Physics229- Spring2008
HW V - Solutions

Friday5/9/08

Assigned problemsTo be turned in Fiveproblems chosen at random from those
assignedn K & B beloware marked with an *will be gradedand areworth 5 points
each.

*5. 11

Solution We want taanalyze thenotion of charged particles in a region with
parallel electric and magnetic fields (both in thdirection). The equations of
motion are

Eoq(ef B

d d .

E=EE B =BzE
& mx= gBy

Y {my2 -gBx
b miz2 qE

Starting at the origin with velocityin thex direction we can solve these equations to
yield (decoupleduniform circular motior{ ¥, = gB/ m) in thexy plane andiniform

acceleration in thedirection(see Lecture 5 Appendix,Aqgns. (A.5), (A.6) and
(A.7) for a similar, but not identical situationyVe have

x(t)—lsmwt -—smiB
W, g8 m
_mva__ gB 0
t)=—agos—t -1 g
y( ) qugo m 9
_9qE
z(t)— th .
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Now consider where the particles strike a screen a short disxana®, my gE,
away. We expect the particles will strike tisereen after a time of abotjt=a/Vv so

that wt, =aqB/ mv0 1. We can simplify the equations above for the small distance
and thus small time as

_mv_. gB M\ qu 0 ‘a
a=—sin—t, . —5— t M. =,
q m ° BE m*® oV Ya Y}
, . mv&_gB. .5 mv1iAa gBA OB
Y y(t)= = 60—t 15— = - o
y( a) Ya qB?;@ m *° 9 gB 2887&/888 2 Rv
_ qE gEaa s _gE
Y z = == t. = .
(t)=2 mﬁ mev 2 2my

We are really interested in the behavior of an ensemble of particles dessribed
some distribution of initial velocitiesTo see where such an ensemble of particles
will strike the screeni.g., where intheyzplane atx = a) we eliminatev from the
abowe equations. The resulting curve in Ylzgplane describes where the particles
with a variety of velocities will strike. We have

o 2,
v="IB 2 =9E 2 ¢O9E » £ B ;!

2my, 2mz 2mz QEEZ my -
. 2mE
Y 2, =—— Y.

& qB’ & ¥

Thus the ensemble with different velocities will strike the screen along a parabola
whoseshape will tell us the ratio/ gand we can use this setup to perform mass
spectroscopywe usually know or can contraj).

*5: 12

Solution Here weuseorthogonal (crossed) E and B fields to select particles with
certainproperties. As discussed in the Lectures and the text we can represent this
situation via the following equations of motion, which yield circular motion plus a
constant fdrectioh,t 0 i n the X
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E=Ef B =B

mX= gBy "

my= qE - gBx
mz=0

— — —) D:

Thus we can simplify the egtions by transforming to the frame moving with the
drift velocity to find

for dE g
B
Texi:x -Et,S'( ix"—E-
: B B
Yi oo vi=yy Ry
. Zi=z 'z FZ
i

en—_ [u 2 fA\2
st qBy ¢ x(Ji=osfu t 7) ehm w0 WO

Vimys oBx iYy()i = Ain(u t )+ [ w qEh
g 0

—_——)

If the initial conditions are as in the previous exercise (at the origin with a velocity
in thex direction %(0) =V), then if we choose

=V |() -y(D) e K 0=
Xi(t)=y (1) =0 W(9i y(y i

Thus matching the ratio of the electric and magnetic fields to the initial velocity
yields a stationary solution in tmeoving frame. Theesultingmotionin the original
frameis

'<‘W|ITI
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x(t) = vt =|§t,y &z O

Of course in real life it is difficult to arrange a completely collinear beam. We
consider here the result of small dispersion in the direction of the original velocity.
We can represent such a situation with the following initial velocity (where we allo

also a small variation in the magnitude)

Fj(O) :EE {ov,xE+d,y Exf

Y Pli(o):o&/XE +d,yE -+l

d, s [ g T

X

Now when we solve for theesultingxy motion in the moving frame wind

%i(t) = Acos(w;t +/) g A=y,

Vi(t)= -Asin(wt #  j = -f
Xi(t) = v cos( ut - Jf =vgtos t wv, sin t
Yi(t)= dv,sin( wt - =vgin t wv eds t

xi(t):dl/'v/Xy (sin(wt -7 sin J
yi(t) =—2(cos(mt -7 eosy

C

av,
&

In the noAamoving frame we have

gsin w vgl -cos )
w

w.

C

x(t):gt &(sin(wct 7 sin —EF

av g, (cos jw ) +vgsin t w
t) = Xy t - x c c
v(1)==, (cos(mgt -4 eosy "
z(t)=dvt
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We note from these equations that, aftéorlany integer multiplef the) periodof
the cyclotron motiont =¢ 2 p .w 2 mpgB, the particles are at

E . advsin wt vgl-cos )w!t mE m
t)=— t+ z p- 2=
x() B w, AT
v(t) av, (cos 14/{”:) tvasin .

C

N

B adv.m
z(t)= & & ﬁqéB—

Thus independent of the original velocity dispersion, all partickeslang the line

| =x :melﬂ Q8 2pmy gB vy O, parallel to the-axis (there seems to be a
factor 2 missing in the answers in the back of the hodkk position along the line

depends on the value 6V,. So the particles with nearly the veIocffyz VK can be

selected with a slit along this lin€&or a velocity ofv =10 m/s and B = 0.02 We
want

E=Bv 2 B V/m

9.12 10% kg)(lé m/)s
|-2p— p(1631019 J(0027 8.179 Ir

*o 15

Solution Now we considertheimpact of theCoriolis forceon the motion of
projectiles as viewed in the rotating frame moving with the €arttl neglecting air
resistance) We know that in the absence of the Corifdi€ethe range and time of
motion of a projectiléaunched wih elevationJare given by (recall exercise 3.6 in
HW 111)

2

d=y =‘;£sin(2a) ]a-/g%zl/zﬁ

t =t _—_M 1/ 1/ \/_2/ 29
TOF ~ ‘end g 2 /4’- ZT g
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In the rotating frame the equation of motion is giver{tby. (5.24))

d2fi(t d d drfs
m dtz() . mg,(q)- 2mw d(€)

acceler
fi(t)

. -mg, & 2 iy dé%

acceler

acceler

As discussed in Lecture 5 we can describe the general motaon of
projectile in terms of its motion in a frotating framewhich we know,
plus an extra bit For the specified initial conditions we can defame

d . d |
Ansatzlil g tE iw(sinazEcesdx) (M), where we are using

the coordinate frame defined in the Lect(n@ate this coordinate
system by 90 degrees around t he
in K&B). The general structure of the Coriolis force is given by

wari(t) =w( sin & icos &y (S®E yy+Ez Ft |

=w, gki( cosqy)i yfEcos g' sin'zy B+ sin Y4
Thus the general equations of motion are

mX =2nw; cosqgy i’
miyi= 2 (cosgx i'sin g)
mz= -mg, Zm.sing'y.i

In solving these equations for the deviation from the rmbating case we want to
keep only the large terms on the RH sides, the terms not involwg the deviation
itself. So substitutingur Ansatz in these equations of motion we have

md, . 0,
md, = ng/( GOS §OS \A sin( gin v agﬁ-))
= M g\/E\/(,(cosq-sin p esinggt g

md, . O.
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Thus the largest deviation from the aatating framgnote the rangd is calledy in
the text, but this is poorly matched to @moice ofcoordinate system$ to the east
with magnitude

2

d,(t)= l@/gvo(cos gsin )-g= 8in g,

d éf d !

/ |

end ,/ge g.d cos c}sm \/_ 29— 8in geg—ae Zg— 8|
(; eff

eff

_ ,2d3 1
=W osq sin q# sin ﬁ W— c% =g sin
eff g 3

For a cdatitude of 45 degrees and an expected range of 40 km, the deviation due to
the Coriolis force is

oo%"&
(e e ]

I%%IH.

2(40 km)® 1

9.8 m/$ f R4t e

d, (t.ng) =(7.3 210° /9

y

e 1 . . .
The factor ofgCOSq- 3 SIN @ means thathe effect changes sign near a colatitude

defined byg =tan' 3 =71.¢ degreegnear the equatpr Thus the deviatioohanges
sign by the time we get to the equator antb the west at the equator

o 20

Solution Here we want tase Lagrangiatechniquego re-derive the rotating frame
result. We start with thdollowing form for the kinetic energy

ng((rijz =§ i rﬁ

Using our knowledge of vector calculus we can rewrite this expression in various
(useful) ways. We hauv@ropping the primeén the rotating frame
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((errr/(lj/ @j %(r"rd & (+M9Ht’9:)( %(rj)z)
wo) di (@) Yo
o) B (). %o

T

Il
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I oR
O
By

o
Oy
N

Now we carevaluate the necessary derivatives fdr. EWe find

i
Sr_Tkzg’( oW B 2w, 24 ‘?n/ﬂo

Thus we obtain just the expected extra teasigiewed in the rotating frame (rotating
with constant angular velocityith respect to the result in the rastatingframe.

6: 7

Solution This exercisallows us to think abowtharges and electric fields
(pot ent i al sssurface. # the etettre neardhe sutfage is radially outward
and has magnitude 100 V/m, we have

d ,
=% E o 4p (100 Vin) 452 1

4p eRE

To calculate the energy stored in the system we must consider the work done in
assembling the charge, including the fact that the potential energy at the surface
changes as we bring more charge in from infinity. The ersmdyenergy density are
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Je e 2
q 1 g 1

E = ndgV E
n (G) p@RE 8 pkR

E @ 1 1
Y =& = e |E . 0.28 /M
Area & eR 4 B ZOH%

6: 12

Solution Now consider a spherically symmietcloud of dus{density} ) collapsing
under the influence of gravity (alondf.we assume that as the cloud collapses there
I s no 0 oieethat all the dostemaller values of the radius thamgiven

dust particle remainat smaller radius thahat particle, we can easily use energy
consideratioato address this situation. The gravitational potential energy at r@adius
(which is converted into kinetic energuring the collapsay

G Ga 4pad 0
F = —M =
(a) = —Mg,m agef 3 0
Ga 4pa’ o
Y F(r)= =2 .
(=225

Conservingenergy means

_ ] a 4pa’ 31
T(r)= Ha) - (F) @mgef 2 gg

. 3 8va® &1 1
Y v G — 8
() \/Ser 3 é? a 2

Thus the time to collapse is
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: -1
al 3 3 50 A2 _
Vot @Cor PL oot pSN EOS W SN g
T&® ¢ 3 2 o Jl-sirg
a

Since this time is the same for all particles in the cloed,it does not depend on the

initial radiusa, t he assumption of no Aovertaking
collapses coherently to a point (of course, the divergent energy density is unrealistic).

For the special cases listed we find

r =10 kg/nt

t= ¥
32(6.67 10" N kd)( 10° ka/)
=2.1310" s 6.7 B0 yr;
6°10° K3 55 36 kgind
(4p/3)(6.4 16 n)

Y t= 3
32(6.67 10" N kd)( 5.5 10 ko/f
. 899 s= 15.0 min;
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3 0
ro= 2° 107 kg 4.4 20 kg/m

(40/3)(7 16 )’

t= £
32(6.67 10" Nm kg)( 1.4 10 kg/f
. 1776 s= 29.6 min.

*6: 14

Solution We want to thinknow aboutan approximate version of Jupiter. Assuming
that it has uniform mass density, we want to calculate its oblateness. An ellipsoid of
revolution with uniform density will have a quadrupole moment defined by

J, =2€/5. Thus we have

R, = s 2e 3], ﬁ:e
g, GM, 5
L. SWR 5 (20/10 hr*)(1R.)*
4GM, 4(6.67 10" Nnf kg)( 3181.)
5(1.8° 10* ¢)( 7.010

"2 1.3 10’ M ¢ 011

6: 20

Solution Now consideR contiguouspherical satellitesf massmin an orbit
around the eartivith radiusr andwith their centerline aligned with the center of the
earth. The two spheres experienigeth their mutual attraction and tgeavitational
force due to the etln which will act differently on the two spheres since they are
differing distances from the center of the eaWe want to know how close to the
earth they can be before they sepailiate we want to known when the relative
acceleration is just zerdl'he radialaccelerations given by
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-gué(ar)+ﬂlggré ) Gm_O:
el ?r (2r)2 9 g (2)2 '
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(a+r)” (a )" 4
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. /'E
Y at:2RE3T

6: 25

Solution Delayed until next week.

*Extra Since we walk by a Foucault pendulum ewdaty, we should take this
opportunity to analyze it. Take the pendulum bob to have massl the massless
support wire to have length Determine the oscillation frequency of the pendulum
and the rotation rate (angular velocity) of the plane of thidlaisen as observed in
the rotating frame fixed to the surface of the earth at polar angle (colafitude)v
long does it take the plane of the pendulum in the A wing to rotate through 180
(latitude~ 47 and pendulum length abolh m)? [We assume that the displacement
angle of the pendulum is small enough that a linear analysis is applicable.]

Solution: Let the displacement angle of the pendulunyband the
angle describing the plane of oscillationthe (xi, y ) plane (the
rotating coordinate system fixed on the surface of the eaththat we
live in) bef. We expect this system to be described by 2 angular
frequencies. One frequency is for the oscillation of the pendahdn
another (slower) frequency is for the precession of the oscillation plane.

From the |l ecture notes Newtonbs second

u

mti= m%eff +F 2my T8

support

o= w( sin #,0,cos £i,
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where the second |ine gives the angul ar
coordinates. Thus the components of the Coriolis force look like

Ve F]i :( WCOS ¥ ,i 0SX § i+ SN Z 1qu'Simy)

If we call the tension in the support cabland take gravity todin the- zj direction,
we have forces

mg, + F =wpot X FSiny cosf, T-sin ysin T cos ymg
5 N
. s Tycos’/, T )sin ,7281%

¢ ¢

SE+yE xi x? 4y? iy i -al-z &
T | \/x'2+y2" T | \/XZ ‘|'ry2’T<(:7ie | 6 Mg
| | -

Z Oi 0
ylrae— oI 90

—_—

X
I

vOai Qo

Thus Newtonds equations are
1] . 11 Xi <1
mj = -TI— ANy, COSQqYy,i

myis T2 2w (cosgx i'sin )

mz=T -mg 'I? 24w cosq'y.i

Now there are two small parameteysand t he eart homs,. Thet ati o
motion in thezjdirection is ordey > and we ignore it. The remaining terms give us

the two expected frequencies, the usual pendulum frequepsx/g_/l and the

much slower precession frequenegy = wcos @ . Note that, due to theosy

factor, at the equatog =90 , there is no precession and that the saresegign) of
the precession is opposite in the two hemispheres.

With these definitions and approximations we have two coupled oscillators
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i Wx 2wy,
S/i"= Wy i2 wx.

This configuration is easily studied in terms of the complex varigble; +y ,

which we take to have periodic behavige Ad”. The differential equation then
becomes an eigenvalue equation,

= @/ Va , w"V
Y - = 2¥ww

Y w W{j%:/%w W

The (approximate) eigenfunctions are

AL |Wt
V. e"™ eAe” + Ae" f

where thdirst factor describes the precession and the second factor the (more rapid)
usual pendulum oscillation. For a pendulum of length ~ 15 m (as in the A wing) we
have

W . P 73 105—1,
24 hr S
9.8 m 1
w. . .0.81- 2w.
P \V15m g S VL{

In Seattle (latitude 47 , colatitudeg - 43 ) we find

w, = wcoy 43). 5.3 10— rad
s

0109 11

hr hr

So the time to rotate through 180 degrees is about 16.4 hours.

Note: Problem sets must be turned in by the end of <cthedate or be i n S
indicated. Late problem sets are accepted for 1 week with a 50% discount. Solutions will be posted an the web
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