multipliers (3 of them). The function 

we want to minimize is then  
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Note that we have used the symbol for an angular velocity for the multiplier as that is 

the quantity with the correct units.  It is useful to note that the scalar triple product in 

this expression can be written in 3 ways that will be useful below.  We have 
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keeping the cyclical order.  Setting partial derivatives with respect to the velocity to 

zero we find (being careful that we have vector quantities) 
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We recognize this as the equation for motion in a circle with angular velocityw
d

.  

Thus in the limit of minimum energy with fixed angular momentum all of the 

particles tend to travel in the same plane (perpendicular tow
d

) with the same 

frequency.  Next consider minimizing with respect to the location vectors.  We have 
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Thus all of the particles end up in the same plane, at the same radius (i.e., the above is 

independent of the index j), moving at the same angular velocity, i.e., all moving in a 

ring!  We will approach this limit as long as the collisions are inelastic (losing 

energy) and there is no other source of energy (i.e., no hot stars). 

  

 

*9:      1 

 

Solution:  Here we need to find the moment of inertia of a cube (edge length 2a) 

about 1 edge.   First we use Routhôs rule to find the moment about the symmetry axis 

through 2 parallel faces.  This gives ( )( )2 2 21 3 2 3I M a a Ma*= + = .  Next we must 

move to the edge through a distance 2d a= , ½ of a diagonal.  Then we have  
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Thus the length for an equivalent pendulum is given by   
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Now we release at rest with the edge at the same elevation as the supported edge.  If 

we define the gravitational potential energy to be zero in this configuration, the 

potential energy released as the CM falls is ( )2gV Mg aD = .  Thus the kinetic 

energy at the lowest position is  



Physics 229  HW VII Solutions 8 Spring 2008 

 

2
2 2

max

4
2

2 3

3
.

2 2

g

I Ma
T V aMg

g

a

w w

w

= = =D =

Ý =
 

 

 

9: 3 

 

Solution:  Now we consider a cube like the previous sliding and then being stopped 

by an edge.  Before the impact only gravity and the normal force of the surface act so 

that the linear momentum, P Mv= , in the plane of the table, kinetic energy (due to 

motion in the plane) and angular momentum about the CM (the normal force and 

gravity act through the CM) are conserved.  During the impact, while an impulse due 

to the edge acts, only the angular momentum about the leading edge, where the force 

acts, is conserved (gravity does not yield an impulse).   After impact, while the cube 

is up on its edge, only the energy including the potential energy of gravity is 

conserved.  Just after the impact we can use the conservation of angular momentum 

about the edge to find 
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The fraction of energy lost during the impact is given by 
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The question of whether the cube topples over is determined by whether the kinetic 

energy after the impact is larger than the change in the gravitational potential energy 

as the cube rocks up on its edge.  To topple over we require that  
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9: 7 



Physics 229  HW VII Solutions 9 Spring 2008 

 

Solution:  Here we want to think about a flat plate as a rigid body.  From Routhôs rule 

for a parallelepiped (or by direction computation) we have in the body-fixed frame 
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Thus the tensor looks like 
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Now consider rotation about an axis along a diagonal.  With the x-axis along the long 

side and the y-axis along the shorter side (as assumed above) we have in the body-

fixed frame 

 

   

 

 

 

In order for this angular momentum vector to rotate with the rigid body the 

corresponding torque supplied by the bearings must satisfy      
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This can arise from horizontal forces (the axis of rotation is horizontal) at each 

bearing that are orthogonal to the axis and satisfy (note that the lever arm is 120 

mm/2 = 60 mm = 0.06 m) 
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 ( ) 4 32 0.06 m 7.56 10  N m 6.3 10  N.F F- -= ³ Ý = ³  

  

*9: 8  

 

Solution:  This exercise allows us to think some more about the moments of inertia of 

a uniform cube of side 2a and mass m.  The body-fixed CM frame principal 

momentum of inertia are equal and given by Routhôs rule as    
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Now we want to shift to an origin at the midpoint of an edge, which we take as an 

edge parallel to the z-direction.   Thus we can take the displacement vector from the 

CM to the edge midpoint is ( )1 2
Ĕ Ĕ.R a e e= +

d
  Thus the new moment of inertia tensor 

has components     
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Now we can find the eigenvalues (principal values) to be  
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Finally consider rotation about a vertex with the displacement vector from the CM to 

the vertex given by ( )1 2 3
Ĕ Ĕ Ĕ.R a e e e= + +

d
  Now the previous analysis looks like 
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So now the principal values are  
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Solution:  Now consider a rigid body in the form of a spherical shell with mass M.  

The inner radius is a and the outer radius is b.  We can think of this as a sphere and an 

ñantiô-sphere.  The contributions of both are completely symmetrical ( 1 2 3I I I* * *= = ).  

Using Routhôs rule we have in terms of a mass density 
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Now we can solve for the mass and find   
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9:     16 

 

Solution:  We want to think now about a uniformly electrically charged rigid sphere 

with angular velocity Ĕ
zew w=

d
.   Thus each (charged) element of the sphere moves in 

an orbit of fixed radius r in the x-y plane (describing a current loop).   The setup is 

very similar to our discussion of the Larmor effect in Lecture 5.  If we turn on a 

magnetic field, each element of the sphere will experience a force 
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Correspondingly there will be a torque about the CM of  
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To find the total torque we sum up all the elements (with an appropriate charge in 

terms of a uniform charger density).  We have, with the magnetic field in the x-z 

plane, 
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The symmetry of the integration region and the asymmetry of the integrand 

guarantees that all other terms vanish.  Including a mass density we can rewrite 5his 

expression to obtain the corresponding angular momentum 
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As suggested the dynamics is like the Larmor effect and the spinning charged sphere 

acts like a magnetic dipole with the dipole direction précising around the magnetic 

field (this is a classical model for charged elementary particles with an intrinsic spin).  

If the charge density is spherically symmetric but with non-uniform dependence on 

the radius, the various symmetry cancellations above will still occur.  On the other 

hand the integration we interpreted as the moment of inertia above will include an 

extra factor ( )c mr r  inside of the integral.  If this factor is not a constant the 

numerical factor of ½ will change.  It will increase (faster precession) if the charge is 

concentrated closer to the surface than the mass. 
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*9: 17 

 

Solution:    Now consider a tilted wheel (tilt angle Ŭ) of radius a rolling without 

slipping on a horizontal surface (see Fig. 9.6) describing a circle of radius R.  The 

circle on the horizontal plane is circuited with angular velocity ɋ (the precession rate 

of the angular velocity of the wheel) while the rotation of the body fixed frame about 

the axis of symmetry is at angular velocity ɤ.   The non-slipping constraint means 

that the linear velocities due to the 2 rotation frequencies must match, 
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Note the absolute magnitudes.  The constraint of non-slipping also means that the 

spinning of the wheel and the motion on the circle are in opposite angular senses 

(think about the limit as the tilt angle approaches 90 degrees).  This will be 

represented in the vector directions below.  To maintain this motion the surface must 

supply a vertical force to match gravity and a radially inward (centrifugal) force to 

keep the wheel moving on the circle (we are using cylindrical coordinates defined by 

the circle) .  We have  
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We can see the corresponding torque (using cylindrical coordinates of the circle) as  
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Thus the equation of motion for the angular momentum about the axis of symmetry is 
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With numbers we have 
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__________________ 
Note: Problem sets must be turned in by the end of class or be in Steve Ellisôs Physics Department mailbox by 12:20 

PM on the date indicated.  Late problem sets are accepted for 1 week with a 50% discount.  Solutions will be posted on 

the web. 


